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FOREWORD

Thisis a preliminarymanualandtutorial for thetoolbox WAFO for usetogethemwith MATLAB. It
consistof anumberof MATLAB m-filestogethemwith executableoutinesfrom FORTRAN source,
andit requiresonly astandardMATLAB setup,with no additionaltoolboxes.

Theroutinesarebasedon algorithmsfor extremevalueandcrossinganalysisdevelopedover
mary yearsby the authorsaswell asresultsavilable in the literature.Referencesregivento the
sourceof the algorithmswheneer it is possible. Thesereferencearegivenin the MATLABcode
for all theroutinesandthey arealsolistedin thelastsectionof this tutorial. If thereferencas not
usedexplicitly in thetutorialit meanghatit is referredto in oneof the MATLAB m-files.

Theroutinescollectedin thetoolboxarespeciallydesignedor analysisof wave characteristics
andthey aredescribedn a seriesof exampleson wave datafrom seasurfacemeasurementand
otherloadsequenced hereis sectiondor fatigueanalysisandfor generalkextremevalueanalysis.
The presentoolboxrepresents considerablelevelopmentof two earliertoolboxes,the FAT and
WAT toolboxes,for fatigueandwave analysisyespectrely. ThesetoolboxeswerebothVersionl,
thereforeWAFO hasbeennamedVersion2.

Thepersondhattake actively partin creatingthis tutorial are:

e PerAndreasBrodtkorb*, ParJohannessor Geog Lindgren?, Igor Rychlik?, JespeRydén?,
Eva Sjo 2, andMartin Skbld?.

Many peoplehave contributed to our understandingf the problemsdealt with in this text,
first of all ProfessoRossLeadbettemat the Centerfor StochastidProcessedJniversity of North
Carolinaat ChapelHill, ProfessoiKrzysztof Podgrski, Dept. of MathematicdUPUI, USA. We
would alsolik e to particularlythank Michel Olagnonand Marc Provosto, at Institut Fran@is de
Recherchepour 'Exploitation de la Mer (IFREMER), Brest,who have contributed with mary
enlighteningandfruitful discussions.

Otherpersonave putagreatdealof effort into WAFO andits predecessoisAT andWAT are
Mats FrendahlFinn Lindgren,andUlla Machado all at MathematicalStatisticsat Lund Univer-
sity, andSylvie vaniseghem IFREMER.

! Departmenbf Marine HydrodynamicsNTNU, Trondheim Norway
ZCentrefor MathematicaSciencesl.und University Sweden.






TECHNICAL INFORMATION

¢ In this tutorial, the word WAFQvhenusedin pathspecificationsneanghe full nameof the
WAFQnaincataloguefor instanceC:\MATLAB\toolbox\contrib\wa fo .

e For helponthetoolbox,write help wafo .
e TheMATLAB codeusedin this tutorial canbefoundin the WAFO catalogueNAFO/docs.

e TheWAFO homepage http://www.maths.Ith.se/matsta t/waf o/ containsn-
formationon how to download WA FO, updatesknown errors,etc. It alsocontainslinks to
exerciseaandarticlesusingWAFO.

Commentaindsuggestionsresolicited- sendto wafo@maths.lth.se

e Thefirst two digits in the versionnumberof this tutorial follows that of the toolbox, thus
Tutorial Version2.0.xxgoeswith ToolboxVersion2.0.yy.

e Tutorial Version2.0.02:This versionof the Tutorial wasprintedand put on the Web August
9, 2000.It containsonly minor changexomparedo Version2.0.01.

e Theexamplesn thetutorial have beensuccessfullyestedon Toolbox Version2.0.3.
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CHAPTER 1
INTRODUCTION

1.1 What is WAFO?

WAFO (Wave Analysisfor Fatigueand Oceanographyis a toolbox of Matlab routinesfor sta-
tistical analysisand simulationof randomwavesand randomloads Using WAFO you can,for
example,calculatetheoreticaldistributions of wave characteristicsrom obsered or theoretical
power spectraof the seaor find the theoreticaldensityof rainflow cyclesfrom parametersf ran-
domloads.Thesearejusttwo examplesof variety of problemsyou cananalyzeusingthis toolbox.

Therearethreemajor audienceso which this toolbox canhave a greatof appeal First, ocean
enginees will find avery comprehensie setof computationatoolsfor statisticalanalysisof ran-
dom waves andship’s responses$o them. Second the toolbox containsa numberof procedures
of the prime importancefor metanical enginees working in the areasof randomloadsaswell
asdamaye andfatigueanalysis Finally, any reseacher whois interestedn statisticalanalysisof
randomprocessewvill find herean extensve and up-to-datesetof computationabndgraphical
toolsfor her/hisstudies.

In arandomwave model lik ethatfor Gaussiaror transformedsaussianvaves,thedistribution
of wave characteristicsuchaswave periodandcrest-troughwave heightcanbe calculatedy high
accurag for almostary spectratype. WAFO is athird-generatiorpackageof Matlabroutinesfor
handlingstatisticalmodelling, calculationand analysisof randomwaves and wave characteris-
tics andtheir statisticaldistributions. The packagealso containsroutinesfor cycle countingand
computationn randomload models,in particularthe rainflow countingoftenusedin fatiguelife
prediction.

Randomwave distributionsare notoriouslydifficult to obtainin explicit form from a random
wave model, but numericalalgorithms,basedon the so-calledregressionapproximation,work
well. This methodto calculatewave distributionsis the only known methodthatgivescorrectan-
swersvalid for generakpectraThetheoreticabackgrounds reviewedin [32] andcomputational
aspect@andalgorithmsin [52].

The algorithmsare basedon a specificationof the randomwaves by meansof their (uni-
directionalor directional)spectrumandon the underlyingassumptiorof linear wave theoryand
Gaussiardistribution. However, a transformationof seaelevation datacan be madeto obtaina
desired(horizontal)asymmetrianarginal distribution.

A first completetoolbox FAT (FatigueAnalysis Toolbox) waspresentedn 1993,[14]. It was
followed by WAT (Wave Analysis Toolbox) in 1995, [53] !, being extendedwith routinesfor

Lhitp:/imvww.maths.lth.se/matstat/stafeoig/watinfo.html



2 CHAPTER 1. INTRODUCTION

probabilistic-modellingproblemsin oceanographyn WAFO, mary nev numericalroutineshave
beenintroduced,anda considerablemprovementin computationabpeedandaccurag hasbeen
achieved. WAFO allows treatmenbf morecomplicatedoroblemsfor example,spatialwaveswith
time dynamicscanbe handled thusextendingthe analysisto randomfields. Algorithmsfor rain-
flow analysisof switchingMarkov chainsareincluded aswell asfor decompositiorof therainflow
matrix. Many of the new toolsaretheresultof recentresearche.g.[54], [42], [41], [22], and[7].

Further WAFO hasamodularstructure souserscaneasilyaddtheir own algorithmsfor special
purposesThe modulesof thetoolboxhandle

e wave/loaddataanalysisandestimation,

e spectralistributions,

e transformatiorto Gaussiaimmaiginals(exactdistributions),

e simpleparametriapproximationgo wave characteristidistributions,
e simulationof GaussiarandMarkovian wave/loadtime series,

e extremevalueandotherstatisticalanalysis,

e cycle counting,

e rainflow cycle analysisandcalculation,

o fatiguelife calculation,

e smoothingandvisualization.

In thefollowing sectionwe discussn moredetailtheideaof themodularstructureThatsection
is followed by an overview of the organizationof WAFO, presentingsomeof the capabilitiesof
thetoolbox.Finally, we give a numberof examplesto demonstrat¢he useof someof thetoolsin
WAFO for analysisandmodelling.

1.2 Philosophy — somefeaturesof WAFO

A commonproblemwith researchinvolving complex scientific(numerical)computationss that
whenresearcherfy to advanceandleveragetheir colleaguesvork, they often spenda consider
ableamountof time justreproducingt.

Often after few monthssincethe completionof their own work, authorsare not capableof
reproducingt without a greatdealof agory, dueto variouscircumstancesuchasthelossof the
original input dataor/andparametewaluesetc. Thusmary scientificarticlesarereproduciblein
principle,but notin practice.

To dealwith this andto organizecomputationakcientificresearchrandhenceto conveniently
transferour technology we imposea simplefiling discipline on the authorscontrikbuting to the
WAFO-toolbox.(A positive side effect of this disciplineis a reducedamountof errorswhich are
proneto occurin computationakcience.)

This philosophyis adoptedrom the article by MatthiasSchwab et al “Making scientificcom-
putationsreproducible”(http://sepwww.stanford.edu/rese arch/ redo c/).

Theideais to develop reproducibleknowledgeaboutthe resultsof the computationakxperi-
ments(researchyoneat Lund University andto make it availableto otherresearcher$or their
inspectionmodification,re-useandcriticism.
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As aconsequenc&VAFO is freely availablethroughtheInternet. Otherresearchersanobtain
heretheMatlabcodewhichgeneratediguresin articlesandreproducehem.They canif they wish
modify the calculationsby editing the underlyingcode,input agumentsand parametewvalues.
They canusethealgorithmson otherdatasetsor they cantry their own methodson the samedata
setsandcomparehe methodsn afastandeasyfashion.

This is the reasonof existencefor the WAFO/paper directorywhich containssubdirectories
including scriptsfor recreatingiguresin publishedarticlesandtechnicalreports.Eacharticle has
its own subdirectory The directoriescontaindemonstratiorscriptsto generatendividual figures
and(possibly)specializedools/functionsnot availablein the official releaseof WAFO for gener
atingthesefigures.

Justlike the WAFO/paper directorythe WAFO/demosdirectoryalsocontainsdifferentsub-
directorieswith scriptsproducingfigures.Theonly differenceis thatit doesnot reproducdigures
from publishedarticlesbut merely testand demonstratezarious methodologieshighlight some
featuresof WAFO, andreleasecodethat approximatelyreproducediguresin otherarticles.The
importantthing for both directoriesis not the printed figures,but the underlyingalgorithm and
code.In addition,the paper anddemos scripts constitutean excellent starting point for the
novel userto learnaboutWAFO.

The documentatiordirectory WAFO/docs containsall the documentatioravailable for the
toolbox. The contentsof any of thesefiles may be examinedby typing its namefor asciifiles or
viewing in ghostviev for postscripffiles. Also eachfunctionis well documenteaontaininga help
headeescribinghow the functionworkswith a detailedlist of input andoutputargumentswith
examplesof how to usethefunction.

The Matlab codeto eachfunctionfile alsocontainsreferenceso relatedfunctionsanda com-
plete referenceto publishedarticlesfrom which the usercan obtain further informationif such
exist.

Oneimportantenhancemenof the new toolbox is the useof structurearraysin Matlab by
which several typesof datacanbe storedasoneobject. This significantly simplifiesthe passing
of input and output argumentsof functionsand also makes the Matlab workspacemuch tidier
whenworking with the new toolbox comparedo the old one. Threestructuresor objectclasses
areimplementedandextensvely usedthespectrunstructure covariancestructureandprobability
densityfunction (hereafterdenotedodf) structure. Thusthetoolbox requiresMatlab Version5 or
newer andis portableto any computationaervironmentthatsupportdMatlab,suchasUnix or PC
with MS Windows. SeeSectionl.5for adescriptionof the datastructures WAFO.

All thefilesin thepackagearelocatedin subdirectoriesinderthemaindirectory Thefollowing
directoriesarerelatedto whathasbeendiscussedbove. In the next section we describen more
detailsthe directoriegor modules)which containroutinesfor application.

WAFO is themaindirectorycontainingdifferentdirectoriesor the WAFO software,datasetsind
documentation.
WAFO/docs containsthe documentatiotfior thetoolboxbothin asciiandpostscripformat.

WAFO/paper is a subdirectoryincluding scriptsfor reproducingfiguresin variousarticlesand
technicalreports.
WAFO/demos containsdifferentdemonstrationthatillustratesand highlights certainaspectof
WAFO.
Zhttp://www.maths.lth.se/matstatako/
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WAFO/data containsdatasetsisedin thedemoandpaperscripts.
WAFO/source containamex andFortransourcefiles.
WAFO/exec/...containgFortrancompiledexecutablegor differentcomputersandplatforms.

1.3 Organization of WAFO

In this section,we make a brief presentatiorof eachmodule. Thetext will not be a completelist
of routines;sucha list may be found at the web site for WAFO. We wantto emphasizehat all
routinesin WAFO work together the division into sub-toolboxsis only to make it easierfor the
userto find theroutinesfor his actualproblem.

Data analysis

The routinesin this category treatdatain the form of time series.As examplesof routines,we

find proceduredor extractionof so-calledturning points,from which troughsandcrestsmay be
obtained,aswell asproceduregor estimationof autocawariancefunction andone-sidedspectral
density Oneroutine extractswave heightsand steepnesse®umerousplotting routinesare in-

cluded.

Spectrum

Computatiorof spectramomentsandcovariancefunctions,givena spectrumjs a necessargtep
for calculationof exact probability distributions of wave characteristicsThe spectrumstructure
mentionedn the previous sectionallows this calculationto be performedfor directionalspectra
aswell asencounteredpectraWe presentroutinesfor calculationsof commonlyusedfrequeny
spectraS(w), €.9.JONSWAP, TorsethaugerThe spectracanbe expressedn frequeng aswell as
wave number Librariesof spreadingunctionsD(#), in somecasesllowedto be alsofrequeng
dependentgf. [23], areincluded.

Transformed Gaussianprocesses

WAFO is mainly intendedto modellinear, Gaussiarwaves.For this cathgory of waves,the exact
distributionsof wave characteristiceanbe calculatedgivena spectrumfor example

e pdf for wavelength(period),
e joint pdf for wavelength(period)andamplitude,
e joint pdf of half wavelengths.
Routinedfor transformedGaussiamprocessesif. [54], areincluded.

Wave models

In WAFO, we have implementectertainmodelsfor distributionsof wave characteristicsoundin
theliterature.For example,onefinds

e approximation®f thedensity(7., A.) in astationaryGaussianransformegrocesgproposed
by Cavanié, etal. [10], andLonguet-Higgins[34],

e amodelfor the cdf/pdfof breakinglimited wave heightsproposedy Tayfun,[57],
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e amodelfor the cdf/pdfof large wave heightsby Tayfun,[58].

Theseare parametrianodels,wherethe calculationneedsasinput spectralmomentsasopposed
to thealgorithmsin the previous module wherethewhole spectrunis required.

Simulation of random processes

Efficient simulationof a GaussiarprocessX (¢) andits derivative X'(¢), giventhe spectralden-
sity or the auto-correlatiorfunction,canbe performed A routinefor simulationof atransformed
Gaussiarprocesgandits deriative) is alsoincluded.For fastandexactsimulation,someroutines
useatechniquewith circulantembeddingf the covariancematrix, [11]. More traditionalspectral
simulationmethodgFFT) arealsoused.Simulationof discreteMarkov chains,Markov chainsof
turning points,switchingMarkov chainsetc.is possible.

Statistical tools and extremevalue distrib utions

Certainprobabilitydistributionsareextensiely usedin ocearengineeringe.g.Rayleigh,Gumbel,
Weihull. The generalizedextreme-aluedistributions(GEV) andgeneralizedParetodistributions
(GPD) arealsoimportant.For the distributions mentioned;t is possibleto estimateparameters,
generateandomvariables,evalute pdf and cumulatve distribution function, and plot in various
probability papers Onecatheory of routineshandlesbivariatedistributions.Besideshaving rou-
tinesfor estimationof parameterstc.for thetwo-dimensionaWeibull distribution, bivariatemod-
elling is possible.

K ernel-density-estimationtools

The routinesin this cathgyory complementhe onesfound in 'Data analysis’and, obviously, the
routinesin 'Statisticaltoolsandextremevaluedistributions.They are,however, alsoapplicableto
multi-dimensionabata,andhencevery usefulfor smoothingourposesvhencomparing(theoreti-
cal) joint distributionsof wave characteristic$o data;cf. cf. [55], [61].

Discretization and cycle counting

After extraction of the so-calledsequencef turning points (the sequencef local maximaand
minima) from data,cycle countscanbe obtained e.g. max-to-mincycles,trough-to-crestycles,
rainflow cycles.For decriptive statisticsthe countingdistribution andthe rainflow matrix areim-
portant;thesecanbe obtained Givena cycle matrix, onecanobtainhistogramdor amplitudeand
range respectrely.

Mark ov models

If the sequencef turning pointsformsa Markov chain(MC), it is calleda MC of turning points
(MCTP). An importantpropertyis the Markov matrix: the expectedhistogrammatrix of min2max
and max-to-mincycles. Given a rainflov matrix of a MCTP, one canfind its Markov matrix. In
WAFO, algorithmsareimplementedo calculatethe rainflow matrix for a MC anda MCTP; cf.
[13].

In someapplicationspnewantsto modeldata,whosepropertieschangeaccordingo anunder
lying, oftenunobseredprocesscalledtheregime processThestateof theregimeprocessontrols
which parameters useandwhento switchtheparametevalues.Theregimeprocessanbemod-
elledby a Markov chain,andthisis thefundamentabasisfor the setof routinespresentedror an
applicationwith switchingMarkov modelsfor fatigueproblems;seg[20, 22].
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Fatigue and Damage

In WAFO, routinesfor calculationof the accumulatedlamageaccordingto the Palmgren-Miner
rule have beenimplementedit is possibleto computethetotal damagdrom acycle countaswell
asfrom acycle matrix.

Miscellaneousroutines

We find herevariousplot routines,algorithmsfor numericalintegration,andfunctionsfor docu-
mentationof WAFO with modules.

1.4 Someapplications of WAFO

In this sectionwe demonstraten examplessomeof the capabilitiesof WAFO. For further ex-
amplesandknowledgeaboutthe algorithmsusedin the routines,we refer to the tutorial andthe
documentatiornn theroutines Notethatthenecessariatlabcodefor generatiorof thefiguresin
this paperis foundin thedirectoryWAFO/paper .

Surface elevation from mean water level (MWL).
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Figure 1.1: Part of a simulationfrom S(w), a Torsethaugnspectrunwith H,,, = 6 m,T, = 8 s.
Total numberof points= 2000, At = 0.1 s.

We startby defininga frequeng spectrum,S(w), whichwill beusedin mary of theexamples;
we choosea Torsethaugespectrunwith the parametersi,,,, = 6 m, T,, = 8 s, describingsignifi-
cantwave heightandprimary peakperiod,respectiely. Theenepgy is dividedbetweertwo peaks,
correspondingo contributionsfrom wind and swell ([59]). WAFO allows spectrato be defined
simply by their parameters?,,, andT,.
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1.4.1 Simulation from spectrum, estimation of spectrum

In Figure 1.1, plottedusingwaveplot , we have simulateda samplepathfrom S(w). The user
specifiegshe numberof wantedpointsin thesimulation.Thefollowing codein MATLAB generates
the200second®f datasampledwith 10 Hz from thediscussedpectrumMore on simulationcan
befoundin Section2.3.

Si=torsethaugen([],[6 8],1);

xs=spec2sdat(S1,[2000 1],0.2);

waveplot(xs,’-")

In a commonsituationdatais givenin form of a time series for which onewantsto estimate
therelatedspectrumWe will now simulate20 minutessignalsampledwith 4 Hz, find anestimate
Ses{w) andcompareheresultto the original TorsethaugespectrumS(w). Thefollowing codein
MATLAB wasusedto generatd-igurel.2,wherethetwo spectraaredisplayed The maximumlag
sizeof the Parzenwindow functionused(here400) canbe choserby the useror automaticallyby
WAFO.

xs=spec2sdat(S1,[20*60*4 1],0.25);
Sest = dat2spec2(xs,400)
wspecplot(Sest,1,’--"), hold on
wspecplot(S1,1), hold off

axis([0 3 0 5)

Spectral density
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Figure 1.2: Solid: original spectrumDashed:spectrumestimatedrom data (20 minutesof ob-
servations)Maximumlag sizeof the Parzenwindow= 400.

1.4.2 Probability distrib utions of wave characteristics

WAFO givesthe possibilityto computeexactprobability distributionsfor anumberof wave char
acteristics given a spectraldensity A wave characteristias, for example,wave period,canbe
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definetlin severalways,seeTable3.1in Chapter3, andWAFO allows the userto choosebetween
a numberof definitions:trough-to-crestdown-to-up crossing,up-to-up crossingetc. Chapter3
describediow to useWAFO to computeall wave characteristi@istributions.

In thenumericalexample we have choserto considethedown-to-upcrossingdefinition,rather
a trough period. The wave periodscan be extractedfrom the realizationin Figure 1.1, and are
shownvn asa histogramin Figure 1.3. This histogrammay be comparedo the theoreticaldensity
calculatedrom S(w), andthe estimateddensitySes{w); seeFigure1.3. Recallthatfor this spec-
trum, T, = 8 s.In Figurel.3,thedensityfor thehalf periodis shown; theresultsarein goodagree-
mentwith the original spectrumThefollowing arethe codelinesto producethe presentedigure.
The differentstepsare:first extract half periodsfrom the databy meansof the routinedat2wa
andstorein thevariableT, thenusespec2tpdf  to calculatethetheoreticaldistribution.

[T, index] = dat2wa(xs,0,'d2u’);

whisto(T,25,1,1), hold on

dtyex = spec2tpdf(S1,[].[],[0 10 51],0,3);
dtyest = spec2tpdf(Sest,[],[],[0 10 51],0,3);
pdfplot(dtyex)

pdfplot(dtyest,’-.")
axis([0 10 0 0.35)), hold off

Density of Tc with Ac>0, u=0
0.35 ‘ ‘

0.3r

0.25¢

0.2

0.15f

0.1}

0.051

T [s]

Figure 1.3: Solid line: pdf for waveperiod, given S(w). Dash-dottedine: pdf for waveperiod,
givenSes{w). Thehistogramshowsthe waveperiodsextractedfromsimulateddata.
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1.4.3 Directional spectra

In WAFO onefindsmeandor evaluationandvisualizationof directionalspectrathatis
S(w,8) = S(w)D(0,w)

whereS(w) is a frequeng spectrumand D(6, w) is a spreadingunction. A numberof common
spreadindunctionscanbe choserby theuser

Oneway of visualizing S(w, #) is a polarplot. In Figure1.4we shawv theresultingdirectional
spectrum(solid line) for the Torsethaugespectrumusedabove. The spreadingunctionis of the
cos-2gype,thatis (in thefrequeny dependentase)

B I'(s+1) 9s [0
DO) =5 T+ 1/2) (5)

with s=15. Notethatthetwo peakscanbedistinguishedThedash-dottedine is the corresponding
resultwhenthe spreadindgunctionis frequeny dependentgf. [23].
Hereareafew linesof codewhich producethe graphof thesedirectionalspectra.

D1 = spreading(101,’cos’,pi/2,[15],[],0)

D12 = spreading(101,’cos’,0,[15],S1.w,1)

SD1 = mkdspec(S1,D1);

SD12 = mkdspec(S1,D12);

wspecplot(SD1,1), hold on, wspecplot(SD12,1); hold off

We finish this sectionwith simulatedseasurfaceson 128 [m] by 128 [m] for the seawith
directionalspectraSD1 and SD2 The routineseasim simulatesa seasurfacewith directional
spectrum.

Y1=seasim(SD1,278,278,1,0.5,0.5,0.2 52,1 );
Y12=seasim(SD12,2°8,2°8,1,0.5,0.5,0 25,2 1),

The resultsare shovn in Figure 1.5 and one can seathat waves are coming from different
direction.However, the frequeny dependenspreadindeadsto a muchmoreirregular surfaceso
the orientationof wavesis lesstransparenttrom Figure 1.5t is not easyto deducethatbothsea
surfaceshave the sameperioddistribution, but it is moreobviousthatthewavelengthdistributions
aredifferent.

1.4.4 Fatigue,Load cycles,and Mark ov models

In fatigueapplicationsthe exact samplepathis not important,but only the tops and bottomsof
theload, calledthe sequencef turning points(TP). Fromthe turning pointsonecanextractload
cycles,from which damagecalculationsandfatiguelife predictionscanbe performed.n WAFO
therearenumerousoutinesfor evaluatingfatiguemeasuredoads,aswell asmakingtheoretical
calculationsof distributionsthatareimportantfor fatigueevaluation.A powerful techniquewhen
analysingloadsis to useMarkov modelsasapproximationsgspeciallyto modelthe sequencef
turning pointsby a Markov chain.For suchmodelsthereexist mary explicit results.Herewe will
usethis Markov approximatiorfor computingtheintensityof rainflow cyclesandtrough-to-crest
cyclesfor the Gaussiaimodelin Figurel.2.
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Directional Spectrum
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Figure 1.4: Directional spectrum.The frequencyspectrumis a Torsethaugn spectrumand the
spreadingfunctionis of cos-2stypewith s = 15. Solid line: directional spectrum.Dash-
dottedline: directionalspectrumusingfrequencyndependenspreadingfunction.

Fixedspreading Frequenyg dependenspreading

Figure 1.5: Simulatecseasurfacesonarectangleof 128[m] by 128[m] with directionalspectrum
SD1, spreadingindependenof frequency(left), and SD12, frequencydependenspreading

(right).

For fatigueanalysisthe rainflow cycle, definedin Figure4.1in Chapter4, is oftenused.The
Markov modelis definedby themin-to-maxpdf, whichis obtainedrom the power spectradensity
by usingapproximationgn Slepianmodelprocesseseee.q.[32] andreferencesherein.Chapter3
describeshow WAFO routinescan be usedto find the min-to-maxdeistritution for Gaussian
loads.For the Markov modelthereis an explicit solutionfor the intensityof rainflow cycles,see
[13]. By usingthe routinesin WAFO the intensity of rainflow cyclescanbe found usingMarkov
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approximation;seeFigure 1.6, wherealsothe rainflow cyclesfoundin the simulatedioad signal
areshown. Thefigurehhasbeenplottedusingthefollowing MATLAB commands:

frfc=spec2cmat(S1,[],’rfc’,[],[-6 6 61));
pdfplot(frfc);

hold on

tp=dat2tp(xs);

rfc=tp2rfc(tp);

plot(rfc(:,2),rfc(:,1),".")

hold off

Joint density of maximum and rainflow minimum

Level curves enclosing:

rainflow min [m]
o

-6 ! ! ! ! !
-6 -4 -2 0 2 4 6

max [m]

Figure 1.6: Intensityof rainflow cyclescomputedrom the psdthrough Markov approximation,
compaedwith thecyclesfoundin the simulation.

The WAFO toolbox alsocontainsroutinesfor computingthe intensityof rainflow cyclesin more
complex load processedpr examplefor a switchingMarkov chainof TP. Detailson fatigueload
analysisaregivenin Chapted.
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1.5 Datastructures

help datastructures

DATASTRUCTURE®f spectrum, covariance  function and density (pdf) in WAFO

To represent  spectra, covariance  functions and probability density  functions
in WAFO, the MATLAB datatype ’structured array’ is used. Here follows a list
of the fields in the struct representing S, cvf and pdf, respectively.

Spectrum  structure

Requisite  fields:

type String: freq’, dir, ‘kad’, kid’, ’encdir’, ‘enc’, ‘rotdir’,
rotk2d’ or ’rotkld'.

.S Spectrum values (size=[nf 1] or [np nf]).

w OR.f OR .k Frequency/wave number lag, length nf.

r Transformation function (default 0 (none)).

.h Water depth (default inf).

.norm  Normalization flag, Logical 1 if S is normalized, 0 if not

.note Memorandum string.
.date Date and time of creation or change.
Type-specific fields:

k2 Second dim. wave number lag, if .type="k2d’ or ’rotk2d’, length  np.
theta  Angular lags, if .type='dir, rotdir’ or ’encdir’, length  np.
AY Ship speed, if .type = ’enc’ or ’encdir.
.phi Direction of ship if .type = 'enc, ‘encdir’,
or rotation angle if .type = ’'rotdir, rotk1d’ or 'rotk2d'.
See also: createspec, wspecplot
Covariance  function (cvf)  structure
R Covariance function values. Size [ny nx nt], all singleton dim. removed.
X Lag of first space dimension, length  nx.
y Lag of second space dimension, length  ny.
t Time lag, length nt.
.h Water depth.
r Transformation function.
type ‘enc’, rot’ or ’none’.
v Ship speed, if .type='enc’
.phi Direction of ship if .type='enc’, rotation angle if .type='rot’
.norm  Normalization flag, Logical 1 if autocorrelation, 0 if covariance.
Rx .. LRttt Obvious derivatives of .R.

.note Memorandum string.
.date Date and time of creation or change.

See also: createcov, spec2cov, cov2spec, covplot

Probability density  function (pdf)  structure

Describing a density of n variables:
f Probability density  function values (n-dimensional matrix)
X Cell array of vectors defining grid for variables (n cells)
labx Cell array of label strings for the variables (n cells)
title Title  string
.note Memorandum string.

See also: createpdf, pdfplot
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CHAPTER 2

RANDOM LOADS AND STOCHASTIC WAVES -
MODELING

In this chapterwe presentsometools for analysisof randomfunctionswith respecto their cor

relation,spectral anddistributional propertiesWe first give a brief introductionto the theory of

Gaussiarprocesseandthenwe presenprogramsn WAFO which canbe usedto analyzerandom
functions.The presentatiomwill be organizedin threeexamples;Examplel is devotedto estima-
tion of differentparametersn the model,Example2 dealswith spectraldensitiesandExample3

presentshe useof WAFO to simulatesamplesf a Gaussiarprocess.

2.1 Intr oduction and preliminary analysis

Thefunctionswe shallanalyzecanbe measuredtressesr strains,which we call loads,or other
measurementsyherewaveson the seasurfaceis oneof the mostimportantexamples We assume
thatthe measurediataaregivenby oneof thefollowing forms:

1. In the time domain,as measurementsf a responsdunction denotedby z(¢), 0 < ¢t < T,
wheret is time and T is the durationof the measurementsThe z(¢)-function is usually
sampledvith afixedsamplingirequeng andagivenresolutionj.e.thevaluesof z(t) arealso
discretizedThe effectsof samplingcannot alwaysbe neglectedin estimationof parameters
or distributions.We assumehatmeasuredunctionsaresavzedasatwo columnASCIl or mat
file.

2. In thefrequeny domain,asa power spectrumwhich is animportantmodein systemsanal-
ysis. This meanghatthe signalis representetly a Fourierseries,

N
z(t) ~m+ Y a;cos(w;t) + b;sin(w; t),
=1
wherew; = i-27 /T areangularfrequenciesyn is themeanof thesignalanda;, b; areFourier
coeficients.

Somegenerabropertief measuredunctionscanbe summarizedy usingafew simplechar
acteristics.Thosearethe meanm, definedasthe averageof all values,the standarddeviation o,
andthevariances?, which measureshe variability aroundthe meanin linearandquatraticscale.
Thesequantitiesareestimatedy
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m=1/T /OT:c(t)dt, 2.1)
o2 =1/T /OT(:v(t)—m)zdt. 2.2)

Anotherimportantpropertyis the crossingspectrumor crossingintensity u(«) definedasthe
intensity of upcrossingg= averagenumberof upcrossingpertime unit), of alevel u by z(t) as
a function of u. The meanfrequencyf, is usually definedasthe numberof timesz(t) crosses
upwards(upcrosseshhe meanlevel m normalizedby thelengthof theobsenrationintenal 7, i.e.
fo = p(m). An alternative definition} which we preferto useis that f, = max(u(u)), i.e.it is
equalto themaximumof u(u). Theirr egularity factor «, definedasthemeanfrequeng f, divided
by theintensityof local maxima(intensityof cycles)in z(¢). (Note,a smalla meansanirregular
process(0 < a < 1).)

Example 1. (Seadata) In thisexamplewe useaserieswith wave datasea.dat  with time argu-
mentin thefirst columnandfunctionvaluesin the secondcolumn.The datausedin theexamples
arewave measurementat shallov waterlocation,sampledwith a samplingfrequeny of 4 Hz,
andthe units of measuremerdre secondsandmeters respectrely. Thefile sea.dat isloaded
into MATLAB andafterthe meanvaluehasbeensubtractedhe dataaresavedin the two column

matrix xx .
XX load('sea.dat’);

me = mean(xx(:,2))

sa std(xx(:,2))

xX(:,2) = xx(:,2) - me;

lc = dat2lc(xx);

Heremeandsa arethe meanandstandarddeviation of the signal,respectrely. The variable
Ilc is atwo columnmatrix with levelsin the first columnandthe numberof upcrossingof the
level in the secondln Figure2.1the numberof upcrossing®f xx is plottedandcomparedwith
an estimationbasedon the assumptiorthat xx is a realizationof a Gaussiarsea.The plot is
automaticallydravn by dat2lc

Next we computethe meanfrequeng asthe averagenumberof upcrossingper time unit of
themeanlevel (= 0); this mayrequireinterpolationin the crossingntensitycurve, asfollows.

T = max(xx(:,1))-min(xx(:,1))
fo = interpl(lc(;,1),lc(:,2),0)/T

The processf fatiguedamageaccumulatiordependsnly on the valuesandthe orderof the
local extremesdn theload. The sequencef local extremess calledthesequencef turning points
It is atwo columnmatrix with time for the extremesn thefirst columnandthevaluesof xx in the
second.

tp = dat2tp(xx);
alfa = fO/(length(tp)/(2*T))

Herealfa istheirregularity factor Note thatlength(tp) is equalto the numberof local
maximaandminimaandhencewe have afactor2 in the expressiorfor alfa . O

Lstill anotherefinition,to be usedin Chapter4, is that f, is the averagenumberof completedoad cyclespertime unit.
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Figure 2.1: The observedcrossingscompaed with the theoetically expectedfor Gaussiansig-
nals,see(2.3).

We finish this sectionwith someremarksaboutthe quality of themeasuredlata.Especiallysea
surfacemeasurementsanbe of poorquality. We shallnow checkthe quality of the datasekx . It
is alwaysgoodpracticeto visually examinethe databeforetheanalysiso getanimpressiorof the
quality, non-linearitiesandnarrav-bandednessf the data.

Example 1. (contd.) Firstwe shallplot the dataandzoomin on a specificregion. A partof the
seadatais presentedn Figure2.2 obtainedby thefollowing commands.

clf
waveplot(xx,tp,’k-","*",1,1)
axis([0 100 -inf  inf])

However, if theamountof datais toolargefor visualexamination or if onewantsamoreobjec-
tivemeasuref thequality of thedataonecouldusethefollowing empiricalcriterionimplemented
in WAFO:

e 2'(t) < 5 [m/s], sincetheraisingspeedf Gaussiarwavesrarely exceedss [m/s],

e z"(t) < 9.81/2, [m/s? whichis thelimiting maximumacceleratiorof Stokeswaves,

e if thesignalis constanin someintervals,thenthiswill addhigh frequencieso theestimated
spectraldensity; constantdatamay occurif the measuringdevice is blocked during some
periodof time.

To find possiblespuriouspointsof the datasetisethe following commands.
dt = diff(xx(1:2,1));

dcrit = 5*dt;
ddcrit = 9.81/2*dt*dft;
zcrit = 0;

[inds indg] = findoutliers(xx,zcrit,dcrit,ddcrit);
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Surface elevation from mean water level (MWL).
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Figure 2.2: A part of the seadatawith turning pointsmarked as stars.

Theprogramwill givethefollowing list whenusedon the seadata.

Found 0 missing points

Found O spurious  positive jumps of Dx
Found O spurious negative jumps of Dx
Found 37 spurious  positive jumps of D"2x

Found 200 spurious negative jumps of D"2x
Found 244 consecutive equal values
Found the total of 1152 spurious points

Thevaluesfor zcrit |, dcrit andddcrit  canbe chosenmore carefully However, small
change®f the constantareusuallynot socrucial. As seenfrom thetranscripts§rom the program
atotal of 1152pointsarefoundto be spuriouswhichis approximatelyl2 % of the data.Basedon
thisonemayclassifythedatasetinto good,reasonablgyooranduselessObviously uncriticaluse
of datamayleadto unsatisctoryresults.We returnto this problemwhendiscussingnethodso
reconstructhe data. O

2.2 FrequencyModeling of Load Histories
Themostimportantcharacteristiof signalsin frequeng domainis their power spectrum
8 = (af +b7)/(20w),

whereAw is thesamplinginterval in frequeng domain,i.e. w; = ¢ - Aw. Thetwo-columnmatrix
§(w;i) = (wi, 8;) will becalledthe power spectrunof z(t).

The sequencd; = arccos(a;/+/23;Aw) is calleda sequenc®f phasesandthe Fourier series
canbewritten asfollows

N

z(t) ® m+ Y 1/25Aw cos(w; t + 6;).

i=1
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If the sampledsignalcontainsexactly 2N + 1 pointsthenz(¢) is equalto its Fourier seriesat the
sampledpoints.In the specialcasewhenN = 2*, theso-calledFFT (FastFourier Transform)can
be usedin orderto computethe Fourier coeficients(andthe spectrum)rom the measuredignal
andin reversethe signalfrom the Fouriercoeficients.

As mentionedthe Fouriercoeficientto thezerofrequeng is justthe meanof the signal,while
thevarianceis givenby 0% = Aw ¥ §(w;) ~ [;° §(w) dw. Thelastintegralis calledthe zero-order
spectraimomentmg. Similarly, higherorderspectramomentsaredefinedby

Spectral density
T T

T T T
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0.6 4
0.5 4
~04 4
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0 A..J\ L | | ) Lo g L m N
0 0.5 1 15 2 2.5 3 3.5 4 4.5 5

Frequency (rad/s)

Figure 2.3: Theobservedpectrunin thedatasetsea.dat

Example 1. (contd.) We give now thespectrumé(w) for thesignalxx .

S = dat2spec2(xx,9500);
wspecplot(S)

In Figure2.3we canseethatthe spectruris extremelyirregularandprobablyit variesbetween
measurementsf the seaevenunderalmostidenticalconditions.This will befurtherdiscussedn
thefollowing section.Next the spectraimomentswill becomputed.

[mom text] = spec2mom(S,4)
[sa sgrt(mom(1))]

The vectormomnow containsspectralmomentsmyg, ms, m4, Which are the variancesof the
signalandits first andsecondderivative. We canspeculateghatthe varianceof the derivativesis
too high partially becaus®f spuriougpoints.For example,if therearesereralpointswith thesame
value,the Gibb’s phenomenoteadsto high frequenciesn the spectrum. O
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2.2.1 RandomFunctionsin Spectral Domain - Gaussianprocesses

In the previous sectionwe studiedthe propertiesof onespecificsignalin frequengy domain.As-
sumenow thatwe geta new seriesof measurementsf a signal,which we arewilling to consider
asequialentwith the first one.However, the two seriesare seldomidenticalanddiffer in some
respectsvhichit is naturalto regardaspurelyrandom.Obviously it will have a differentspectrum
$(w) andthe phasewsvill bechanged.

A usefulmathematicamodelfor sucha situationis the randomfunction (stochastiqrocess)
modelwhich will bedenotedby X (¢). Thenz(t) is seenasparticularchoserrandomlyfunction.
Thesimplestmodelfor a stationarysignalwith afixedspectrums(w) is

N
X(0) = m+ 32 Vb Beos(urt+ 09,
=1

where®; areindependentiniformly distributedphasesHowever, thisis notaveryrealisticmodel
either sincein practiceone often obsenesa variability in the spectrums(w) betweenmeasured
functions.Hhences; shouldalsobe modeledto include a certainrandomnessT he bestway to
accomplishthis is to assumehatthereexists a deterministicfunction S(w) suchthatthe average
valueof §(w;)Aw betweerdifferentobsered seriescanbe approximatedy S(w;)Aw. In fact,in
mary caseonecanmodels; as

whereR; areindependentandomfactors all with a Rayleighdistribution. (Obsene thatthe aver-
agevalueof R? is 2.) This givesthefollowing randomfunctionasmodelfor the series,

X(t)=m+ % \/S(w;))AwR; cos(w; t + ©;).

The processX (t) hasmary usefulpropertieshat canbe usedfor analysis.In particular for ary
fixedt, X (t) is normally (Gaussianyistributed. Then, the probability of ary event definedfor
X (t) can,in principal,be computedvhenthe meanm andthe spectraldensity.S areknown.

In seamodeling,the componentsn the sumdefining X (¢) can be interpretedas individual
waves.By theassumptiorthat R; and©; areindependentandomvariablesonehasthatthe indi-
vidual wavesareindependenstationaryGaussiarprocessewith meanzeroandcovariancefunc-
tion givenby

ri(7) = Aw S(w;) cos(w; 7).
Consequentlyhe covariancebetweenX (¢) and X (¢ + 7) is givenby
N
rx(1) = B[(X(t) - m)(X(t +7) —m)] = Aw > S(w;) cos(w; 7).

=1

More generallyfor astationarystochastiproceswith spectrabensityS(w), thecorrelationstruc-
tureof the processs definedby its spectradensityfunction,alsocalledpower spectrum,

r(1) =Cov[X(t), X(t+ 7)) = /Ooo cos(wt) S(w) dw.

The spectraldensityrepresents continuouddistribution of the wave enegy over a continuumof
frequencies.
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If Y'(¢) is anoutputof alinearfilter with X (¢) asinput, thenY (¢) is alsonormally distributed
andwe needto derive the spectrunof Y (¢) to be ableto analyzeits propertiesThis is a simple
task,sinceif thetransferfunction of thefilter H(w) is given,thenthe spectrumof Y (¢), denoted
by Sy, is givenby

Sy(w) = [Hw)[*S(w).

For example,the derivative X'(¢) is a Gaussiarprocesswith meanzeroandspectrumSy (w) =
w?S(w). Thevarianceof the derivative is equalto the secondspectramoment,

X = /Sy(w) dw = /wzs(w)dw = ma.

TheGaussiamprocesss asumof cosinetermswith amplitudesdefinedby the spectrumhence,
it is not easyto relatethe power spectrumandthe fatiguedamage The crossingintensity u(u),
whichyieldsthe averagenumberof upcrossing®f thelevel «, containssomeinformationalsoon
thefatiguepropertiesFor a Gaussiarprocesst is givenby thecelebrateRice's formula,

p(u) = foexp(—(u—m)*/20%). (2.3)

Usingspectraimomentsve have thato? = mgy while f, = 2i1 /2—3.
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Figure 2.4: Theestimatedspectrunin thedatasetsea.dat  with differentdegreeof smoothing

Example 1. (contd.) In orderto estimatethe spectrunof a Gaussiarprocesneneedsseveral
realizationsof the processThenonespectrunestimatecanbemadefor eachrealizationwhich are
thenaveragedHowever, in mary caseonly onerealizationof the processs available.In sucha
caseoneis oftenassuminghatthespectrums asmoothfunctionof w andcanusethisinformation
to improve the estimate Practicallyit meanghatonehasto usesomesmoothingtechniquesFor
the seadatawe shall estimatethe spectrumby meansof the WAFO functiondat2spec  whicha
secondparametedefiningthe degreeof smoothing.
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S1 = dat2spec2(xx,200);
S2 = dat2spec2(xx,50);
wspecplot(S1,[],’-.")

hold on

wspecplot(S2)

hold off

In Figure2.4we seethatwith decreasingecondnputthespectrunestimatdoecomesmoothey
andthatit in theendbecomesinimodal.

Obviously knowing the spectrunonecancomputethe covariancefunction. Thefollowing code
in MATLAB will computethe covariancefor theunimodalspectradensityS2 andcompareat with
estimatectovariancen thesignalxx .

R2 = spec2cov(S1,1);

Rest = dat2cov(xx,80,[], - -
covplot(R2,80,[],".")

hold on

covplot(Rest)
hold off

We canseein Figure 2.5(a)thatthe covariancefunction correspondindo the spectraldensity
S2 significantlydiffersfrom theoneestimatedlirectly from data.lt canbeseerthatthecovariance
correspondingo S1 agreesnuchbetterwith the estimatedcovariancefunction; seeFigure2.5(b),
which s obtainedusingthe samecodewith S2 in spec2cov replacedoy S1. |

(@) (b)

Auto Covariance Function (ACF) Auto Covariance Function (ACF)
T T T T T

; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ;
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
Lag (sec) Lag (sec)

Figure 2.5: Thecovariancefunctionestimatedn the datasetxx, solid line, compaedthetheo-
retically computedcovariancefunctionsfor the spectal densitiesS2 in (a) andS1 in (b).

Obsene thatthe WAFO function spec2cov canbe usedto computea covariancestructure
which cancontaincovariance$othin time andin spaceaswell asthatof thederivatives.Theinput
canbe ary spectrumstructure e.g.wave numberspectrumdirectionalspectrumor encountered
directionalspectrumiypehelp spec2cov for thedetailedinformation.

2.2.2 Transformed Gaussianmodels

The standardassumptiongor a seastateunderstationaryconditionsarethatthe model X (¢) is a
stationaryand ergodic stochastigorocesswith meanE|[ X (¢)] assumedo be zeroanda spectral
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densityS(w). The knowledgeof which kind of spectraldensity S(w) aresuitableto describesea
statedatais well establishedrom experimentaktudies.

Realdataz(t) seldomperfectly supportthe Gaussiarassumptiorfor the processX (¢). But
sincethe Gaussiarcaseis well understoocandthereare approximatve methodsto obtainwave
characteristicérom the spectradensityS(w) for Gaussiarprocesseyneoftenlooksfor amodel
of the seastatein the classof Gaussiarprocessest-urthermorejn previous work [54] we have
foundthatfor mary seawave data,even suchthatareclearly non-Gaussianthe wavelengthand
amplitudedensitiescanbe very accuratelyapproximatedisingthe Gaussiarprocessnodel.

However, the Gaussiarmodelcanleadto lesssatistctoryresultswhenit comesto the distri-
bution of crestheightsor joint densitiesof troughsandcrests.In thatcasewe foundin [54] that
a simple transformedGaussiamprocessusedto modelz(t) gave good approximationdor those
densities.

Consequentlyin WAFO we shallmodelz(¢) by aprocessX (¢) whichis afunctionof asingle
GaussiarprocessX (t), i.e.

X(t) = G(X(t), (2.4)

whereG(-) is a continuouslydifferentiablefunction with positive derivative. We shall denotethe
spectrunof X by S, while thespectrunof X (¢) by S.

The transformationGG performsall appropriatetranslationandscalingso that X (t) is always
normalizedto have meanzeroandvarianceone,i.e. thefirst spectramomentof S is one.

Note that oncethe distributions of crests,troughs,amplitudesor wavelengthsin a Gaussian
processX (¢) are computed thenthe correspondingvave distributionsin X (¢) are obtainedby
simple variable transformationgnvolving only the inverseof G, which we shall denoteby g.
Actually we shallusethefunction g to definethetransformationnsteadof G, andusetherelation
Z(t) = g(x(t)) betweertherealseadataz(t) andthetransformediataz(t).

If themodel(2.4)is correct,thenz(¢) shouldbe a samplefunction of a processvith Gaussian
maiginal distributions.Obviously, a Gaussiaimodelis obtainedby usingalinearfunctiong(y) =
ay + b, wherea, b areconstants.

Thereareseveral differentwaysto proceedvhenselectinga transformationThe simplestal-
ternatve is to estimatethe function g directly from databy someparametericor non-parametric
means. A more physically motivatedprocedures to usesomeof the parametricfunctionspro-
posedn theliterature,basedn approximation®f non-linearwave theory Thefollowing options
areprogrammedn thetoolbox:

dat2tr - non-parametric transformation g proposed by Rychlik,
hermitetr - transformation g proposed by Winterstein,
ochitr2 - transformation g proposed by Ochi et al

Thetransformatiorproposedy Ochi, [39], is amonotonicexponentiafunctionwhile Winter-
steins model,[62], is amonotoniccubic Hermite polynomial.Both transformationsisemoments
of X (t) to computeg. Informationaboutthe momentsof the processanbe obtainedby site spe-
cific data,laboratorymeasurementsr by resortto physicalmodels.Marthinsenand Winterstein
(1992),[37], derivedanexpressiorfor the skewnessandkurtosisfor narrov bandedStokeswaves
to the leadingorderandusedtheseto definethe transformationThe skewnessandkurtosis(ex-
cess)of this model canalso be estimatedrom databy the WAFO functionswskewness and
wkurtosis
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Example 1. (contd.) We begin with computation®f skewnessandkurtosisfor the datasetxx .
Thecommands

rho3
rho4

wskewness(xx(:,2))
wkurtosis(xx(:,2))

givethevaluesrho3 = 0.25 andrho4 = 3.17 ,respectiely, comparedorho3 = 0 and
rho4 = 3 for Gaussianwaves. We can computethe samemodel using the spectrum$ using
the secondorderwave approximationproposedby Winterstein.His approximationgivessuitable
valuesfor skewnessandkurtosis

[sk, Kku ]=spec2skew(S1);

Herewe shallusethe Hermitetransformatiorproposedy Wintersteinanddenotet by gh and
compardt with thelineartransformationi.e. when X (¢) is Gaussiandenotedy g.

gh = hermitetr([],[sa sk ku me]);
g = gh; 9(.2)=g(:1)/sa;
trplot(gh)

Thesecommandswill resultin two columnmatricesg, gh, with equallyspacedy-valuesin
thefirst columnandthevaluesof g(y) in thesecondcolumn.

Sincewe have datawe may estimatethe transformationdirectly by a methodproposedby
Rychlik, [54].

[glc test0] = dat2tr(xx);
hold on
plot(gh(:,1),gh(:,2),’b-.")

hold off

The sametransformationcan be obtainedfrom the crossingintensity by use of the WAFO
functionlc2tr

In Figure 2.6 we comparethe threetransformationsthe straightline is the Gaussianinear
model,the dasheddottedline is the Hermitetransformatiorbasedon highermomentsof there-
sponsecomputedrom the spectrumandthe solid line is the directtransformatiorestimatedrom
crossingintensity (The unsmoothedine shows the estimationof the direct transformatiorfrom
unsmoothedtrossingintensity). We can seethat the transformatiorderived from crossingswill
give the highestcrestheights.It canbe proved that asymptoticallythe transformationbasedon
crossingsntensitygivesthe correctdensityof crestheights.

Thetransformationsndicatesghatdataxx hasalight lowertail andheavy uppertail compared
to a Gaussiarmodel. This is alsoconsistenwith secondorderwave theorywherethe crestsare
higherandthe troughsshallover comparedo Gaussiarwaves.Now the questionis whetherthis
differenceis significantcomparedo the naturalstatisticalvariability dueto finite length of the
time series.

To determinethe degreeof departurdrom Gaussianitywe cancomparean indicator of non-
Gaussianitytest0  with calculatedvalue obtainedfrom Monte Carlo simulation. The value of
test0 isameasuref how munchthetransformatiorg deviatesfrom a straightline.

Thesignificancdestis doneby simulating50independensample®ftest0 fromatrueGaus-
sianprocesswith the samespectraldensityandlengthasthe original data.This is accomplished
by the WAFO programmctrtest . The outputfrom the programis a plot of the ratio testl
betweernhe simulated Gaussianjest0 -valuesandthe sampletestO
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Figure 2.6: Comparison®f thethreetransformationg), straightline - Gaussiamrmodel,dashed-
dottedline the Hermitetransformatiorgh andsolid line the Rydlik methodglc .

N = length(xx);
testl = mctrtest(S1,[N,50],test0);

The programgivesa plot of simulatedtest values,seeFigure2.7. As we seefrom the figure
noneof the simulatedvaluesof testl is above 1.00. Thusthe datasignificantly departsfrom
a Gaussiardistribution; see[54] for more detaileddiscussionof the testingprocedureand the
estimationof the transformatiory from the crossingntensity

We finish the testsfor Gaussianityof the databy a more classicalapproachand simply plot
the dataon normal probability paper Then N independenbbsenation of identically distributed
Gaussiarvariablesforms a straightline in a normalplot.Now for atime seriesthe datais clearly
notindependentHowever, if the processs ergodicthenthe dataformsstraightline asV tendsto
infinity.

Thecommand

wnormplot(xx(:,2))

produced-igure?2.8.
As we canseethe normalprobability plot is curvedindicatingthanthat the underlyingdistri-
bution hasa “heavy” uppertail anda“light” lowertail. a

2.2.3 Spectral densitiesof seadata

Theknowledgeof which kind of spectraldensityS(w) is suitableto describeseastatedatais well
establishedrom experimentalstudies.One often usessomeparametricform of spectraldensity
functions,e.g.a JONSWAP-spectrumThis formulais programmedn a WAFO function jon-
swap, which evaluatesthe spectraldensity S(w) with specifiedwave characteristicsThereare
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Figure 2.7: ThesimulatedbOvaluesofthetest variablefor the Gaussiarprocesswith spectrum
S1 compaedwith theobservedralue(= thedashedine).
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Figure 2.8: Thedataxx onnormalprobability plot

severalotherprogrammedspectraldensitiesn WAFO to allow for bimodalandfinite waterdepth
spectraThelist includesthefollowing spectra:

jonswap - JONSWAPspectral density

wallop - Wallop spectral density,

ohspec?2 - Bimodal Ochi-Hubble  spectral density,
torsethaugen - Bimodal (swell + wind) spectral density,
pmspec - Pierson-Moskowitz spectral density,
mccormick - McCormick spectral density,

tmaspec - JONSWAPspectral density  for finite water depth,
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WAFO alsocontainssomedifferentspreadingunctions;usehelp spec andhelpspread-
ing for moredetailedinformation.

The spectrumof the seacan be given in mary differentformats,that are interconnectedy
thedispersiorrelation. The spectruncanbe givenusingfrequenciesangularfrequencie®r wave
numbersandit canalsobedirectional.

A relatedspectrumis the encounteredpectrumfor a moving vessel.The transformationde-
tweenthedifferenttypesof spectraaredefinedby meansof integralsandvariablechangedefined
by the dispersionrelationandthe Dopplershift of individual waves. The function spec2spec
makesall thesetransformation®asilyaccessibldor the user (Actually mary programsperform
theappropriatdransformationsnternallywhenever it is necessarandfor exampleonecancom-
putethedensityof wave-lengthfrom aninputthatis thedirectionalspectrumn frequeng domain.)

Directional Spectrum

Level curves at:
90

15

180

270

Figure 2.9: Thedirectionalspectrunof JONSWAP sea(dashedine) compaedwith the encoun-
tereddirectionalspectrunfor headingsea,speedl0[m/s] (solid line).

Example 2. (Differentform of spectra) In this examplewe have chosena JONSWAP spectrum
with parameterslefinedby significantwave heightHmO = 7 [m] andpeakperiodTp = 11 [s].
This spectrundescribeshe measurementsf seaevel atafixed point (buoy).

HmO= 7, Tp = 11;

spec = jonswap([],[HmMO Tp);

spec.note

In orderto includethe spacedimension,i.e. the directionin which the waves propagatewe
computeadirectionalspectrumby addingspreadingseedashecurvesin Figure2.9.
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D = spreading(101,'cos2s’,0,[],spec.w,1)
Sd = mkdspec(spec,D)

Next we consideavessemoving with speedL0[m/s] againsthewaves.Theseameasuredrom
thevesselwill have a differentdirectionalspectrumgcalledthe encounteredlirectionalspectrum.
The following codewill computethe encounteredlirectionalspectrumandplot it on top of the
original directionalspectrumTheresultis shovn asthe solid curvesin Figure2.9.

Se = spec2spec(Sd,’encdir’,0,10);
wspecplot(Se), hold on
wspecplot(Sd,1,’--), hold off

Obviously the periodsof wavesin the directionalseaare definedby the JONSWAP spectrum
(spreadings notaffectingtheseaevel atafixedpoint), but theencounteregeriodswill beshorter
This canbe seenby comparingthe following threespectra:

S1 =spec2spec(Sd,’freq’);

S2 = spec2spec(Se,’freq’);
wspecplot(spec), hold on
wspecplot(S1,1,"."),
wspecplot(S2),

hold off

We canseein Figure2.10(a)thatthe spectraspec andS1 areidentical(in numericalsense)
while spectrumS2 containsmoreenepy at higherfrequencies.

A similar kind of questionis how muchthe wave length differs betweena longcrestedJON-
SWAP seaanda JONSWAP seawith spreadingThe wavenumberspectrafor both casescanbe
computedoy thefollowing code theresultof whichis shovn in Figure2.10(b).

Sk = spec2spec(spec,’kld’)
Skd = spec2spec(Sd,’k1d’)
wspecplot(Sk), hold on
wspecplot(Skd,1,--"), hold off

Finally we shallshov how the JONSWAP spectruncanbe correctedor afinite depth,seg[9].
The following codecomputesspectrumfor waterof finite depthof 20 [m]. Theresultingspectra
areshavnin Figure2.11.

wspecplot(spec,1,’--"), hold on
S20 = spec;

S20.S = S20.S.*phil(S20.w,20);
S20.h = 20;

wspecplot(S20), hold off
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Figure2.11: Standad JONSWAP spectrum(dashedine) compaed with the spectrumon finite
depthof 20 [m] (solid line)

2.3 Simulation of transformed Gaussianprocess

In thissectionwe shallpresensomeof theprogramsn WAFO thatcanbeusedio simulaterandom
signals,loadsandwaves;typehelp wsim for the completelist. We shall be mostly concerned
with simulationof thetransformedsaussiamodelfor seaX (t) = G(X).

Thefirst importantcaseis whenwe wish to reproducerandomversionsof the measuredig-
nal z(t). Using dat2tr  one can first estimatesthe transformationg. Next, using a function
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dat2gaus onecancomputei(t) = g(z(t), which we assumes arealizationof a Gaussiarpro-
cessFromZ we canthenestimatethe spectrumS(w) by meansof thefunctiondat2gaus . The
spectrumS‘(w) andthe transformationg will uniquely definethe transformedGaussiarmodel.
A randomfunction that modelsthe measuredsignal can then be obtainedusing the program
spec2sdat . In thefollowing examplewe shallillustratethis approactonthedatasetsea.dat

Beforewe canstartto simulatewe needto put thetransformatiorinto the spectrundatastruc-
ture,whichis a MATLAB structurevariable.SinceWAFO is basedon transformedGaussiarpro-
cesseghe entire processstructureis definedby the spectrumand the transformationtogether
Thereforethe transformatiorhasbeenincorporatedaspart of a model,into the spectrumstruc-
ture,andis passedo otherWAFO programswith the spectrumlf no transformations giventhen
the processs Gaussian.

Obsenrethatthe possiblenonzerameanm say for themodelis includedin thetransformation.
The changeof meanby for example0.5[m] is simply accomplishedy modyfying the transfor
mation, e.g. by executingthe following commandg(:,2)=g(:,2)+0.5; . Consequentlyhe
spectrunstructurecompletelydefineshemodel.

IMPORTANT NOTE: The simulationroutinespec2sdat assumeshatthe input spectrumis the
spectrumof a standardizeghrocesswith spectraimomentm, = 1, i.e. unit variance.The correct
standardieviationfor theoutputshouldnormallybeobtainedvia atransformatiorspectrum.tr

If you happento usea transformatiortogetherwith aninput spectrumwhich doesnot have unit
variance thenyou getthe doublescaleeffect, both from the transformatiorandvia the standard
deviation from the spectrumlt is only theroutinespec2sdat thatworksin this way. All other
routines,in particularthosewhich calculatecycle distributions,performaninternalnormalization
of the spectrunbeforethe calculation andthentransformsackto theoriginal scaleat the end.

Example 3. (Simulationof arandonsea) In Examplel we have shovnthatthedatasetsea.dat
containsa considerabl@mountof spuriouspointsthatwe would lik e to omit or censor

The programreconstruct replaceghe spuriousdataby simulateddata(oneis assuming
that no informationaboutthe removed pointsis known andoneis filling up the gapson the ba-
sis of the remainingdataandfitted transformedGaussiarprocesssee[7] for moredetails. The
reconstructions performedas

[y garec] = reconstruct(xx,inds);

wherey is thereconstructediataandgrec is thetransformatiorestimatedrom the signaly .
In Figure2.12we canseethe transformation(solid line) comparedvith the empiricalsmoothed
transformationglc , whichis obtainedfrom the original sequencex without removing the spu-
rious data(dash-dottedine). We canseethatthe new transformation$asslightly smallercrests.
Actually it is almostidenticalwith thetransformatiorgh computedrom the spectrumof the sig-
nal, however it canbe only a coincident(dueto randomfluctuations)andhencewe do not drav
ary conclusiongrom thisfact.

The value of thetest variablefor the transformationgrec is 0.84 and, as expected,it is
smallerthanthevalueof test0O = 1.00computedor thetransformatiorglc . Howeverit is still
significantlylargerthenthevaluesshowvn in Figure2.7,i.e. thesignaly is nota Gaussiarsignal.

We turn now to estimatiorof the spectrunin themodel.Firsttransformdatato obtainasample

#(t).



2.3. SIMULATION OF TRANSFORMED GAUSSIAN PROCESS 29

Estimated transform
6 T T T

g(u)
o
T

-2.5 -2 -15 -1 -0.5 0 0.5 1 15 2 2.5

Figure 2.12: Thetransformatiorcomputedromthereconstructegignaly (solidline) compaed
with thetransformatiorcomputedromthe original signalxx (dashedlottedline).

x = dat2gaus(y,grec);
Sx = dat2spec(x,200);

Theimportantremarkhereis that the smoothingof the spectrumdefinedby the parametel.,
seehelp dat2spec ,isremoving almostall differencedetweerthe spectran thethreesignals
XX,y orX. (ThespectrunSx is normalizedo have first spectramomentoneandhasto bescaled
down to have the sameenegy asthe spectruniS1.)

Next we shallsimulatearandomfunctionequialentto thereconstructetheasurementg. The
Nyquistfrequeng givesusthetime samplingof the simulatedsignal,

dt = spec2dt(Sx)

andis equalto 0.25secondssincethe datahasbeensampledwith a samplingfrequeng of 4 Hz.
We thensimulate2 minutes(2*60*4 points)of the signal,to obtaina syntheticwave equivalentto
thereconstructedeadata,shovn in Figure2.13.

Sx.tr = grec;
ysim = spec2sdat(Sx,480);
waveplot(ysim,’-")

O

In the next examplewe considera signalwith atheoreticalspectrumHerewe have a problem
whetherthetheoreticalspectrums valid for the transformedGaussiaimodel,i.e. it is a spectrum
S(w) oris it the spectrumof thelinearseas. In the previous examplethe spectrumof the trans-
formedprocessvasalmostidenticalwith the normalizedspectrumof the original signal.In [54]
it wasobseredthatfor seadatathe spectrumestimatedrom the original signalandthatfor the
transformednedo notdiffer significantly Althoughmoreexperimentshouldbedonein orderto
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Figure 2.13: Two minutesof simulatedseadata, equivalento thereconstructediata.

recommendisingthesamespectrunin thetwo caseshere,if we wishto work with non-Gaussian
modelswith a specifiedransformationye shallderive the S spectrunby dividing thetheoretical
spectrunby the squareoot of thefirst spectraimomentof S.

Example 3. (contd.) SincethespectruntSl is clearlytwo-pealedwith peakfrequeng 7, = 1.1
[Hz] we chooseto usethe Torsethaugespectra(This spectrums derivedfor a specificlocation
andwe shouldnot expectthatit will work for our case.)Theinputsto the programsareT,, andH?,
which we now compute.

Tp
HO
St

1.1;
4*sqrt(spec2mom(S1,1))
torsethaugen([0:0.01:5],[HO

2*pi/Tp]);

wspecplot(S1)
hold on
wspecplot(St,[],-.")

In Figure 2.14 we can seethat the Torsethaugerspectrumhastoo little enegy on the swell
peak.Despitethis factwe shallusethis spectrunin therestof this example.
We shallnow createthe spectrumS (w), i.e.thespectrunfor the standardizedeussiarprocess
X (t) with standardieviation equalto one.
Snorm = St;

Snorm.S = Snorm.S/sa’2;
dt spec2dt(Snorm)

Thesamplinginterval dt = 0.63[s] is a consequencef our choiceof cut off frequeng in the
definition of the St spectrum.This will however not affect our simulationwhereary sampling
interval dt canbeused.

Next we recomputdhetheoreticatransformatiorgh.

[Sk Su]
Sa

Snorm.tr

spec2skew(St);

sqrt(spec2mom(St,1));
gh = hermltetr([] [sa

sk ku me]);
= gh;
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Figure 2.14: Comparisorbetweertheestimatedgspectrumin thesignalsea.dat  (solidline) and
thetheoetical spectrunmof the Torsethaugntype(dasheddottedline).

The transformations actuallyalmostidenticalto gh for the spectrumS1, which canbe seenin

Figure 2.6, whereit is comparedo the Gaussiammodelg, given by a straightline. We cansee
from the diagramthatthewavesin atransformedsaussiarprocessX (t) = G(X(t)), will havean
excessof high crestsandshallow troughscomparedo wavesin the GaussiarprocessX (t). The
differenceis largestfor extremewaveswith crestsabove 1.5 meterswherethe excessis 10 cm,

ca7 % . Suchwaves,which have crestsabove threestandarddeviationssa arequite rareandfor

moderatevavesthe differences negligible.

In orderto illustratethedifferencan distributionfor extremewaveswe will simulatedasample
of 4 minutesof X (¢) with samplingfrequeng 2 Hz. Theresultareputinto ysim_t . In orderto
obtainthe correspondingamplepathof the process’f we usethetransformatiorgh andputthe
resultin xsim_t .

dt = 0.5
ysim_t = spec2sdat(Snorm,240,dt);
xsim_t = dat2gaus(ysim_t,Snorm.tr);

Sincethe processX () hasalwaysvarianceone,in orderto comparethe Gaussiarand non-
Gaussiamodelswe needto scalethexsim_t to havethesamdfirst spectraimomentasysim_t ,
whichwill bedoneby the following commands.

xsim_t(:,2) = sa*xsim_t(:,2);
waveplot(xsim_t,ysim_t,5,1,sa,4.5, r’ b)

In Figure 2.15we have wavesthat are not extremely high and hencethe differencebetween
the two modelsis hardly noticeablein this scale.Only in the secondsubplotwe can seethat
Gaussianwaves (dots) hastrough deeperand crestlower thanthe transformedGaussiarmodel
(solid line). This alsoindicatesthat the amplitudeestimatedrom the transformedGaussiarand
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Gaussiaimodelsarepracticallyidentical.Usingthetransformatiorglc insteadof gh would give
errorsof ca 11%, which for waveswith higher significantwave heighwould give considerable
underestimationf the crestheighof moreextremewaves.Evenif theprobabilityfor observingan
extremewave during the periodof 20 minutesis small, it is not negligible for safetyanalysisand
thereforethe choiceof transformations oneof themostimportantquestionsn wave modeling.

Surface elevation from mean water level (MWL).
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Figure 2.15: SimulatedX (¢) = G(X (t)) (solidline) compaedwith X () scaledto havethesame
H* as X (t) for atheowetical spectrungivenby Torsethaugnspectruntt .

Sincethe differencebetweenGaussiarand non-Gaussiamodel is not so big we may aska
questionwhether20 minutesof obsenation of a transformedGaussiarprocesspresentedn this
exampleis long enoughto be ableto rejectthe Gaussianmodel.Using the function mctrtest
we cansearejectionof Gaussiarmodelwould be very seldom.Obsenre thatthesea.dat is 40
minuteslong anthatwe clearly hadrejectedthe Gaussiaimodel. O

In WAFO thereareseveralotherprogramdo simulatetherandomfunctionsor surfaceslmpor-
tantclassusedin fatigueanalysisandin modelingthelong termvariability of seastateparameters
areMarkov models.Thereis alsoa programto simulatethe outputof secondrderoscillatorswith
nonlinearspring,whenexternalforce which is white noise.The nonlinearoscillatorscanbe used
to modelnonlinearesponsesf seastructures.
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CHAPTER 3

DISTRIBUTIONS OF APPARENT WAVE
CHARACTERISTICS

3.1 Intr oduction

In the previous chaptemwe discusseanodelingof randomfunction by meansof Fouriermethods.
The signal was representeds a sum of randomcosinefunctionswith randomamplitudesand
phaseslin linear wave theory thosecosinefunctionsare waves traveling in water Waves with
differentfrequenciehiave differentspeedsgefinedby thedispersiorrelation.This propertycauses
the characteristigrregularity of seasurface.Evenif it werepossibleto arrangea very particular
combinationof phasesandamplitudes so thatthe signallooks, for example,like a saw blade,it
will, afterawhile, changeshapeotally. The phasewill bealmostindependenandthe seawould
againlook like a GaussiarrandomprocessOn the otherhandan obsenrer clearly canidentify
moving seawaves. The shapeof thosewaves, which are often called the apparentwvaves since
theoretically thosearenot mathematicalwaves,but are constantlychangingup to the momentof
disappearing.

Thewavesactionon marinestructureds often modeledusinglinearfilters. Thenthe seaspec-
trumgivesacompletecharacterizationf thestructuresesponsedowever, oftensuchmodelsare
too simplistic and non-linearitieshave to be consideredo allow more complex responsesThen
one may not wish to performa complicatednumericalanalysisto derive the completeresponse
but is willing to acceptthe simplificationthatthe responses proportionalto the waves.Onemay
alsowish to identify somepropertiesof wavesthatare dangerousn someway for the particular
oceanoperation.Also the apparentvavesthemselescanbe the reasonfor non-linearresponse.
For example,for waveswith crestsof apparenwaveshigherthensomethreshold watermayfill
astructureandchangsts dynamicalpropertiesThe combinedeffect of apparentvaves,oftende-
scribedby its heightandwave period,is thereforeimportantin oceanengineeringTheseaspects
arediscussednh moredetailin thetextbookby Ochi (1998).

Theapparentvaveswill bedescribedy somegeometrigoropertieswhichwill becalledwave
characteristicayhile frequencie®f occurencesf waveswith specifiedcharacteristicsvill treated
in the statisticalsenseanddescribedy a probability distribution. Suchdistributionscanthenbe
usedto estimatethe frequeny of occurrence®f someeventsimportantin the designof floating
marinesystemse.g.wave breaking,slamming ringing, etc.

The wave surfaceis clearly a two-dimensionaphenomenorhat changeswith time. Its study
shouldnaturallydealwith moving two-dimensionabbjects(surfaces).Theoreticalstudiesof ran-
domsurfacesstill facemajordifficultiesandarea subjectof ongoingresearchfor exampleseethe
PhDthesisby Sjo (2000),[56], wheresomeresultsconcerninghecombinedime-spacaspect®f
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wavesarepresentedAt presenthereareonly few programsan WAFO thathandlethe space-time
relationsof waves,andhencen this tutorial, we shallnot presentary examplesof wavesin space
andtime but limit the presentationo simplercasesof wavesin one-dimensionalecords By this
we meanthe apparentvaves extractedfrom functions(measuredignals)with one-dimensional
parametereitherin time or in space.Thesefunctionscanbe extractedfrom a photographof the
seasurfaceas,for example theinstantaneougrofile alongaline in somefixedhorizontaldirection
onthe sea,or canbe obtaineddirectly asa recod takenin time at a fixedpositionin spaceasby
meanf awave poleor distancemeters.Theencounteedseg anotheiimportantone-dimensional
record,canbe collectedat a moving pointasby meansof a ship-bornewvave recorder

To analyzecollectedwave datawe neednaturaland operationaldefinitionsof an individual
wave, its period, height, steepnessand possiblysomeothermeaningfulcharacteristicThereare
several possibledefinitionsof apparentvave, andherewe shallconcentratenostlyon zerodown-
crossingwaves. Namely the appatent individual waveat a fixed time or positionis definedas
the partof the recordthatfalls betweentwo consecutie down-crossing®of the zeroseavay level
(the latter often more descriptvely referredto asthe still waterlevel). For individual wavesone
canconsidervariousnaturalcharacteristicsamongthemappaent periodsand appaent heights
(amplitudes) The pictorial definitionsof thesetwo characteristicaregivenin Figure3.1.

Wavep

o ___ _ Time

Wave
Hd

Tcf

Atd Atu

Tc

Td

Figure 3.1: Wave parametes, definitions.In the list below the notationfor the parametes used
in our exampleds given.

The definitionsof the mostcommonwave characteristicaregivenin Table3.1.In the WAFO
toolbox the mostimportantcanbe retrieved by the commandhelp wavedef |, help peri-
oddef , help ampdef,andhelp crossdef ,producingtheoutputin Section3.5

Having preciselydefinedthe characteristic®f interest,one can extract their frequeng (em-
pirical) distributionsfrom a typical sufficiently long record.For example,measurementsf the
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UPCroSSINQVave ..........covvennn.

downcrossingvave ................

a wave betweentwo successie meanlevel
upcrossings

a wave betweentwo successie meanlevel
downcrossings

Wavecrest ... the maximum value betweena meanlevel
upcrossingandthe next downcrossing= the
highestpoint of awave

wavetrough ..., the minimum value betweena meanlevel
downcrossingandthe next upcrossing= the
lowestpoint of awave

crestfront wave period ............. Tey time spanfrom upcrossingo wave crest

crestrearwaveperiod.............. T, time from wave crestto downcrossing

crestperiod ..................... T, time from meanlevel up-to downcrossing

troughperiod...................... T, time from meanlevel down- to upcrossing

upcrossingoeriod.................. T, time betweersuccessie meanevel upcross-
ings

downcrossingperiod ............... Ty time betweensuccessie meanlevel down-
crossings

crest-to-crestvave period .......... T, time betweersuccessie wave crests

zero-davncrossingvave height . . . .. H, height betweentrough and following wave
crest

crestamplitude. ................... A, crestheightabose meanlevel

troughdepth...................... Ay throughdepthbelon meanlevel (note: A; >
0)

upcrossingvave amplitude.......... H, crest-to-trougtverticaldistance

downcrossingvave amplitude ... ... .. H, trough-to-cresverticaldistance

wavesteepness............oennn S Genericsymbolfor wave steepness

min-to-maxwave period. ...........
min-to-maxwave amplitude..........

max-to-minwave period/amplitude. .

time from local minimumto next local max-
imum

heightbetweenocal minimum andthe next
local maximum

similar to min-to-maxdefinitions

Table 3.1: Wavecharacteristicdefinitions

apparenperiodand heightof waves could be taken over a sufficiently long obsenation time to
form anempiricaltwo-dimensionadistribution. This distribution will represensomeaspect®f a
given seasurface.Clearly becausef the irregularity of the sea,empiricalfrequencieswill vary
from recordto record,howeverif theseais in “steady” condition,which correspondsnathemati
cally to theassumptiorthatthe obsenedrandomnfield is stationaryandergodic,their variability for
sufficiently largerecordswill beinsignificant.Suchlimiting distributions(limiting with respecto
obsenationtime, for recordsmeasuredh time, increasingvithoutbound)aretermedthelong-run
distributions Obviouslyin real seawe seldomhave a solong periodsof "steady” conditionsthat
thelimiting distribution will be reachedOn averageonemay obsene 400-500wavesper hour of
measurementsyhile the stationaryconditionsmay restfrom 20 minutesto only few hours.
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Despiteof this, afactthatmakestheselong-rundistributionsparticularlyattractve is thatthey
give probabilitiesof occurrenceof wavesthat may not be obsened in the shortrecordsbut still
arepossible Henceonecanestimatethe intensity of occurrenceof waveswith specialproperties
andto extrapolatebeyondthe obseredtypesof waves.Whatwe shall be concernedvith next is
to shov how to computesuchdistributional properties.

In thefollowing sectionsve shallconsidetthreedifferentwaysto obtainthewave characteristic
probability densitieqor distributions):

e To fit empiricaldistribution to the obsened (or simulated)datain someparametridamily of
densitiesandthenrelatethe estimatedparameterso someobsenedwave climatedescribed
by meansof significantwave heighandwave period.Algorithmsto extractwaves,estimate
thedensitiesandcomputesomesimplestatisticswill be presented.

e To simplify the modelfor the seasurfaceinto suchdegreethatexplicit computatiorof wave
characteristiadensities(in the simplified model) is possible.Someexamplesof proposed
modelsfrom theliteraturewill begiven.

e To exactly computethe densitiedfrom the mathematicatorm of arandomseavay. For zero-
crossingwavesthereareexplicit formulasfor the densitiesof wave characteristicsThe for-
mulasarein principal infinite dimensionalintegralsthat have to be computednumerically
In thetoolboxthereareefficient numericalalgorithmsto computetheseintegrals. The algo-
rithmsdo notrequireary particularform of the spectrunto beusedto modeltheseasurface.
The methodwill beillustratedby computingdensitiesof period,wavelengthandamplitude,
in mary standardypesof wave spectra.

3.2 Estimation of wave characteristicsfrom data

In this sectionwe shall extractthe wave characteristicrom a measuregignalandthenusenon-
parametricstatisticalmethodsto describethe data,i.e. empirical distributions, histogramsand
kernelestimators(In thelastchapterof this Tutorial we presentsomestatisticaltoolsto fit para-
metricmodels.Thatchaptelis notincludedin this preliminarymanuscript).

It is generallyto be advisedthat, beforeanalyzingseawave characteristicspneshouldcheck
the quality of the databy inspectionand by the routine findoutliers usedin Section2.1.
Then one usually shouldremove ary presenttrend from the data. Trendscould be dueto tides
or atmospherigressurevariationswhich affect the meanlevel. De-trendingcanbe doneusinga
WAFO functionsdetrend or detrendma .

Wave period

Example 1. (contd.) We begin with extractingthe apparenwvavesandrecordtheir period.The
signalsea.dat isrecordedat4 Hz samplingfrequeng. Oneof possibledefinitionof a periodis
thedistancebetweerthe consecutre wave crests For this particularvariableit maybe corvenient
to have a higherresolutionthan4 Hz andhencewe shallinterpolatesignalto a densemrid. This
will be obtainedby giving an appropriatevalueto the variablerate which canbe usedasinput
to the WAFO-routinedat2wa . Thefollowing MATLAB codewill returncrest2creswaveperiods
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T.. in thevariableTcrcr andreturnthe crestperiodT, in Tc, i.e. thetime from up-crossingso
thefollowing down-crossing.)

xx = load('sea.dat’);

xx(:,2) = detrend(xx(:,2));
rate = 8§;
Tcrer = dat2wa(xx,0,’c2c’,'tw’,rate);

Tc = dat2wa(xx,0,'u2d’,'tw’ ,rate);

Next we shallusea kernelestimator(KDE) to estimatethe probability densityfunction (pdf)
of the crestperiodandcomparethe resultingpdf with a histogramof the obsered periodsstored
in Tc. In orderto definea suitablescalefor the densitywe first computethe meanandmaximum
of the obsenedcrestperiods.

mean(Tc)

max(Tc)

t = linspace(0.01,8,200);

L2 = 0;

ftcl = kde(Tc,’epan’,[],[],L2,1);
pdfplot(ftcl), hold on

whisto(Tc,[],[1,1)
axis([0 8 0 0.5)), hold off

(Theparametet2=0 is usedinternallyin thefunctionkde , andcauses logarithmictransfor
mationof the datato ensurehatthe densityis zerofor negative values.)

Kernel density estimate ( Epanechnikov )
T T T T
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Figure 3.2: Kernel estimateof the crestperiod densityobservedn sea.dat (solid line) com-
paredwith the histogramof the data.

In Figure3.2we canseathatmary shortwaveshave beenrecordeddueto relatvely high sam-
pling frequeng). Thekernelestimatewill becomparedvith thetheoreticallycomputeddensityin
thelastsectionof this chapter O

Remark 3.1. Notethattheprogramkde canbequiteslow for largedatasetsIf afasterestimates
of the pdf for theobsenationsis preferredonecanusekdebin , whichis anapproximatiorto the
truekerneldensityestimatorAn importantinput parametem the program thatdefineshedegree
of approximationjs inc which shouldbe givena valuebetweenl00and500.( A valueof inc
belov 50 givesfastexecutiontimesbut canleadto inaccurateesults.)
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inc = 128;
ftc2 = kdebin(Tc,’epan’,[],[],L2,inc);

Extremewaves— model check

We turn now to joint wave characteristicse.g. the joint densityof half period and crestheight
(Tc,Ac) ,orwaveheightandsteepnesfAc,S) .Theprogramdat2speed identifieswavesand
for eachwave givessereralwave characteristicgtypehelp dat2speed for alist of computed
variables).

We bggin by examining profilesof waveshaving somespecialproperty e.g.with high crests,
or thatareextremelysteep.

Example 1. (contd.) Thefollowing MATLAB codewill find asequencef wavesandtheirwave
characteristics.

method = O;

rate = 8;

[S, H, Ac, At, Tcf, Tcb, z.ind, yn] = ..
dat2steep(xx,rate,method);

Thefirst preliminaryanalysisof the wave datais to find the individual wave which is extreme
by somespecifiedcriterion, e.g.the steepesor the highestwave etc. To do suchan analysisone
canusethe function spwaveplot(xx,ind) , which plots wavesin xx which are selectedoy
theindex variableind . For example,let uslook atthe highestandthe steepesivaves.

[Smax indS]=max(S)
[Amax indA]=max(Ac)
spwaveplot(yn,[indA indS],’k.")

Thetwo wavesareshavn in Figure 3.3 (a). The shapeof the biggestwave remindsof the so
called”extreme”waves.In the following we shall examinewhetherthis particularshapecontra-
dictstheassumptiorof atransformedsaussiamimodelfor the sea.

Thisis doneasfollows. Firstwe find thewave with thehighestcrest.Thenwe markall positive
valuesin that wave asmissing.Next we reconstructhe signal,assuminghe Gaussiarmodelis
valid, andcompareheprofile of thereconstructeevave with theactualmeasurement€onfidence
bandsfor thereconstructiowill bealsoplotted.In the previous chaptemwe have alreadyusedthe
programreconstruct , andherewe shallneedsomeadditionaloutputfrom the function,to be
usedto computeandplot the confidencebands.

indsl = (5965:5974)’;

Nsim = 10;

[yl, grecl, 92, test, tobs, mulo, muloStd] = ...
reconstruct(xx,inds1,Nsim);

spwaveplot(yl,indA-10)

hold on

plot(xx(inds1,1),xx(inds1,2),'+")

lamb = 2,;

muLstd = tranproc(mulo-lamb*muloStd,fliplr (grec 1));
muUstd = tranproc(mulo+lamb*muloStd,fliplr (grec 1));

plot (yl(indsi,1), [muLstd muUstd],’b-")
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(Notethatwe have usedthefunctiontranproc  insteadof gaus2dat |, sincethelastfunction
requirea two column matrix. Furthermorewe have to usethe index indA-10 to identify the
highestwave in y1. This is causedby the fact that interpolatedsignalyn hasa few additional
smallwavesthatarenotin xx .)
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Figure 3.3: (a): Two waves,the highestand the steepestpbservedn sea.dat . (b): Crosses
are observationgemaoedfromthe highestwave thereconstructedvave usingtransformed
Gaussiammodelis givenby themiddlesolid line. Upperandlower curvesgivetheconfidence
band definedas the conditional meanof the processplus minustwo conditional standad
deviations.

In Figure 3.3 (b) the crossesarethe removed valuesfrom the wave. The reconstructeavave,
plottedby a solid line, is almostidenticalto the measured(Obsene thatthis is a simulatedwave,
usingthe transformedGaussiarmodel,and henceeachtime we executethe commandhe shape
will change.)rheconfidencébandsggiveslimits containing95%of the simulatedvalues pointvise.
Fromthefigure we candeducethatththis highestwave could have beeneven higherandthatthe
heightis determinedy the particularlyhigh valuesof the derivativesat the zerocrossingsvhich
definethe wave. The obsered wave looks moreasymmetricin time thenthe reconstructeane.
Suchasymmetryis unusualffor the transformedsaussiarwavesbut notimpossible By executing
the following commandsve canseethat actuallythe obsened wave is closeto the expectedin
transformedsaussianmodel.We shallnot investigatehis questionfurtherin this tutorial.

clf
plot(xx(inds1,1),xx(inds1,2),'+), hold on

mu = tranproc(mulo,fliplr(grecl));
plot(y1(inds1,1), mu)

Crestheight

We turn now to the kernel estimatorsof the crestheight density As it is well known that for
Gaussiarseathe tail of the densityis well approximatedy the Rayleighdistribution. Wandand
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Joneq1995,Chap.2.9) shawv thatGaussiamistributionis oneof the easiestistributionsto obtain
a goodKernelDensity Estimatefrom. It is moredifficult to find goodestimatedor distributions
with skewness kurtosisand multimodality. Hereonecangethelp by transformingdata.This can
be donechoosingdifferentvaluesof inputL2 into the programkde .

Example 1. (contd.) We shallcontinuewith analysisof the crestheightdistribution. By letting
L2 = 0.6 weseethatthenormalplotof thetransformediatais approximatelyinear. (Note:One
shouldtry out several differentvaluesfor L2. It is also always good practiseto try out several
differentvaluesof the smoothingparameterseethe help text of kde andkdebin for further
explanation)

L2 = 0.6;

wnormplot(Ac."L2)

fac = kde(Ac,’epan’,[],[],L2,linspace(0.01 ,3,20 0));

pdfplot(fac)

simpson(fac.x{1},fac.f)

Theintegralof theestimatedlensityfac is0.9675butit shouldbeone.Thereforewhenweuse
the estimateddensityto computedifferentprobabilitiesconcerningthe crestheightthe uncertity
of the computedorobabilityis atleast0.03.We suspecthatthe estimatediensityis erroneougor
smallamplitudesin orderto checkthiswe computethecumulatve distributionusingthefollowing
formula,

+00
P(Ac< h)=1 —/h Faclz) dz,

where f4.(z) is the estimatedprobability densityof Ac. For the pdf savedin fac the following
MATLAB codegivesan estimateof the cumulatve distribution function (cdf) for crestheightand
comparest with theempiricaldistribution computedrom databy meansof functionempdistr
Fac = flipud(cumtrapz(fac.x{1},flipud(fac. N));
Fac = [fac.x{1} 1-Fac];

Femp = empdistr(Ac,Fac);
axis([0 2 0 1)

O

Sincea kerneldensityestimatorKDE in principalis a smoothedhistogramit is not very well
suitedto extrapolatethe densityto the region whereno dataare available, e.g. the heigh crests
in sucha casea modelshouldbe used.In WAFO thereis a functiontrraylpdf thatcombines
thenonparametriapproactof KDE with a Rayleighdensity Simply, if the Rayleighvariablecan
be usedto describedhe crestsof Gaussiarwavesthena transformedRayleigvariableshouldbe
usedfor thecrestsof thetransformedsaussiawaves. The methodhasseveralnice propertiesand
will be describednorein the following section.Herewe just useit in orderto comparewith the
nonparametriekDE method.

hold off

facr = trraylpdf(fac.x{1},’Ac’,grecl);
Facr = cumtrapz(facr.x{1},facr.f);
hold on

plot(facr.x{1},Facr(:,2),".)
axis([1.25 225 0.95 1))

Figure 3.4 (a) shavs that our hypothesighatthefac pdf is slightly too low in the region of
smallcrestseemdo becorrect.Next from Figure3.4 (b) we canseethateventhetail is resonably
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Figure 3.4: (a) Comparisonof the empirical distribution of the crestheightwith the cumulative
distribution computedromthe KDE estimator(b) Zoomingin onthetails of distributionsin
(a) togetherwith thetail of thetransformedRayleighapproximation(dots)to the crestheight
distribution.

modeledevenif it is lighterthan,i.e. givessmallerprobabilitiesof highwavesthan,theonederived
from thetransformedGaussiarmodel.

Joint crestperiod and crestheight distrib ution

We shall usethe kerneldensityestimatorto find a good estimatorof the centralpart of the joint
density of crestperiodand crestheight. Usually, kernel density estimatorgives poor estimates
of the tail of the distribution, unlesslarge amountsof datais available. However, a KDE gives
gualitively goodestimatesn theregionsof suficientdatai.e. in the mainpartof thedistribution.
This is goodfor visualization(pdfplot ) anddetectingmodes,symmetrieganti-symmetry)of
distributions.

Example 1. (contd.) Thefollowing commandexaminesandplotsthe joint distribution of crest
periodandcrestheightin thedatasea.dat

L2 0.5;

hs 0;

inc = 256;

Tc = Tcf+Tcb;

fTcAc = kdebin([Tc Ac],’epan’;hs,[],L2,inc);

fTcAc.labx={"Tc [sT 'Ac [m]} % make labels for the plot
pdfplot(fTcAc)

hold on

plot(Tc,Ac,’k.")

hold off

In Figure3.5thereare544 pairsof crestperiodandheightplotted.We canseethatthe kernel
estimatedescribeghe distribution of dataquite well. It is alsoobviousthatit cannot be usedto
extrapolateoutsidetheobsenationrange In thefollowing sectionwe shallcomputehetheoretical
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Binned Kernel density estimate ( Epanechnikov )

Level curves enclosing:

Tc [s]

Figure 3.5: Kernel estimateof the joint density of crest period Tc and crest height Ac in
sea.dat compaedwith the observeddata (dots). The countourlines are drawnin sud
a waythatthey containspecifiedestimatedproportionsof data.

joint densityof crestperiodandheightfrom the transformedGaussiarmodeland comparewith
theKDE estimate. |

3.3 Explicit results- wave models

In this sectionwe shall considerthe Gassiarsea.We assumehatthe referencdevel is zeroand
thatthe spectrunis known. We will presensomeof theexplicit form resultswhich areknown and
studiedin the literatureaboutwave characteristicsSomeof themareexact, otherarederved by
simplificationof therandomfunctionsdescribingthe seasurface.

3.3.1 The averagewave

For Gaussiarnwavesthe spectrumandthe spectralmomentscontainexact informationaboutthe
averagebehaiour of mary of the wave characteristicsThe WAFO programsspec2char and

spec2bw cancomputealonglist of differentwave characteristiparameterfrom thespectrum
input. A list of availableparametersanbefoundfrom help spec2char

SPEC2CHAREvaluates  spectral characteristics and their  variance

CALL: [ch 1] = spec2char(S,fact,T)

ch = vector of spectral characteristics
r = vector of the corresponding variances given T
S = spectral struct  with angular frequency
fact = vector with factor integers, see below. (default 1D
T = recording time (sec) (default 1200 sec = 20 min)

If input spectrum is of wave number type, output are factors for
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corresponding 'klD’, else output are factors for ‘freq
Input  vector ‘factors’ correspondence:
1 HmO = 4*sqrt(m0) Significant wave height
2 Tm01 = 2*pi*rm0/m1 Mean wave period
3 Tm02 = 2*pi*sqrt(m0/m2) Mean zero-crossing period
4 Tm24 = 2*pi*sqrt(m2/m4) Mean period between maxima
5 Tm_10 = 2*pi*m_1/m0 Energy period
6 Tp = Peak period
7 Ss = 2*pi*HMO/(g*Tm02°2) Significant wave steepness
8 Sp = 2*pi*HMO/(g*Tp"2) Average wave steepness
9 Ka = Groupiness  parameter
10 Rs = Quality  control parameter
11 Tp = 2*pi*int S(w)4 dw Peak Period (more robust estimate)

int  w*S(w)4 dw
Order of output is same as order in ‘factors’
The variances are computed with a Taylor expansion technique
and is currently only available for factors 1,2 and 3.

Example 4. (Simple wave characteristic®btainedform spectraldensity) We startby defining
a JONSWAP spectrumdescribinga seastatewith T p = 10 s, H {m_ 0} = 5 m Type
spec2mom to seewhatspectralsnomentsaarecomputed.

S = jonswap([],[5 10));
[m mt]l= spec2mom(S,4,[],0);

Themostbasicinformationaboutwavesis containedn the spectramomentsThevariablemt
now containsinformationaboutwhatkind of momentshave beencomputedjn this casespectral
momentsup to orderfour (my, . . ., m4). Next, theirregularity factor o, significantwave height,
zerocrossingwave period,andpeakperiodcanbe computed.

spec2bw(S)
[ch Sa2?] = spec2char(S,[1 3D

Theinterestingfeatureof the programspec2char s thatit alsocomputesanestimateof the
varianceof the characteristicsgiventhe lengthof obsenations(assuminghe Gaussiarsea),see
[24], [60] and[64] for more detaileddiscussionFor example,for the JONSWAP Gaussiarsea,
the standarddeviation of significantwave height estimatedirom 20 minutesof obsenationsis
approximately0.25meter O

3.3.2 Explicit form approximations of wave characteristic densities

In themodulewavemodels in WAFO, we have implementedomeof theapproximatve models
foundin theliterature.To getanoverview of theroutinesin the module,typehelp wavemod-
els .

Wewill investigatahreeapproximatenodelsfor thejoint pdf of (T, A.) (for thenomenclature,
seethe routinesperioddef  and ampdef in the moduledocs ). Both of the functionsneed
spectramomentsasinputs.
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Model by Longuet-Higgins

Longuet-Higgingderiveshis distribution by consideringhejoint distribution of the ervelopeam-
plitude and the time derwvative of the ervelopephase.The modelis valid for narrav-bandpro-
cesseslt seamdo give relatively accurateresultfor big waves, e.g.for waveswith significant
amplitudes.
The spectralwidth parametérdefinedas
mMoMms

v= -1

mi
appearsn themodel(for a narrov-bandprocessy = 0), givenby

LH z\?2 z2
f c,Ac(ta T) = cLH <;) exp {—§[1 + ,/—2(1 _ t—1)2]} ,
where

1
CLH = g(271)_1/21/_1[1 + (1 +2)7V2L
Thedensityis calculatedoy thefunction 1h83pdf

Example 4. (contd.) For the Longuet-Higginsapproximationve usethe spectralmomentgust
calculated.
t linspace(0,15,100);

h linspace(0,6,100);
fln = 1h83pdf(t,h,[m(1),m(2),m(3)]):

(@) (b)
Joint density of (Tc,Ac) — Longuet-Higgins (1983) Joint density of (Tc,Ac) — Longuet-Higgins (1983)
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Figure 3.6: Modelby Longuet-Higyinsfor joint pdf of crestperiod T, and crestheight A.. Spec-
trum: JONSVAP with 7, = 10 s, H,,, = 5 m. (a) linear Gaussiansea, (b) transformed
Gaussiarsea.

In WAFO we have modifiedtheLonguet-Higginglensityto beapplicablefor transformedsaus-
sian models.Following the examplesfrom the previous chapterwe computethe transformation
proposedy Wintersteinandcombineit with the Longuet-Higginamodel.

! Thevalueof v maybe calculatedby spec2bw(S, eps2’)
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[sk, ku ]=spec2skew(S);

sa = sqrt(m(1));
gh = hermitetr([],[sa sk ku 0]);
flhg = Ih83pdf(t,h,[m(1),m(2),m(3)],gh);

In Figure3.6thedensitiedlh andflhg arecomparedThecountourlinesaredravn in such
away thatthey containpredefinedoroportionsof the total probability massinsidethe countours.
We canseethatincludingsomenonlineareffectsgivessomavhathigherwavesfor the JONSWAP
spectrum. O

Model by Cavanié et al

Anotherexplicit densityfor the crestheightwaspropsedy Cavanie etal (1976).Hereary positive
local maximumis consideredasa crestof a wave, thenthe seconddervative (curvature)of the
local maximumdefinesthe wave periodby meansof a cosinefunctionwith the sameheightand
cunvatureof its top.

Themodelusesthe parameter anda bandwidthparametete, definedby

m3
€e=4/1— ;
moma

hencefor anarrav-bandprocesse =~ 0. The Cavanié distributionis givenby

1—¢2\\’ 1—¢?
(- (55) - (%)

2 2
CA X I
froa.(t, ) = ccarz exp {—

3

5 82t
where
1
CCA = Z(l — ) (2m) Ve a1 + 7)) 72
Qg = %[1 + (1 — €)Y
B=€/(1- ¢
Thedensityis computedoy
t = linspace(0,10,100);
h = linspace(0,7,100);
fcav = cav76pdf(t,h,[m(1) m(2) m(3) m(5).[D;
anda contourplot of the pdf is obtainedoy pdfplot(fcav) , cf. Figure3.7.

Rayleigh approximation for wave crestheight

Thereare several densitiesproposedn the literatureto approximatethe height of a wave crest
or its amplitude.Someof them are programmedn WAFO; executehelp wavemodels for
a list of them. For Gaussiarseathe most frequentlyusedmodelis the Rayleighdensity The
standardizedRayleighvariable R hasthe densitygivenby f(r) = r exp(—r2?/2). It is well kown

2Thevalueof e maybe calculatecby spec2bw(S, eps4’)
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Figure 3.7: (a) Contourlines of the joint densityof crest period and crest height proposedby
Cavane etal, for Gaussianseawith JONSVAP spectrum(T,, = 10 s, Hp,,, = 5 m).(b) The
tail of the empiricaldistribution of crestheight(top), troughheight(middle)and amplitude
(bottom)compaedwith Rayleighapproximation(dots)andtransformedRayleighmodelwith
Hermitetransformation.

thatfor Gaussiarseathe Rayleighapproximationvorks very well for high waves,andactuallyit
IS aconsenrative approximatiorsincewe have

P(A.>h)<P(R>4xh/H,) = efShQ/Hf,

seeRychlik and Leadbette(1997).In the samepaperit is shavn that for any seawave model
with crossingntensityu(u), onehasP (A, > h) < u(u)/u(0). Theapproximatiorbecomesnore
accurateasthelevel h increases.

The crossingintensity () is given by Rice’s formula, Rice (1944),andit canbe computed
whenthejoint densityof sealevel X (¢) andits derivative X (¢) is known,

+oo
p(u) = /0 2Fx(),% (1) (u, 2) da.

For Gaussiarseait canbe computedexplicitly

1w
plu) = e "
For non-linearwave modelswith randomStoke’s wavesthe crossingntensityhasto be computed
usingnumericalintegration;seethe LicentiateThesisby Machado(2000).

Knowing thecrossingntensityu(u) onecancomputethetransformatiory, by usingtherouine
Ic2tr , suchthatthe transformedGaussiarmodel hascrossingintensity equalto x(u). Conse-
quently we havethat P(A, > h) < P(R > g(h)) = P(G(R) < h). Thefunctiontrraylpdf
computeghe pdf of G(R). (Obviously thefunctionworksfor ary transformatiory.)

In previous exampleswe usedthe estimateccrossingintensityto computethe transformation
andthenapproximatedhe crestheightdensityusingthe transformedRayleighvariable. The ac-
curag of the approximationfor the heighcrestsin the datasetxx = sea.dat waschecled,
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seeFigure 3.4 (b). A more extensve study of the applicability of this approximationis donein
Brodkorp etal. (2000).

Example 5. (Rayleighapproximationof crestheightfrom spectraldensity) In this examplewe
shalluseatransformedRayleighapproximatiorfor crestheightderivedfrom the spectrunof sea.
In orderto checktheaccurag of theapproximationsve shallusethe estimatedspectrunfrom the
recordsea.dat

xx = load('sea.dat’);

X = XX;
x(:,2) = detrend(x(:,2));

SS = dat2spec2(x);

[sk, ku, me, si ] = spec2skew(SS);
gh = hermitetr([],[si sk ku me));
Hs = 4*si;

r = (0:0.05:1.1*Hs)’;

fac_h = trraylpdf(r,’Ac’,gh);
fat_ h = trraylpdf(r,’At’,gh);

h = (0:0.05:1.7*Hs)’;

facat_h = trraylpdf(h,’AcAt’,gh);
pdfplot(fac_h)

hold on

pdfplot(fat_h)

hold off

Next we shall comparethe derived approximationwith the obsened crestheightsin x. As
beforewe could usethe function dat2steep  to find the crests.Here,for illustration only, we
shallusedat2tc to find the crestheightsAc andtroughdepthAt .

TC = dat2tc(xx, me); % Note: explanation for ‘'wdef  missing in help
tc = tp2mm(TC);

Ac = tc(;,2);

At = -tc(;,1);

AcAt = Ac+At;

Finally, thefollowing commandswill givethe cumulatve distributionsfor thecomputeddensi-
ties.

Fac_h = [fac_h.x{1} cumtrapz(fac_h.x{1},fac_h.f)];
subplot(3,1,1)

Fac = empdistr(Ac,Fac_h);

hold on

plot(r,1-exp(-8*r."2/Hs"2),".")

axis([1. 2. 09 1)

Fat h = [fat_h.x{1} cumtrapz(fat_h.x{1},fat_h.f)];
subplot(3,1,2)

Fat = empdistr(At,Fat_h);

hold on

plot(r,1-exp(-8*r."2/Hs"2),".")

axis([1. 2. 09 1)

Facat_h = [facat_h.x{1} cumtrapz(facat_h.x{1},facat_h.f)];
subplot(3,1,3)

Facat = empdistr(AcAt,Facat_h);

hold on

plot(r,1-exp(-2*r."2/Hs"2),".")

axis([1.5 35 09 1)
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In Figure 3.7 (b) we canseesomedifferencesbetweenthe obsened crestand trough distri-
butions andthe one obtainedusing the transformationgh. However, it still givesa muchbetter
approximatiorthanusingthe standardRrayleighapproximationdots).As it wasshown beforeus-
ing the transformatiorcomputedirom the crossingintensity the transformedRayleighapproach
is giving a perfectfit. Finally, one canseethat the RayleighandtransformedRrayleighvariables
give muchtoo conserative approximationgo the distribution of wave amplitude. a

3.4 Exactwavedistrib utionsin transformed Gaussiansea

In this sectionwe shalldemonstratsomefunctionsfor computatiorof exactprobabilitydensities,
maminal andjoint, of crestperiodTc, crestlengthLc, andcrestheightAc. The samefunctions
computedensitiedor troughperiod,lenght,andheight, Tt , Lt , At , respectrely. In WAFO there
arealsofunctionscomputingexactdensitiedor otherwave characteristicsjhich will notbe pre-
sentechere;malke help trgauss to seealist of themall. Thefunctionsarethe resultsof long
time researcltat Lund University, seePodgrskietal, whereareview of thehistoricaldevelopment
andthe mathematicalools behindthe algorithmsaregiven.

help trgauss

WAFO Toolbox /trgauss
Version 1.0.4 03-Jul-2000

createpdf - PDF class constructor
dat2gaus - Transforms X using the transformation g.
gaus2dat - Transforms XX using the inverse of transformation g.
hermitetr - Calculates the transformation g proposed by Winterstein
initdata - Initializes global constants used by the rind program
iter - Calculates a Markov matrix fmM given a rainflow
matrix  frfc;
iter_mc - Calculates a kernel f xy of a MCgiven a rainflow
matrix  f_rfc;
ochitr - Calculates the transformation g proposed by Ochi et al.
ochitr2 - Calculates the transformation g proposed by Ochi et al
pdfplot - Plot contents of pdf structures
rind - Computes E[Jacobian*Indicator|Condition ¥ _{Xc}(xc(:,ix))
spec2acat+ - Evaluates  survival function R(h1,h2)=P(Ac>h1,At>h2).
spec2acdf+ - Evaluates cdf of crests Ac (trough At) P(Ac<=h) (P(At<=h)).
spec2cmat+ - Joint intensity matrix  for (max,min)-, rainflow- and
(crest,trough)-cycles
spec2mmtpdf+ - Calculates joint  density of Maximum, minimum and period.
spec2skew - Estimates the moments of 2'nd order waves due to
Marthinsen  and Winterstein
spec2tccpdf+ - Evaluates densities of wave period Tcc, wave lenght Lcc.
spec2thpdf - Joint density of amplitude and period/wave-length
characteristics
spec2tpdf - Evaluates densities for crest-,trough-period, length.
spec2tpdf2 - Evaluates densities for various wave periods or wave lengths
spec2vhpdf - Joint density of amplitude and crest front

velocity Vcf=Ac/Tcf
trangood - Makes a version f of the transformation ff  that is
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tranproc - Transforms  process x and up to four derivatives
trraylpdf - Calculates transformed Rayleigh  approximation for amplitudes.

3.4.1 Density of crestperiod, crestlength or encountered crestperiod

All of thethreedensitiexanbecomputedisingthefunctionspec2tpdf . Thefunctioncomputes
alsothe densitiedor waveswith crestabove a specifiedheighth. Thisis a usefuloptionallowing
computatiorof theprobabilitythata crestis higherthanaspecifiedhresholdlt canalsobeusedio
provide informationaboutthedistribution of the period(lenght)of suchhighwaves;seeBrodkorb
etal (2000)for detailedpresentation.

Thefunctionspec2tpdf performsall necessaryransformationscalingsetc. makingit very
flexible. It handleddifferentspectraasinputs.Which kind of the densityis computed(output)is
definedby thevariabledef thattakesvaluesTc’ for crestperiod,’Lc’ for crestlength, Tt’
for troughperiodand’Lt’  for troughlength. The transformationis only affecting the value of
the still waterlevel u andthetresholdh. Thefunctionspec2tpdf allows ary valuefor the still
waterlevel; if u it is notequalto the mostfrequentlycrossedevel thenthedensitief Tc andTt
arenotidentical.

Example 6. (Crestperiod and crestlength) We startby defininga frequeng spectrum,S(w),
which wasusedin the Introduction;we choosea Torsethaugespectrunwith parametersd,,,, =
6 m, T, = 8 s,describingsignificantwave heightandprimarypeakperiod,respectiely. Theenepy
is divided betweenwo peaks correspondingo contritutionsfrom wind andswell. We shallalso
usethetwo directionalspectrarom the Introduction.

S1 = torsethaugen([],[6 8],1);

D1 = spreading(101,’cos’,pi/2,[15],[],0)

D12 spreading(101,’cos’,0,[15],S1.w,1)

SD1 = mkdspec(S1,D1);
SD12 = mkdspec(S1,D12);

We bggin with thedensityof crestperiod,which (obviously)is identicalfor all threespectres1,
SD1, andSD12. The computeddensityis a resultof a numericalintegrationof the theoretically
derived formula. The algorithm gives upper (and if requestedower boundtoo) boundfor the
density Consequentlyif the integral of the computeddensity over all periods,is closeto oneit
impliesthatthe densityis computedwith high accurag.

f tc = spec2tpdf(S1,[], Tc',[0 11 56],[],4);

pdfplot(f_tc)
simpson(f_tc.x{1},f_tc.f)

Thecrestperioddensityis shovn in Figure3.8(a). Theintegral of thedensityf _tc computed
usingthefunctionsimpson is 1.0012shaving theaccurag of the approximationThe computa-
tiontimeis 105second®naPC,Pentium450Mhz. Theplot of thedensityis shavn in Figure3.8.
The computationtime dependsn the requiredaccurag andhow broadbandedhe spectrumis.
For example thesameaccuray is achievedfor JONSWAP spectrumusedin the previoussection,
in lessthan5 secondsThe computationtime increasesf thereis a considerablgrobability for
long waveswith low crests.

We thenturn to the densityof crestlengthfor the Torsethaugespectrumlt canbe computed
usingthesamefunctionspec2tpdf , wejustchangaheinput'Tc’ to’Lc’
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Figure 3.8: (a) Thedensityof crestperiod Tc, (b) Densitiesof crestlength (dasheddottedline)
compaed to the densityof crestlengthfor waveswith crestabove 1.5 [m] (one standad
deviation abovethestill waterlevel, for Gaussiarseawith the Torsethaugnspectrum.

f Lc = spec2tpdf(S1,[],'Lc’,[O0
pdfplot(f_Lc,-.")

200 81],[1,5);

The crestlengthdensityhasa sharppeakfor very shortwaves— the wave-numbeispectrums
muchmorebroadbandedhatthefrequeng spectrumHowever, the shortwaveshave smallcrests
andshouldbe considereds’noise’ ratherthanasapparentvaves.Consequentlyve maywish to
computethe proportionof wavesthathascresthigherthanonestandaraieviation (H, /4) = 1.5[m]
andgive the densityof thecrestlengthfor thesewaves.

f Lc 1 = spec2tpdf(S1,[],’'Lc,[0
hold on
pdfplot(f_Lc_1)

200 81],1.5,5);

Theresultis presentedn Figure 3.8 (b) andwe canseethat all shortwavesweresmall. The
proprtionof waveswith crestsabove 1.5[m] (onestandardieviation) is computecdhext.

simpson(f_Lc.x{1},f_Lc.f)
simpson(f_Lc_1.x{1},f Lc_1.f)

As we canseemorethanhalf of the wavesare small, more precisely46% of the waveshave
crestsabove 1.5[m].

Wefinishthis exampleby consideringhe Torsethaugespectrunwith thetwo differentspread-
ing functionsSD1andSD12. In Figurel.5we have presentedimulationsof the seasurfaceswith
the spertrumsFrom the figure we expectthatthe two crestlengthdistributionsshouldbe differ-
ent. (Obviously the crestperioddensitiesareidentical). In the directionalseawe have to define
the azimuthof the line for which the crestlengthshouldbe computedthe default valueis zero).
Now the directionalspectraSD1 and SD12 hasdifferentmain wave directions,90°, 0° degrees,
respectrely, andhencewe shallchoosdlifferentazimuthsfor the spectraMore preciselyfor both
casesve shallconsideheadingwaves,this is achievedusingfunctionspec2spec .



3.4. EXACT WAVE DISTRIBUTIONS IN TRANSFORMED GAUSSIAN SEA 51

f Lc d1 = spec2tpdf(spec2spec(SD1,rotdir’,pi 12),0]
'Lc',[0 300 121],].5);
pdfplot(f_Lc_d1,-.")

hold on

f Lc d12 = spec2tpdf(SD12,[],'Lc’,[0 200 81],[1,5);
pdfplot(f_Lc_d12)

hold off

(Thelastinputin spec2tpdf , alsocallednit is definingthedimensionalityof thecomputed
integral. Higher nit  is requiredto get good approximationfor long waves, but that also takes
long computingtime. With low valuesof this parametewe obtainusefulapproximationghatare
computedn 10 second®r so.)

As expectedafterexaminationof Figure1.5,thecrestlenghtfor thetwo directionalspectraare
different. The seawith frequeny dependenspreadingseemdo be moreirregular We canseein
Figuren3.9 thatwavesareonly slightly longerthanthe wavesin unidirectionalseabut the crest
lenghtof bothseasaremuchshorterthanfor frequeng independenspreading. a

(a) (b)

Density of Lc with Ac>0, u=0 Density of Lc with Ac>0, u=0

0.05 0.025
0.045F
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Figure 3.9: (a) Comparisonof crestlengthdensitiesheadingwaves for unidirectionalseawith
Torsethaugnspectrum(shortestwaves)andtwo differentspreadingfunctionsthe frequency
independenspreading (longest waves),the frequencydependenspreading (intermegiate
waves).(b) A sequencef approxiamtionsof the crestlenghtfor the directional spectrum
with frequencyindependenspreadingis presentedThedensitywith range (0,400) is com-
putedwith negativenit

Numerical accuracy

We finish this sectionwith somecommentsabouttheprogramspec2tpdf , whichisaMATLAB
interfaceto a FORTRAN 95 program.All programscomputingecactdensitiesof differentwave
characteristiceanbereformulatedn suchawaythatthedensityis writtenasacertainmultidimen-
sionalintegral of a function of Gaussiarvariables.This integral is computedusinga FORTRAN
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modukecalledRIND. Thereis alsoa MATLAB interfacecalledrind which canbe usedto test
programdgor new wave characteristicgbeforewritting a moreoptimalcodein FORTRAN).

An exampleis afunctionspec2tpdf2  whichusegheprogramrind . Theprogramis slower
thanthefunctionspec2tpdf (anddoesnothaveanoptionthatallowsto choosavaveswith crest
above somelevel) but on the otherhandit is easierto usefor experimentationandit canalsobe
usedto learnhow to createown programs.

In the examplegpresentedh this sectionthe lastinputinto spec2tpdf wasequalto 5. In the
helpfor spec2tpdf iscallednit andbesidegheinputspeed it isthemaintool to controlthe
accurayg of the computationUsing programsimpson we candeducethatthe densityfor crest
lengthabove 250 metersin f_Lc_d1 isjustslightly toolarge.In orderto increasehe accurag
of the computeddensityonecouldincreaaenit to six, but thenthe computationtime probably
becomesin-acceptablyong for alaptopcomputer

The programalso allows negative valuesfor nit , valuesthat switchesto anothertechnique
(basednimportancesampling)to integrateGaussiarfunctions,seeBrodkorb (2000)for areview
of differentmethods(The importantotherreferencesre[48], [3], [15]. ) Although the method
is basedon simulationthe accurag is still controlled.If the numberof simulationis too smallto
achve therequiredaccurayg the programgivesanerror statemenwith anestimateof the possible
error in the computeddensity Differentnegative nit  values,representinglifferentintegration
methodanderrormessagewith predictederrors,canbe usedasindicatorsto switchthe method.
The methodwith positive nit  valuesis very reliableandhasbeentestedon differentwave prob-
lemssincel4 years(thefirst versionwasalreadyusedin [45]).

The integrationmethodscorrespondindo negative nit  valuesarestill undertestsandmodi-
fications.However, aswill be shavn next, thoseareoftenmuchfasterandmoreaccuraten cases
whenthe previousmethodis goinginto troubleswith too long executiontimes.

Example 6. (contd.) We shallexemplify theuseof theparameter NIT by computingthecrest
lengthdensityfor the directionalspectrumwith frequeng independenspreadingWe shall also
usetheslower programspec2tpdf2  for illustration.

f Lc d1 5 = spec2tpdf(spec2spec(SD1,rotdir’,pi ), 1.
'Lc’,[0 300 121],[1,5);

f Lc_ d1_3 = spec2tpdf(spec2spec(SD1,’rotdir’,pi ), 1.
'Lc’,[0 300 121],0,3);

f Lc d1 2 = spec2tpdf(spec2spec(SD1,rotdir’,pi ), 1.
'Lc',[0 300 121],[1,2);

f Lc d1_0 = spec2tpdf(spec2spec(SD1,’rotdir’,pi ), 1.
'Lc’,[0 300 121],01,0);

f Lc_ d1_n4 = spec2tpdf2(spec2spec(SD1,rotdir’, pi’2) ;-

'Lc’,[0 400 161],-4);
pdfplot(f Lc _d1_5)
hold on
pdfplot(f_Lc_d1_2)
pdfplot(f Lc _d1_0)
pdfplot(f_Lc_d1_n4)
simpson(f_Lc_d1_n4.x{1},f Lc_d1_n4.f )

Theexecutiontimewasl1 hour25 minutes 3 minutes20 seconds40secondsd secondsand10
minutes,respectiely. Thetotal probabilitymassof f Lc_d1 _n4 is 0.991,whichis suprisingly
closeto one,consideringhe complicatedspectrumIn Figure 3.9 (b) the differentapproximation
are presentecand we canseehow with the increasingpositive nit  the densitydecreasesThe
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negative nit  involvessomerandomnumberintegrationmethodsput we canhardly seethatthe
computeddensityis actuallya randomfunction. Most of problemsarelessnumericaldemanding
andnit=2 suffices,hereclearlythenegative nit is preferable. O

3.4.2 Density of wave period, wave length or encountered wave period

In the previous sectionsve have consideredhe densitiesof crestperiodTc andtroughperiodTt .
We couldalsolimit the populationto suchwavesthatthe crest(trough)amplitudeareabose some
predescribedreshold.

Thewave periodTcc = Tc+Tt canbecomputedusingthefunctionspec2tccpdf |, giving
the probability densityfor the distancebetweenupcrossing®f the still waterlevel u. The wave
lengthLcc or encounterdvave periodcanalsobe computedusingspec2tccpdf |, with justa
few inputsto be modified.Hence thesevariablesshallnot be discussedhereary more.Thecom-
putationsusingspec2tccpdf  areslowerthanusingspec2tpdf , sinceoneneedso compute
thejoint densityof Tc andTt andthenchangevariable(integratethe corvolution)to getTcc =
Tc+Tt . Seealsothediscussionn theremarkin the previous sectionaboutspeedf programsin
additionto the methodso reducecomputatiormentionedn the remark,one of the bestmethods
to speedspeedup computationss to cut off high frequenciesn the spectrum.

The syntaxof spec2tccpdf  is almostidenticalto thatof spec2tpdf , andhencewe limit
oursehesto afew examplesln orderto be ableto make comparisonsvith obsenationssea.dat
we shallusethe estimatedspectrunSS,seeExamplel.

Example 7. (Crestperiodof high-crestwaves) In this examplewe will computethe wave pe-
riod densityfor waveswith significantcrest,i.e. with  Ac > Hs/2 . We shall compareit with
the densityof crestperiodsfor the sametype of waves.By integratingboth densititieswe obtain
the proportionof waves with significantcrest. Thesetwo numbersshould be the same,but for
numericalreasonsthey will usuallydiffer somavhat. The differencewill bea measureof theac-
curagy of thecomputatiorof thecorvolutionTcc = Tc+Tt . We canalsocomparehecalculated
proportionof significantcrestwith the proportionobsenedin dataandwith linearapproximation
(Rayleighmodel).Finally we estimatethe densityusingKDE from dataandcompareto the the-
oretically computedone, basedon the transformedGaussiarmodel. We finish the examplewith
aneven moreintrestingcase the densityof wave periodof waveswith both significantcrestand
significanttrough,i.e. really big waves.

For completenessve againestimatethe transformationand find wave characteristicsn the
signal. The estimatedand computeddensitiesfor the crestperiod T, are almostidentical, see
Figure3.10(a).

xx = load('sea.dat’);

X = XX;

x(:,2) = detrend(x(:,2));
SS = dat2spec2(x);

si = sqrt(spec2mom(SS,1));

SS.tr = dat2tr(x);

Hs = 4*si

method = 0;

rate = 2;

[S, H, Ac, At, Tcf, Tcb, z_.ind, yn] = dat2steep(xrate,method);
t = linspace(0.01,8,200);

L2 = 0;
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ftcl = kde(Tc,’epan’,[],[],L2,1);

pdfplot(ftcl)

hold on

ft = spec2tpdf(SS,[], Tc’,[0 8 81],0,4);
simpson(f_t.x{1},f_t.f)

pdfplot(f_t,’-.")

hold off

We next considercomputatiorof thedensityof crestperiodandwave period,but now for waves
with significantcrestheight,i.e. wavesfor which A, > H,/2. We startwith crestperiod.In the
following call to spec2tpdf therestrictionto A, > H,/2 isindicatedby theargumentHs/2]

ft2 spec2tpdf(SS,[],’Tc’,[0 8 81],[Hs/2],4);
Pemp = sum(Ac>Hs/2)/sum(Ac>0)
simpson(f_t2.x{1},f t2.f)

index = find(Ac>Hs/2);

ftcl = kde(Tc(index),’epan’,[],[],L2,t);

ftc1.f = Pemp*ftcl.f
pdfplot(ftc1)

hold on
pdfplot(f_t2,’-.")

hold off

Theobsenredfrequeng of significantcrestss 0.1788whichis remarcablycloseto thetheoret-
ically computedvalue0.1800.(Obsene thatthe Rayleighapproximatiorwould give a probability
equalto 0.1353.Thisis not suprisingsincecrestan non-Gaussiaseatendto be higherthanthose
in Gaussiarsea.Clearly, by cangingtheinputHs/2 to ary otherfixedlevel h, say andintegrating
theresultingdensitywe obtainthe approximatiorof the probability P(Ac > h).

If his avectorthenit is moreefficient to usea programspec2Acdf to computesP(Ac <
h). However, beforeusingthe programit is importantto usefirst spec2tp andcheckthatthe
computeddensityintegratesto one.If not,theinputsparam andnit have to bechanged.

Obsene thatin this sectionwe are analysingapparentwavesin time. If theinput’Tc’ in
spec2tpdf isreplacedoy’'Lc’ thenwe would considerwavesin spaceandthe proportionof
significantcrestwould probablybe different.

The computedcrestperiod densityfor wave with A, > H,/2 agreesalsowith the estimated
distribution, obtainedby usingKDE, from data,seeFigure3.10(b). O

Example 8. (Wave periodfor high-crestwaves) We turn now to the more difficult problemof
wave perioddensitywith wave with significantcrestheight. As mentionedthis differsfrom Ex-
ample7 in thatit involvesthe distribution of thesumT, + T; of two dependentandomvariables,
with the samemauiginal distribution. Sincethe computationsieedto be donewith high accurag
(the computeddensityis differentfor thetwo densitiesthe wave perioddensityandwave period
densityfor waveswith crestbelowv a giventreshold see[8] for moredetaileddiscussion)ye need
to useahighnit value,sothatthetotal sumof the densityis 0.18.We begin with negative nit
which givesfasterresultsvery closeto thetrue density

f tcc2 = spec2tccpdf(SS,[],'t>',[0 12 61],[Hs/2],[0],-1);
simpson(f_tcc2.x{1},f _tcc2.f)
f tcc3 = spec2tccpdf(SS,[],'t>',[0 12 61],[Hs/2],[0],3,5);

simpson(f_tcc3.x{1},f tcc3.f)
pdfplot(f_tcc2,’-.")
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Figure 3.10: (a) Estimateddensity(KDE) of crestperiodsin sea.dat (solid line) compaed
with theoretically computedusing spec2tpdf  (dashedine). (b) The samefor the waves
with significantcrest,i.e. AC>Hs/2 .

hold on
pdfplot(f_tcc3)
hold off

The integral of the densityf tcc2 is 0.1789which agreeswith the previously computed.
However the executiontime was 40 minutes.We have checled the programwith nit=3 and
the integral was 0.1664 (executiontime 2 hours30 minutes),indicatingthatthe nit hasto be
increasedThedensitiesareshovn in Figures3.11(a). We canseethatthe densitycomputedusing
nit=-1  (dashed-dottetine) is slightly wiggly (it is arandomfunctionwith very smallvariance),
anderrorscompensateachothergiving almostperfecttotal probability mass.Note thatanother
call of the programwould give slightly differentvaluesandthe total masswould alsobe changed.
Oneexamplegave thethevalue0.1776.

Finally, we shall considerthe caseof waveswith both significantcrestandsignificanttrough
higherthenHs/2 [m]. We first estimatethe probability of suchwavesin the data.

[TC tc_ind v_ind] = dat2tc(yn,[],’dw’);
N = length(tc_ind);

tind = tc_ind(1:2:N);
c_ind = tc_ind(2:2:N);

Pemp = sum(yn(t_ind,2)<-Hs/2 & yn(c_ind,2)>Hs/2)/length(t_ind)
ind = find(yn(t_ind,2)<-Hs/2 & yn(c_ind,2)>Hs/2);
spwaveplot(yn,ind(2:4))

Tcc = yn(v_ind(1+2*ind),1)-yn(v_ind(1+2* (ind- 1)),1)

t = linspace(0.01,14,200);

L2 = 0;

ftccl = kde(Tcc,’epan’,[],[],L2,1);

fteccl.f = Pemp*ftccl.f;

pdfplot(ftccl,’-.")

The probabilityis estimatedo be 0.0368,which is slightly higherthanwhatwe could expect
if high crestsandlow troughsoccurindependentlyf eachother(probability would thenbe less
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Figure 3.11: (a) Densitiesof periodTcc for waveswith significantcrestin thetransformedsaus-
sian modelof the searecodedin sea.dat computedwith different degree of accumacy;
(dasheddottedline) nit=-1 ; thetwo solid linesare computedor nit=3,4 . (b) Densities
of period Tcc for waveswith significantcrestand troughin the samemodel(dasheddotted
line) nit=-1 ; thesolidline is estimatedromthe datawith KDE.

than0.025).We turn now to computatiorof the probabilityusingspec2tccpdf  with nit=-1
However, we areherein a situationwhenthe errorin computationss of the order10—3, whichis
comparablédo the valuesof the densityitself. Hencethe computedunctionwill ook very noisy.

f tcc22 1 = spec2tccpdf(SS,[],'t>',[0 12 61],[Hs/2],[Hs/2],-1);
simpson(f_tcc22_1.x{1},f tcc22_1.f)

hold on

pdfplot(f_tcc22_1)

hold off

The computedprobabilityis 0.0348which is well in agreementvith the estimatechumberIn
Figure3.11(b) we seethe densityof wave periodfor thesebig waves.Thosearewell concentrated
aroundthe meanvalue. It is comparedwith KDE estimator We have not tried to tune up the
estimatorthatis basedonly on 20 valuesandhardly canbe consideredasaccurateHowever the
agreementvith the computeddensityis good. Next one could computethe samedensityusing
nit=4 but we goinsteadto somenew problems. O

3.4.3 Joint density of crestperiod and crestheight

In this sectionwe shall presentprogramsfor joint characteristicof apparentwaves. We shall
be mostly concernedwith crestperiod, crestposition, and crestheight. Sincewe also want to
comparethe theoreticallyderived densitieswith obsenationswe wish to study a longerrecord
of measurementthanwe did in the previous section.By doing so we will have morereliable
statisticalestimatef the densitiesput on the otherhandwe facethe problemthatthe seastate
canchangeaduringthe measuregberiodof time — the processs simply not stationary
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Thedatawe arechoosings from GullfaksC platform,seeFigure3.12(a); help gfaksr89
givesa detaileddescriptionof the dataandhelp northsea for the instructionshow the map
shawing locationof the measurementslacewasdravn.
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Figure 3.12: Locationof GullfaksC platform (a). Theestimatedspectrum(b).

WARNING: In thefollowing exampleswe run the programswith maximumaccurag andhence
we have long executiontimes. Usually one shouldusesimplerandfasterapproximationsat first
experimentswith complicateddistributions. When one is satisfiedwith the results,one should
computethe densitieswith the desiredhigh accurag. For testingown problemswe recommendo
startexecutionof programswith inputparametespeed=9,8 (maximalspeeds 9, thedefaultis
4) andnit=0,1 (defaultis 2). Thesechoiceswill producefastbut still usefulapproximations.

Example 9. (Somepreliminaryanalysisof thedata) We begin with loadingthe data,estimating
spectrumfinding the transformatiory, andcheckingcrestperioddensity Obsenre thatthe datais
sampledwith 2.5[Hz], whatmay causesomeinterpolationerrorsin the estimatedlensities.

load('gfaksr89.dat’);
SS = dat2spec(yy);

Si sgrt(spec2mom(SS,1));
SS.tr = dat2tr(yy);

Hs = 4*sj

% gaus2dat([0 0],SS.tr);
% v(2)

yy

Thespectrumhastwo peaksseeFigure3.12(b). We arenot checkingdifferentoptionsto estimate
the spectrumput usethedefault parameters.

We shall now extract somesimple wave characteristicd ¢, Tt, Tcf,Ac,At . All theseare
columnvectorscontainingcrestperiod, trough period, position of crest,crestheightandtrough
height,respectrely. All vectorsareorderedby numberof a wave,i.e. all vectorscontaincharac-
teristicof thes’th wave in their positioni .
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[TC tc_ind v_ind] = dat2tc(yy,v,dw’);
N = length(tc_ind);

t ind = tc_ind(1:2:N);

c_ind = tc_ind(2:2:N);

v_ind_d = v_ind(1:2:N+1);

v_ind_u = v_ind(2:2:N+1);

T d = yy(v_ind_d,1)- yy(v_ind_d,2)*
(yy(2,1)-yy(1,1))./(yy(v_ind_d+1,2)-y y(v_i nd_d, 2));
T_u = yy(v_ind_u,1)- yy(v_ind_u,2)*
(yy(2,1)-yy(1,1))./(yy(v_ind_u+1,2)-y y(v_i nd_u, 2));
Tc T _d(2:end)-T_u(l:end);

Tt T _u(1l:end)-T_d(1:end-1);
Tcf = yy(c_ind,1)-T_u;

Ac = yy(c_ind,2)-v;

At = v-yy(t_ind,2);

We thenturn now to computatiorof crestperioddensityandcomparet with thatobsenedin
data.

t = linspace(0.01,15,200);

L2 = 0;

clf

ftcl kde(Tc,’epan’,[0.25],[],L2,t);

fttl kde(Tt,’epan’,[0.25],[],L2,t);

pdfplot(fttl,'k’)

hold on

pdfplot(ftc1,’k-.")

f tc4 = spec2tpdf(SS,[],'Tc’,[0 12 81],0,4,5);
f tc = spec2tpdf(SS,[],'Tc’,[0 12 81],0,-1);
pdfplot(f_tc,’b")

hold off

We do not presenthegraphicakresultfor this computationdut simply commenthattheagree-
ment betweenthesethree densitiesis very good, except for obsered long waves, which have
someavhatlonger periods(about0.25 s) thantheoreticallycomputedlt is not muchfor a signal
with 2.5Hz samplingfrequeng. Thereis alsothe possibilitythatthe swell peakin the spectrumis
too muchsmoothed. O

We turn now to thejoint densityfor thevariableswhich describehewave crestTc,Tcf,Ac
We shall estimatethe densitiesdrom the obsenationsandcomputethemfrom for the transformed
Gaussiarprocessvith estimatedgspectrumandthetransformatiorusingfunctionthe WA FO func-
tion spec2thpdf . This function computesmary joint characteristic®f the half wave, i.e. the
partof thesignalbetweertheconsecutre crossingof astill waterlevel — mostof themaresimply
functionsof thetripple Tc,Tcf,Ac . (Executehelp spec2thpdf for acompletdist).

In aspecialcase,whenthe socalledcrestvelocity is of interest,Vcf=Ac/Tcf , thejoint den-
sity of Vcf,Ac is computedby the programspec2vhpdf , whichis a simplified andmodified
spec2thpdf  program.

Example 10. (Jointcharacteristic®f a half wave - positionandheightof a crestfor a wave with
givenperiod) We shallfirst considercrestperiod,i.e.consideonly waveswith crestperiodTc =
4.5secondsObviously the positionof thecrestof suchwavesis notconstantbut variesfrom wave
to wave. Thefollowing command&stimateshedensityof crestpositionandheightfor waveswith
Tc =~ 4.5seconds.
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clf

ind = find(4.4<Tc & Tc<4.6);

f AcTcf = kde([Tcf(ind) Ac(ind)],’epan’,[],[],0.5);
plot(Tcf(ind), Ac(ind),’.’);

hold on

pdfplot(f_AcTcf)

Next, we comparethe obseneddistribution with the theoreticallycomputedoint densityof Tc,
Tcf, Ac for afixedvalueof Tc. By this we meanthatif we integratethe resultwe shall obtain
thevalueof thedensity NotethatTc canbe computedusingthe programspec2tpdf

f tcfacl = spec2thpdf(SS,[], TcfAc’,[4.5 4.5 46],[0:0.25:8],-1);
simpson(f_tcfacl.x{1},simpson(f_tcf aclx {2},f _tcfac 1.f,1 ))
f_tcfac2=spec2thpdf(SS,[],' TcfAc’,[ 45 4.5 46],0:0.25:8],2);
simpson(f_tcfac2.x{1},simpson(f_tcf ac2.x {2},f _tcfac 2.f,1 ))
f tcfd=spec2tpdf(SS,[],'Tc’,[4.5 4.5 46],[0:0.25:8],6);
f_tc4.f(46)

f_tcacl=spec2thpdf(SS,[], TcAc’,[0 12 81],[0:0.25:8],-1);
plot(Tcf(ind), Ac(ind),’.’);

hold on

pdfplot(f_tcfacl,-.")
pdfplot(f_tcfac?)
Firstwe concludethatthedensitied_tcfacl  andf _tcfac2  reallyintegrateto themarginal

densityof Tc (f_tc4.f(46) ) demonstratingheaccurag of thecomputediensitied_tcfacl
andf_tcfac2
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Figure 3.13: (a) Theestimated KDE) densityof crestpositionand heighttogetherwith obseva-
tions(dots).(b) Thetheortically computeddensitywithnit = -1, 2 andthedata.

In Figure 3.13(a) the estimated KDE) joint densityis givenandit shouldbe comparedwith
Figure3.13(b) wherethetheoreticadensityis presentedHerewe canreally seethe advantageof
thetheoreticallycomputeddensitiesEvenif we have hereusedalongrecordof wave datathereis
not enoughof wavesto make a reliableestimateof thejoint density andin a standard20 minutes
recordstherewould befartoo few obsenations. a
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As we have mentionedalreadythe integral over the positionof the computeddensitiess equal
to the joint densityof crestperiod and height.So in orderto getthe whole densityof Tc, Ac
oneneedgo executethe previous programto obtainthe densityof Tc, Tcf, Ac for different
valuesof Tc andintegrateoutthevariableTcf . Clearlyit will take sometime. Howeverthe most
time is spenton the computatiorof densityof long andsmallwavesthatarenotinterestingHence
we canstartto computethejoint densityof Tc, Ac for significantwaves.

Example 10. (contd.) We computethe joint densityof Tc, Ac of significantwavesin the
Gullfaksdatain orderto comparethe distribution with the Longuet-Higginsapproximation;see
Section3.3.2.

f tcac_s = spec2thpdf(SS,[],'TcAc',[0 12 81],[Hs/2:0.1:2*Hs],-1);

Next we find the modified Longuet-Higgins(L-H)-density i.e. the densitywith transformed
crestheights.The original (L-H)-densityis underestimatinghe high crestwith up to one meter
We can seethat for significantwaves and the presentspectrumthe Longuet-Higginsdensityis
quiteaccurate.

mom = spec2mom(SS,4,[],0);

t = f_tcac_s.x{1};

h = f tcac_s.x{2};

flh_g = 1h83pdf(t’,h’,[mom(1),mom(2),mom(3 )],SS .tr);
clf

ind=find(Ac>Hs/2);

plot(Tc(ind), Ac(ind),".’);

hold on

pdfplot(flh_g,’k-.")

pdfplot(f_tcac_s)

In Figure 3.14 (a) the theoreticaldensityis plotted with solid lines while the transformed.-H
densityis a dasheddottedline. We canseethat the simple approximationis working very well,
evenif it givesslightly too shortperiods.

Finally, we computethe densityfor all wave heights.In Figure3.14 (b) the theoreticaldensity
is comparedvith thedata,andaswe see theagrements quitegood.

f tcac = spec2thpdf(SS,[], TcAc',[0 12 81],[0:0.2:8],-1);
pdfplot(f_tcac)

3.4.4 Joint density of crestand tr ough height

In previous sectionsve presenteghrogramghatcomputgoint densitiesof differentwave charac-
teristics.We startedwith maiginal densitieof Tc crest, Tt troughperiodsandthenjoint densities
of Tc, Tt werederivedin orderto getthe wave period Tcc . Next we consideredlc, Tcr,
Ac - crestperiod, crestposition, and crestheight. (The sameis possiblefor Tt, Ttb, At.)
However, in orderto fully describea wave we shouldcomputethe joint densityof Tc, Tac,
Ac, Tt, Tat, At.Itispossibletowrite aprogramthatcomputesuchsix dimensionaden-
sitiesandit would not take more then 10 minutesof computertime to computethe densityfor
200, say differentcombinationsof the characteristicsBut in orderto describea six dimensional
densityoneneedsmaybe 100000 combination®f valuesandthis is not practicallypossibleyet.
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Figure 3.14: Thejoint densityof Tc and Ac for thetransformedsaussiarmodelof the seamea-
surementsfrom Gullfaks C platform (solid line) compaed with the transformedLonguet-
Higginsdensity(dashedlottedline) andthe data (dots)for waveswith significantcrest(a).

Obsenrethatusingnumericalderivativesonecancomputethejoint densityof Tc, Ac, Tt,
At usingtheprogramspec2tccpdf  (or spec2AcAt ) butit would still take oneor two daysto
do suchcomputations.

Thereare however somealternatves. From previous studieswe know that very high crests
(troughs)occurat the local maximum(minimum) closestto a zerocrossing We alsoknow thatit
is the derivative at the crossingthat mainly determineghe hight of the wave crest.Consequently
the steepnesef awave is mainly determinedy the hightandlocationof the last minimumbefore
andthe first maximumafter an upcrossingof the still waterlevel. This particulartype of min-to-
max wave is calleda meansepaated minimum-to-maximunwave. In generalwe canintroduce
av-level sepaated min-to-maxwaveto be the lastminimum beforeandthe first maximumafter
a level v upcrossingThe distancebetweenthe mean-l&el separatednininim and maxima,de-
notedTmMcanbe usedto computesteepnesf awave, seeBrodkorb [6] for details.The function
spec2mmtpdf computeghe joint densityof v-separatedvave lengthandothercharacteristics
of the v-separatedninima and maxima.It also computesthe coint densityof all pairs of local
minima, maximaandthe distancanbetween.

3.4.5 Min-to-max distrib utions — Mark ov method

We shallnow investigateanothermf wave characteristicnamelythe min-to-maxwave distribution,
including the min-to-maxperiod and amplitude.This requiresthe joint densityof the height of
a local minimum (maximum)andthe following maximum(minimum). The WAFO routinethat
handlesthis is called spec2Zmmtpdf , and calculates,.a. the joint density of the heightof a
maximumandthefollowing minimum;seehelp spec2mmtpdf .

Oneimportantapplicationof the min-to-maxdistribution is for approximatiorof thejoint den-
sityof Ac, At, thecrestandtroughamplitudeshy approximatinghesequencef local extremes
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in transformedGaussiammodel by a Markov chain; see[54] for detaileddescriptionof the al-
gorithm. The approximationhasbeenchecled on mary differentseadatagivning very accurate
results.lt is alsorelatively fast.

Remark 3.2. Thereis alsoanothemprogramspec2cmat whichis afunctionadaptefrom WAT.
It is somavhatlessaccurateout evenfaster It is usedto computethe so called Markov matrices
andrainflov matricesusedin fatigue. O

Example 11 (min-maxproblemswith Gullfaksdata) In thisexamplewe continuetheanalysisof
the GullfaksC platformdata.First we shallretrive the sequencef turning points,i.e. the minima
andmaxima,in yy and calculatethe theoreticaldistribution. In Figure 3.15we canseethatthe
theoreticallycomputeddensityagrees/ery well with the estimatecne.

tp = dat2tp(yy);

Mm=fliplr(tp2mm(tp));

fmm = kde(Mm,’epan’);

f mM = spec2mmtpdf(SS,[],’mm’,[],[-7 7 51],1);
clf

pdfplot(f_mM,’-.")

hold on

pdfplot(fmm,’k-")

hold off

Joint density of (M,m) in time

6F Level curves enclosing:

min [m]

Max [m]

Figure 3.15: Thejoint densityof maximumandthefollowing minimumfor thetransformedsaus-
sianmodelof theseameasuementgrom GullfaksC platform(dashed-dottetine) compaed
with the estimated KDE) densityfromdata.

Weturnnow to thejoint densityof crestandtrough.We shallfirst computetheexactdistribution
with the help of spec2mmtpdf , andthencomparethe obtaineddistribution with that obtained
from the min-to-maxdistribution by meansof the Markov approximationfor the min-max se-
guence As we have mentionedbeforewe do not usethe full min-to-maxdistribution but instead
the”still waterseparatedminimaandmaxima.
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ind = find(Mm(:;,1)>v & Mm(:,2)<v);

Mmv = abs(Mm(ind,:)-v);

fmmv = kde(Mmv,’epan’);

f vmm = spec2mmtpdf(SS,[],'vmm’,[],[-7 7 51],1);
clf

pdfplot(fmmv,’k-")

hold on

pdfplot(f_vmm,’-.")

hold off

Thenwe computethe joint densityof crestandtroughusingthe Markov approximatiorto the
sequencef local extremes(sequencef turningpointstp ).
facat = kde([Ac At],’epan’);
f acat = spec2mmtpdf(SS,[],’AcAl,[],[-7 7 51],1),
clf
pdfplot(f_acat,’-.")
hold on
pdfplot(facat,’k-")
hold off
Now we arein the positionto checkour two methodsthe Markov method,wherethe min-
to-maxsequences approximatedy a Markov chain,andthe replcemenof the true min-to-max
transitionprobabilitiesby thetransitionprobabilitieswhich arevalid for the”still waterseparated”
min-to-maxvalues.The resultsare presentedn Figure 3.16. We seein (@) that the "still water
separatedinin-to-maxdistribution missa considerablenumberof min-to-maxvalueswhich fall
on the sameside of the still waterlevel. On the otherhand,figure (b) indicatesthat the Markov
assumptions acceptable.

(a) (b)

Joint density of (M,m)\/?O 064617 in time Joint density of (Ac,At) in time

Level curves enclosing: Level curves enclosing:

min [m]

Figure 3.16: (a) Thejoint densityof "still water sepaated” min-to-maxvaluesfor the trans-
formedGaussiarmodelfor themeasuementgromGullfaksC (dashed-dottetine) compaed
to the estimateddensityfromdata (KDE, solid line). (b) Markov approximationfor the joint
densityof crestandtroughheightAc, At compaedwith the(KDE) estimatorof thedensity

O
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3.5 WAFO wave characteristics

3.5.1 wavedef

help wavedef

WAVEDERvave definitions

Definition
A trough (1)

and a crest (c)

Definition

A level

of trough
is defined
level v down-crossing (d)
is defined
level v up-crossing

of down- and up -crossing

v-down-crossing

and nomenclature
and crest:

minimum between a
and the next up-crossing (u)

as the global maximum between a
and the following down-crossing.

as the global

waves:

wave (dw) is a wave from a

down-crossing the following down-crossing.

Similarly a level v-up-crossing wave (uw) is a wave from a up-crossing
to the next up-crossing.

Definition of trough and crest waves:

A trough to through wave (tw) is a wave from a trough () to the
following trough. The crest to crest wave (cw) is defined similarly.
Definition of min2min and Max2Max wave:

A min2min wave (mw) is defined starting from a minimum (m) and
ending in the following minimum.

Similarly a Max2Max wave (Mw) is thus a wave from a maximum (M)

to the next maximum (all waves optionally rainflow filtered).
<mmmmn Direction of wave propagation
<----m- Mw-----> <----mw---->
M N o
[\ S c_ C
F o\ / \m/ \ I\ I\
d u d u- -—-d- - -Uu---  d---- - level v
\ I L N _l \ L
\ /o \t/ A\ \m/
\t/ <-mmmee- UW--------- > <-----dw----->
.< ---------------- > L S— CW----->
(F= first value and L=last value).
See also: tpdef, crossdef, dat2tc, dat2wa, dat2crossind
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3.5.2 perioddef

help perioddef

PERIODDEFwave periods (lengths) definitions and nomenclature
Definition of wave periods (lengths):
<-mmm- Direction of wave propagation
<mmmmme- Tu--------- >
<---TC----- >
<-mmee- Tce---->
M c
/A M ]\ c_ c
F oo\ /[ \m/ \ I\ o\
d u d u----d ----- --u- --d--- - level v
\ / \ / L _I \_ L
\ / \t/ A\ \m/
\t/
: <---Tt--->
Lmmmmmens Ttt------- >
<-----Td----->
Tu = Up crossing  period
Td = Down crossing  period
Tc = Crest period, ie., period between up crossing and
the next down crossing
Tt = Trough period, ie., period between down crossing and
the next up crossing
Ttt = Trough2trough period
Tcc = Crest2crest period
S — Direction of wave propagation
<--Tcf-> Tuc
. . <-Tcb-> <->
M c : :
[\ M ]\ c_ C
F o\ /I \m/ \ [\ dN
d u d --U-- - d---- ---u-  --d-- - level v
\ / \ _ \ / \ L
\ / \t/ \t_/ \m/
\t/
<-Ttf-> <-Ttb->
Tcf = Crest front period, i.e, period between up crossing and crest
Tcb = Crest back period, ie., period between crest and down crossing
Ttf = Trough front period, i.e., period between down crossing and trough
Ttb = Trough back period, i.e., period between trough and up crossing

Also note that Tcf and Ttf can also be abbreviated by their  crossing
marker, e.g. Tuc (u2c) and Tdt (d2t), respectively. Similar  applies to all the
other wave periods and wave lengths.
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(The= nomenclature  for wave length is similar, just  substitute T and
period with L and length, respectively)

<mmmmn Direction of wave propagation
<--TMm-->
<-TmM-> :
M : : M :
/\ : M\ : M_ M
F oo\ : [ \m/ o\ : I\ [\
\ : / : \ : [\ / \
\ o \ / . _ \ L
o \m/ \m_/ \m/
\m/ :
<-----TMM----- > <----Tmm----->
TmM= Period between minimum and the following Maximum
TMm= Period between Maximum and the following minimum
TMM= Period between Maximum and the following Maximum
Tmm= Period between minimum and the following minimum

See also: wavedef, ampdef, crossdef, tpdef
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3.5.3 ampdef
help ampdef

AMPDEFwave heights

and amplitude

definitions

Definition of wave amplitude and wave heights:
<mmmen Direction of wave propagation
............... (R
| n\ I

Hd | A A | Hu
M [ / | \ |

[\ [ M | Ac | \ | c_

F oo\ [ !/ \m/ | \ | I\

------ d----|---U---mmm e d---]-  --u-- --d-- - level
\ | /] \ \L
] At |/

\|/..| t

t
Ac = crest amplitude
At = trough amplitude
Hd = wave height as defined for down crossing waves
Hu = wave height as defined for wup crossing waves
See also: wavedef, ampdef, crossdef, tpdef

and nomenclature
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3.5.4 crossdef

help crossdef

CHAPTER 3. DISTRIBUTIONS OF APPARENT WAVE CHARACTERISTICS

CROSSDEHevel v crossing  definitions and nomenclature
Definition of level v crossing:
Let the letters 'm, M, 'F, L/d and ‘U’ in the
figure  below denote local minimum, maximum, first value, last
value, down- and up-crossing, respectively. The remaining
sampled values are indicated with a .. Values that are identical
with v, but do not cross the level s indicated with  the letter ‘0"
We have a level up-crossing at index, Kk, if

x(kky < v and v < x(k+1)
or if

x(k) == v and v < x(k+1) and x(r) < v for some di < r <= k-1
where di is the index to the previous downcrossing.
Similarly there is a level down-crossing at index, Kk, fif

x(k) > v and v > x(k+1)
or if

Xkl == v and v > x(k+1) and x(r) > v for some ui < r <= k-1
where ui is the index to the previous upcrossing.
The first (F) value is a up crossing if x(1) = v and x(2) > v.
Similarly, it is a down crossing if x(1) = v and x(2) < v.

M
M M
F d L
u d---- e S - level v
. u
. m
m

See also:  perioddef, wavedef, tpdef, findcross, dat2tp
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CHAPTER 4
FATIGUE LOAD ANALYSIS AND RAIN-FLOW CYCLES

4.1 Randomfatigue

4.1.1 Randomload models

Thissectionis intendedo presensometoolsfrom WAFO for analysisof randomloadsin orderto
assesthefatiguedamageA completdist of fatigueroutinescanbeobtainedoy help  fatigue
We shallassuméhattheloadis givenby oneof threepossibleforms:

1. As measurementsf the stresor strainfunctionwith somegivensamplingfrequeng in Hz.
Suchloadswill be calledmeasuredoadsanddenotedoy z(t), 0 < ¢ < T, wheret is time
andT is thedurationof themeasurements.

2. In the frequeng domain(thatis importantin systemanalysis)asa power spectrum.This
meanghatthesignalis representetly a Fourierseries

N
z(t) ~m+ > a;cos(w;t) + b;sin(w; t)
=1
wherew; = i-27 /T areangularfrequenciesyn is themeanof thesignalanda;, b; areFourier
coeficients.

3. In therainflow domain,i.e. the measuredoadis givenin theform of arainflov matrix.

We shallnow review somesimplemeango characterizendanalyzeloadswhich aregivenin
ary of theforms (1)—(3),andshov how to derive characteristicsmportantfor fatigueevaluation
andtesting.

We assumehatthereadetassomeknowledgeaboutthe concepf cycle counting,in particu-
lar rainflow cycles,anddamageccumulatiorusingPalmgren-Minerdineardamageccumulation
hypothesesThebasicdefinitionsaregivenin theendof thisintroduction.Anotherimportantprop-
erty is the crossingspectrumu(u) definedastheintensityof upcrossingsf alevel u by z(t) asa
functionof u.

The processof damageaccumulationdependsonly on the valuesand the order of the local
extremesn theload. The sequencef local extremess calledthe sequencef turning points The
irregularity factora. measuretow densehelocal extremesarerelatively to themeanfrequeny f,.
For acompletelyregularfunctiontherewould beonly onelocal maximumbetweerupcrossing®f
themeanlevel, giving irregularity factorequalto one.In theotherextremecasethereareinfinitely
mary localextremeggiving irregularity factorzero.However, if thecrossingntensityu(u) is finite,



70 CHAPTER 4. FATIGUE LOAD ANALYSIS AND RAIN-FLOW CYCLES

mostof thoselocal extremesareirrelevantfor the fatigueandshouldbe disregardedoy meansof
somesmoothingdevice.

A particularly usefulfilter is the so-calledrainflow filter thatremovesall local extremesthat
builds rainflow cycleswith amplitudesmallerthana giventhreshold We shallalwaysassumehat
thesignalsarerainflow filtered;seeSection4.2.1.

If moreaccuratepredictionsof fatiguelife areneededhenmoredetailedmodelsarerequired
for the sequencef turning points. Here the Markov chaintheory hasshowvn to be particularly
useful. Therearetwo reasongor this:

e theMarkov modelsconstitutea broadclassof processethatcanaccuratelymodelmary real
loads

e for Markov models thefatiguedamagepredictionusingrainflov methodis particularlysim-
ple, Rychlik [47] andJohannessoj22]

In the simplestcase the necessarynformationis the intensity of pairsof local maximaandthe
following minima (the so-calledMarkov matrix or min-max matrix). The dependencéetween
otherextremess modeledusingMarkov chains seeFrendahi& Rychlik [13].

4.1.2 Damageaccumulationin irr egular loads

In laboratoryexperimentspneoftensubjectsa specimerof amaterialto aconstanamplitudeload,
e.g.L(t) = ssin(wt) wheres andw arethe constanamplitudeandfrequeng, andonecountsthe
numberof cycles (periods)until the specimerbreaks.The numberof load cycles N(s) aswell

asthe amplitudess are recorded.For small amplitudes,s < s, the fatiguelife is often very
large, andis setto infinity, N(s) ~ oo, i.e. no damagewill be obseredevenduringanextended
experiment.The amplitudes,, is calledthe fatiguelimit or the endurancelimit. In practice,one
oftenusesa simplemodelfor N(s),

K1s7# s> s,

4.1
o0 8 < Soo, (“4-1)

N(s) = {

whereK is amaterialdependentandomvariable usuallylognormallydistributed,i.e. with K1 =
Ee ! whereln(E) € N(0, 0%), ande, 3 arefixedconstants.

Forirregularloads,alsocalledvariableamplitudeloads,oneoftencombineghe S-N curve with
acycle countingmethodby meansof the Palmgren-Minerlinear damage accumulatiortheory; to
predictfatiguefailure time. A cycle countingprocedures usedto form equivalentload cycles,
which areusedin thelife prediction.

If thek : ¢th cycle hasamplitudes;, thenit is assumedhatit causesdamagesqualto 1/N (sg).
Thetotaldamageattime ¢ is then

D) =Y = K Y. & = KDy(t) (4.2)

wherethe sumcontainsall cycleswhich have beencompletedup to time ¢. Then,the fatiguelife
time T7, say is shorterthant if the total damageat time ¢ exceedsl, i.e.if D(¢) > 1. In other
words,T is definedasthetime whenD(t) crossesevel 1 for thefirst time.
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A very simplepredictorof T/ is obtainedby replacingk’ = E~'e in Eq. (4.2) by a constant,
for examplethe medianvalueof K, whichis equalto e. For high cycle fatigue,thetime to failure
is long, morethan10®/ f,, andthenfor stationary(andergodicandsomeothermild assumptions)
loads thedamageD;(t) canbeapproximatedby its meanE[Dg(t)] = dg-t. Heredg is thedamage
intensity i.e. how muchdamages accumulategbertime unit. Thisleadsto avery simplepredictor
of fatiguelife time .

7! = ady (4.3)

4.1.3 Rainflow cyclesand hysteresisloops

The now commonlyusedcycle countingmethodis the rainflow counting,which wasintroduced
by Endo[36] in 1968.It was designedto catchboth slow and rapid variationsof the load by
forming cyclesby pairinghigh maximawith low minimaevenif they areseparatetdy intermediate
extremesEachlocal maximumis usedasthe maximumof a hysteresisoop with anamplitudethat
is computedby the rainflow algorithm.A new definition of the rainflow cycle, equivalentto the
originaldefinition,wasgivenby Rychlik [46]. Theformaldefinitionis alsoillustratedin Figure4.1.

Definition 4.1 (Rainflow cycle) From ead local maximuma/,, oneshall try to read above the
samelevel, in the badkward (left) and forward (right) directions,with an as small downwad ex-
cursion as possible Theminima,m;, andm;, on eact sideare identified. That minimumwhich
representghe smallestdeviation fromthe maximuma/,, is definedasthe correspondingainflow
minimummZ™©. Thek:th rainflowcycleis definedas (m{™, My).

my

Figure 4.1: Definitionof therainflowcycle asgivenby Rydlik [46].

If ¢, bethetime of the k:th local maximumandthe correspondingainflow amplitudeis siF¢ =
M, — mFC, theamplitudeof the attachechysteresidoop, thenthetotal damageby

D) =% ﬁ = K () = KDy (), (4.4)

wherethe sumcontainsall rainflow cycleswhich have beencompletedup to time .
To use(4.3) to predictthe fatiguelife we needthe damageintensity ds i.e. the damageper
time unit causedy therainflow cycles.If thereareon the averagef, maxima pertime unit, and

'We have definedf, asthe meanlevel upcrossingrequeng, i.e. the meannumberof timespertime unit thatthe load upcrosses
the meanlevel. Thustherearein factat least f, local maximaper time unit. Sincethe rainflow filter reduceshe numberof
cycles,welet f, herebedefinedasthe avergge numberof rainflow cyclespertime unit.
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equallymary rainflow cycles,andeachrainflow cycle causesinexpecteddamageFE(1/Ngrec) it
is clearthatthe damagentensityis equalto

ds = fo B ((S¥°)°).

Thus,animportantparametefor predictionof fatiguelife is the distribution of the rainflov am-
plitudesandin particularthe expectedvalueof the 3-power of its invertedvalue. WAFO contains
anumberof routinesfor handlingtherainflow cyclesin obsenedloaddataandin theoreticaload
models.

4.2 Load cyclecharacteristics

4.2.1 Rainflow filter edload data

In previouschaptersve have presentednodelsfor seawave data treatedasfunctionsof time. The
modelscanbe usedin responsenalysisfor marinestructurego seaforcesor to computewave
characteristicor specifiedrandomwave models,e.g.thosedefinedby their power spectrumin
particular Gaussiairmodelsarevery cornvenientasinputto linearfilters, sincethe outputis again
a Gaussiarprocesith easilycomputablgpower spectraldensityfunction.

The measuredignalsareoftenvery noisy andneedto be smoothedeforefurtheranalysis A
commonpracticeis to usea bandpasélters to excludehigh frequenciesrom the power spectrum
andto filter outslow trendsIf thefunctionis modeledby atransformedsaussiamprocessx , such
afiltration is performedon the inversetransformedsignalyy = g(xx) . Obviously, oneshould
notoversmootidatasincethatwill affectthe heightof extremewaves.Consequentlyif thesignal
is still too irregular even after smoothingthis is anindicationthat one shouldusethe trough-to-
crestwave conceptdefinedasin Table3.1,insteadof the simplermin-to-maxcycles.Chapter3 of
this tutorial wasaimedat shaving how one cancomputethe crest-to-trouglwave characteristics
from a Gaussiaror transformedsaussianmodel.

The trough-to-crestvave conceptis a nonlinearmeansto remove small irregularitiesfrom a
wave series Anothernonlinearmethodto remove smallwavesfrom datais the rainflow filtering,
introducedby Rychlik, [51], andincludedin the WAFO toolbox. For completenessye describe
thealgorithmof therainflow filter.

In this tutorial we have useda simple definition of rainflow cycleswhich is corvenientfor
functionswith finitely mary local maximaand minima. However, rainflow filters and rainflow
cycles can be definedfor very irregular functionslike a samplefunction of Brownian motion
wherethereareinfinitely mary local extremesn ary finite interval, regardlesshow small. Thisis
accomplishedy definingthe rainflov minimum mRF<(¢) for all time pointst of a function z(¢)
in sucha way thatthe rainflov amplitudez(t) — mRF(¢) is zeroif the point z(¢) is not a strict
local maximumof the function; seeRychlik [51] for more detaileddiscussionNow, a rainflow
filter with thresholdh, extractsall rainflow cycles(mRF¢(¢), z(t)) suchthatz(t) — mR™©(t) > h.
Consequentlyif » < 0 thenthe signalis unchangedy thefilter, if » = 0 we obtaina sequence
of turning points,andfinally, if ~ > 0, all small oscillationsareremoved, seeFigure 4.7 for an
example.
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4.2.2 Oscillation count and rainflow matrix

The rainflow countis a generalizatiorof the crossingcount. The crossingspectrumcountsthe
numberof timesasignalupcrosseary level w. Moreimportantfor fatiguedamages theoscillation
count, N95¢(u, v) which countsthe numberof times a signal upcrossesn intenal [u, v]. The
oscillationcountis thusa functionof thetwo variablesu andv, andis plottedasa bivariatecount.
Theoscillationcountis a countingdistribution for therainflow cycles.Consequentlyif the matrix

Nosc with elementsVo5¢(u;, u;) is known we cancomputethe frequeng (or ratherhistogram)
matrix of therainflow countby mean=f the WAFO-functionnt2fr  andobtainthe matrix Frfc

= nt2fr(Nosc) ,in fatiguepracticecalledthe rainflov matrix. Knowing therainflow matrix of

asignalonecancomputethe oscillationcountby meansof thefunctionfr2nt

The rainflow matrix will play animportantrole in the analysisof the rainflow filtered sig-
nals.Let z(t) beameasuredignalanddenoteby z;(¢) therainflow filtered version filtered with
thresholdh. Now, if we know a rainflow matrix Frfc , say of z, thenthe rainflov matrix of z,
is obtainedby settingsomesubdiagonal®f Frfc to zero,sincethereareno cyclesin xz; with
amplitudessmallerthan k. Obviously, the oscillation countof z, canthenbe derved from the
oscillationcountof z.

Note that extracting a sequencef troughsandcrests(m,©, M) from the signalis closely
relatedto rainflow filtering. Sincegiven a referencdevel v, the sequencé€m/, M) canbe
obtainedvy first removing all rainflow cycles(m3™, M;) suchthat M; < u™ ormZ™© > 4™ and
thenfinding themin-to-maxpairsin thefilteredsignal.

Clearly, the oscillationcountis animportantcharacteristiof irregularity of a sealevel func-
tion andthe expectedoscillationcount,alsocalledan oscillationintensitymatrix, is animportant
characteristiof the randomprocessesConsequentlyve facetwo problems;how to computethe
oscillationintensity for a specifiedmodel;andif knowing the oscillationintensity how canone
find anexplicit andeasyto handlerandomprocesswith this intensity Note thatby solvingthese
two problemsoneincreaseghe applicability of rainflow filters considerablySincethen,givena
randomprocesspne canfind its oscillation intensity and next one can computethe oscillation
intensityof therainflow filteredrandomprocessandfinally, find arandomprocessmodelfor the
filteredsignal.

4.2.3 Mark ov chain of tur ning points, Mark ov matrix

Sincethe oscillationintensityis closelyrelatedto the first passageroblemit canbe practically
handledif someMarkov structureof the processs assumedWhile Gaussiamprocessesre an
importantclassof modelsfor linearfiltering, Markov processesarethe appropriatemodelsasfar
asrainflow filtering is concernedin this sectiona classof models,the so calledMarkov chainof
turningspointswill beintroduced.

For ary load sequenceve shall denoteby TP the sequencef turning points. The sequence
TP will be calleda Markov chain of turning pointsif it forms a Markov chain,i.e. if the distri-
bution of a local extremumdependnly on the value of the previous extremum.The elements
in the histogrammatrix of min-to-maxcycles and max-to-mincycles are equalto the obsened
numberof transitionsfrom a minimum (maximum)to amaximum(minimum)of specifiedheight.
Consequentlythe probabilisticstructureof the Markov chainof turning pointsis fully definedby
the expectedhistogrammatrix of min-to-maxand max-to-mincycles; sometimescalled Markov
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matrices Notethatfor transformedGaussiarprocessa Markov matrix for min-to-maxcycleswas
computedoy meanf the WA FO-function minmax . Themax-to-minmatrix is obtainedoy sym-
metry. Next, thefunctionmctp2tc (= Markov Chainof TurningPointsto TroughCrests)usedto
computethe trough2cresintensityfor transformedsaussiaimmodel,usesa Markov matrix to ap-
proximatethe sequencef turningpointsby a Markov chain.This approximatiormethodis called
a Markov method

Figure4.2 shavs the generalprinciple of a Markov transitioncountbetweerturning pointsof

local maximaandminima. Thevalueshave beendiscretizedo levels1, ..., n, from smallest
to largest.
FRFC
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Figure 4.2: Part of a discreteload processwvhere the turning pointsare markedwith e. Thescale
to theleftis thediscretelevels.Thetransitionsfromminimumto maximunmandthetransitions
frommaximunto minimumare collectedin the min-maxmatrix, F and max-minmatrix, F,
respectivelyTherainflow cyclesare collectedin the rainflow matrix, F*¢. Thenumbesin
the squaesare the numberof observedcyclesand the grey areasare by definitionalways
zeo.

Finding the expectedrainflow matrix is a difficult problemandexplicit resultsareknown only
for specialclassesf processese.g.if z is a stationarydiffusion,a Markov chainor a function
of avectorvaluedMarkov chain.Markov chainsarevery usefulin wave analysissincethey form
a broadclassof processesand for several sealevel data,aswell asfor transformedGaussian
processespne canobserne a very good agreemenbetweenthe obsered or simulatedrainflov
matrix andthat computedoy meansof the Markov method.FurthermoreMarkov chainscanbe
simulatedin a very efficient way. However, the mostimportantpropertyis that, given a rainflow
matrix or oscillation countof a Markov chainof turning pointsone canfind its Markov matrix.
This meanghata Markov chainof turning pointscanbe definedby eithera Markov matrix FmM
or by its rainflow matrix Frfc , which areconnectedy thefollowing nonlinearequation

Fric = FmM+ F(FmM, (4.5)
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whereF isamatrixvaluedfunction,definedn [51], wherealsoanalgorithmto compute(Z+F)*
is given. The WAFO-function for computingFrfc  from FmMs mctp2rfc ~ while the inverse,
i.e. FmMasafunctionof Frfc , is computedoy rfc2mctp

4.3 Cycleanalysiswith WAFO

In this sectionwe shalldemonstratbow WAFO canbeusedto extractrainflow cyclesfrom aload
sequenceandhow fatiguelife canbe estimatedThe Markov methodis usedfor simulationand
approximatiorof realload sequences/NVe shall usethreeload examplesthe deepwaterseaload,
a simulatediransformedGaussiarmodel,anda load sequencgeneratedrom an specialMarkov
structure.

4.3.1 Crossingintensity

Basicto theanalysisis the crossingintensityfunction u(u), i.e. the numberof timespertime unit
thattheload up-crosseshe level u, consideredasa function ofu. We illustratethe computations
onthedeepwaterseawavesdata.

load sea.dat; XX_sea=sea;

tp_sea = dat2tp(xx_sea);

Ic_ sea = tp2lc(tp_sea);

T_sea = xx_sea(end,1)-xx_sea(1,1);

Ic_sea(:,2) = lc_sea(:,2)/T_sea;

subplot(221), plot(lc_sea(:,1),Ic_sea(:,2))
titte("Crossing intensity, (u, \mu(u))
subplot(222), semilogx(lc_sea(:,2),Ic_sea(:,1))
titte("Crossing intensity, (log \mu(u), u))

The routinedat2tp andp2lc take a load sequenceand extractsthe turning points, and
from this calculatesghe numberof upcrossingss a function of level. The plots produced Fig-
ure4.3,shawv the crossingntensityplottedin two commonmodes/in-lin of (u, u(«)) andlog-lin

of (log u(u), u).

Crossing intensity, (u, n(u)) Crossing intensity, (log p(u), u)
0.4 2
0.3 1
0.2 0
0.1 -1
%2 0 2 _120‘4 10° 10°

Figure 4.3: Level crossingintensityfor seadata.

We shallalsohave usefor themeanfrequencyfy, i.e. thenumberof meanlevel upcrossingper
time unit, andtheirregularity index, o, which is the meanfrequeng divided by the meannumber
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of locallmaximapertime unit. Thus1/« is theaveragenumberof localmaximathatoccurbetween
themeanlevel upcrossings.

To computef, we usethe Matlabfunctioninterpl |, seehelp interpl

m_sea = mean(xx_sea(:,2));

fO_sea = interpl(lc_sea(:,1),Ic_sea(:,2),m _sea, ’'line ar’);
fO_sea
extr_sea length(tp_sea)/(2*T_sea);

alfa_sea fO_sealextr_sea

4.3.2 Extraction of rainflow cycles

We startby a studyof rainflow cyclesin the deepwaterseadata.Recallthe definition of rainflow
andmin-maxcycle counts.The demoprogramdemocc illustratesthesedefinitions.To useit to
identify thefirst few rainflow andmin-maxcycles,justuse,

proc = xx_sea(1:500,:);
democc

Two windows will appearin DemonstrationVindow 1, first mark the turning points by the
button TP. Thenchoosea local maximum(with the buttonsmarked +1, —1, +5, —5) andfind the
correspondingcycle counts,using the buttonsRFC, PT. The cycles are visualizedin the other
window.

We shallnow examinecycle countsin theloadxx _sea . Fromthe sequencef turning points
tp wefind therainflow andmin-maxcyclesin the dataset,

RFC_sea = tp2rfc(tp_sea);
mM_sea = tp2mm(tp_sea);

Sinceeachcycle is a pair of alocal maximumanda local minimumin theload, a cycle count
canbe visualizedasa setof pairsin the R?-plane.Comparethe min-maxandrainflov countsin
theloadin Figure4.4.

clf

subplot(121), ccplot(mM_sea)
title(’'min-max cycles’)
subplot(122), ccplot(RFC_sea)
title('Rainflow cycles’)

Obsene that RFCcontainsmorecycleswith high amplitudescomparedo mM This becomes
moreevidentin anamplitudehistogramasseenin Figure4.5.

ampmM_sea = cc2amp(mM_sea);
ampRFC_sea = cc2amp(RFC_sea);

clf

subplot(221), histampmM_sea,25);
title(’'min-max amplitude  distribution’)
subplot(222), histtampRFC_sea,25);

titte('Rainflow amplitude  distribution’)
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Figure 4.4: min-maxandrainflowcycleplotsfor seadata.

min—-max amplitude distribution Rainflow amplitude distribution
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Figure 4.5: min-maxandrainflowcycledistributionsfor seadata.
4.3.3 Simulation of rainflow cycles
Simulation of cyclesin a Mark ov model

The mostsimplecycle modelassumeshatthe sequenc®f turning pointsforms a Markov chain.
Thenthe modelis definedby the min-maxmatrix, G Thematrix hasdimensiom x n, wheren is
thenumberof discreteevels(e.g.32 or 64). In this examplethediscretdevelsu arechosenn the
rangefrom —1 to 1. Thematrix Gwill containtheprobabilitiesof transitionshetweerthedifferent
levelsin u.

n =41, param_m = [-1 1 n]; param_D = [1 n n];
u_markov = levels(param_m);
G_markov = mktestmat(param_m,[-0.2 0.2],0.15,1);

Themodelis easyto simulateandthis is performedby the simulationroutinemctpsim . This
routinesimulatesonly the sequencef turning pointsandnottheintermediatdoadvalues.
T_markov = 5000;

xxD_markov = mctpsim({G_markov  [J},T_markov);
xx_markov = [(1:T_markov)’ u_markov(xxD_markov)];

HerexxD _markov takesvaluesl,. .., n,andbychanginghescalewegettheloadxx - markov
whichtakesvaluesbetween-1 andl. Thefirst 50 sample®f thesimulationis plottedin Figure4.6

by

plot(xx_markov(1:50,1),xx_markov(1: 50,2) )
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Figure 4.6: SimulatedMarkov sequencef turning points.

We shalllater usethe matrix G_markov to calculatethe theoreticalrainflow matrix, but first
we constructa similar sequencef turning pointsfrom atransformedsaussiaimodel.

Rainflow cyclesin a transformed Gaussianmodel

In this examplewe shallconsidera sea-data-lik seriesobtainedasatransformedsaussiamnmodel
with JONSWAP spectrumSincethe JONSWAP spectrunmcontainsalsoratherhigh frequenciesa
JONSWAP loadwill containmary cycleswith smallamplitude. Theseareoftenuninterestingand
canberemovedby arainflow filter asfollows.

Let g be the Hermite transformationproposedoy Winterstein,which we usedin Chapter2.
Supposédhe spectrumspec is of the JONSWAP type. To getthe transformwe needasinputthe
approximatve highermoments skewnessand kurtosis,which are automaticallycalculatedirom
the spectrumby the routinespec2skew . We definethe spectrumstructure including the trans-
formation,andsimulatethe tranformedGaussiaoadxx_herm . Theroutinedat2dtp extracts
theturningpointsdiscretizedo the levelsspecifiedoy the parameterectorparam .

Note that when calling the simulationroutine spec2sdat  with a transformationthe input
spectrunmustbe normalizedto have standardleviation 1, i.e. onemustdivide the spectravalues
by thevariancesa™2 .

me = mean(xx_sea(:,2));
sa = std(xx_sea(:,2));

HmMO_sea = 4*sa;
Tp_sea = 1/max(lc_sea(:,2));

spec = jonswap([],[HMO_sea Tp_sea));
[sk, ku] = spec2skew(spec);

spec.tr = hermitetr([],[sa sk ku me));
param_h = [-1.5 2 B1];

spec_norm = Spec;

spec_norm.S = spec_norm.S/sa"2;
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xx_herm = spec2sdat(spec_norm,[2°15 1],0.2);

h = 0.2

[dtp,u_herm,xx_herm_1]=dat2dtp(para m_o,x X_her m,h);

clf

plot(xx_herm(:,1),xx_herm(:,2),’K’, ‘Line  Width ’,2);

hold on;

plot(xx_herm_1(:,1),xx_herm_1(:,2), 'k--" JLin ewidth ,2);
axis([0 50 -4 6]), hold off;

title('Rainflow filtered wave data’)

Therainflow filtereddataxx_herm_1 containstheturningpointsof xx_herm with rainflow
cycleslessthanh=0.2 removed.In Figure4.7 the dashecturve connectghe remainingturning
pointsafterfiltration.
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Figure 4.7: Hermitetransformedvavedataandrainflowfilteredturning points,h = 0.2 .

Try differentdegreeof filtering on the Ochi transformedsequencend seehow it effectsthe
min-max cycle distribution. You canusethe following sequencef commandswith differenth
-values;seeFigure4.8 for the results.Note that the rainflow cycleshave their original valuesin
theleft figure but thatthey have beendiscretizedo the discretelevel definedby param_o in the
right figure.

tp_herm=dat2tp(xx_herm);
RFC_herm=tp2rfc(tp_herm);
mM_herm=tp2mm(tp_herm);

h=1;

[dtp,u,tp_herm_1]=dat2dtp(param_o,x x_her m;h);
RFC_herm_1 = tp2rfc(tp_herm_1);

clf

subplot(121), ccplot(RFC_herm)

title("h=0’)

subplot(122), ccplot(RFC_herm_1)

title(h=1")
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Figure 4.8: Rainflowcyclesandrainflowfilteredrainflowcyclesin thetransformedsaussiamro-
cess.

4.3.4 Calculating the Rainflow Matrix

We have now shavn how to extractrainflow cyclesfrom aload sequencandto performrainflow

filtering in measurecdr simulatedioad sequencedNext we shall demonstratdiow the expected
(theoreticalyainflow matrix canbe calculatedn arny randomload or wave modeldefinedeitheras
a Markov chainof turning points,or asa stationaryrandomprocessWe do this by meansof the

Markov methodbasedon the max-mintransitionmatrix for the sequencef turning points. This

matrix caneitherbedirectly estimatedrom or assignedo aloadsequencegr it canbecalculated
from the correlationor spectrumstructureof a transformedsaussiarmodel.

Calculation of rainflow matrix in the Mark ov model

Thetheoreticafainflow matrix Grfc for theMarkov modelis calculatedn WAFO by theroutine
mctp2rfim . Let G_.markov beasin Section4.3.3andcalculatethe theoreticalrainflov matrix

by
Grfc_markov=mctp2rfm({G_markov 0y

A cycle matrix, e.g.a min-maxor rainflow matrix, canbe plottedby cmatplot . Now we will
comparethe min-maxandtherainflowv matrices.

clf
subplot(121),cmatplot(u_markov,u_mar kov,G_ markov),ax is('sq uare’ )
subplot(122),cmatplot(u_markov,u_mar kov,Gr fc_markov) ,axis( ’'squa re’)

Both 2D- and3D-plotscanbedravn; seehelp cmatplot . It is alsopossibleto plot mary
matricesin onecall.

cmatplot(u_markov,u_markov,{G_markov Grfc_markov},3)

A plot with method=4 givescontourlines;seeFigure4.9.Notethatfor high maximaandlow
minima, the rainflow matrix hasa pointedshapewhile the min-maxmatrix hasa morerounded
shape.

cmatplot(u_markov,u_markov,{G_markov Grfc_markov},4)

subplot(121), axis('square’), title('min-to-max transition matrix’)
subplot(122), axis('square’), title("Rainflow matrix’)
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Figure 4.9: min-max-matrixandtheoretical rainflowmatrix for testMarkov sequence

We now comparethe theoreticalrainflo matrix with an obseredrainflov matrix obtainedin
the simulation.In this casewe have simulateddiscreteMarkov chainof turning pointswith states
1,...n andputthemin the variablexxD _markov . It is turnedinto a rainflov matrix by the
WAFO-routinedtp2rfm ). Thecomparisonin Figure4.10betweerthe obsenedrainflov matrix
andthetheoreticaloneis producedasfollows.

n = length(u_markov);

Frfc_markov = dtp2rfm(xxD_markov,n);

clf

cmatplot(u_markov,u_markov,{Frfc_ma rkov Grfc_markov*T/2},3)
subplot(121), axis('square’), titte('Observed rainflow matrix’)
subplot(122), axis('square’), titte(Theoretical rainflow matrix’)

Notethatin orderto comparethe obsered matrix Fric _markov with the theoreticalmatrix
Grfc _markov we have to multiply thelatter by the numberof cyclesin the simulationwhichis
equalto T/2 .

Observed rainflow matrix Theoretical rainflow matrix
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Figure 4.10: Observedandtheoretical rainflowmatrix for testMarkov sequence

We endthis sectionby anillustration of the rainflov smoothingoperation.The obsenredrain-
flow matrixis ratherirregular, dueto the statisticalvariationin thefinite sampleTo facilitatecom-
parisonwith the theoreticalrainflon matrix we smoothit by the built in smoothingfacility in the
routinecc2cmat ; dohelp cc2cmat . To seehow it worksfor differentdegreesof smoothing
we calculatetherainflow cyclesby tp2rfc
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tp_markov = dat2tp(xx_markov);

RFC_markov = tp2rfc(tp_markov);

h = 1;

Frfc_markov_smooth = cc2cmat(param_m,RFC_markov,[],1,h);

clf

cmatplot(u_markov,u_markov,{Frfc_mar kov_smooth Grfc_markov*T/2},4)
subplot(121), axis('square’), titte('Smoothed observed rainflow matrix’)
subplot(122), axis('square’), titte('Theoretical rainflow matrix’)

Here,the smoothingis doneas a kernelsmoothermwith a bandwidthparameteh = 1. The
effect of the smoothings showvn in Figure4.11.
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Figure 4.11: Smootheabservedand calculatedrainflowmatrix for testMarkov sequence

Rainflow matrix from spectrum

We arenow readyto demonstratéow therainflow matrixcanbecalculatedn aloador wave model
definedby its correlationor spectrumstructure.We chosethe sequencdransformedGaussian
modelwith the Hermitetransformxx_herm whichwasstudiedin Section4.3.3.This modelwas
definedby its JONSWAP spectrumandthe standardHermitetransformfor asymmetry

We first needto find the structureof the turning points which is definedby the min-to-max
densityby themethodsn Section3.4.5.We startby computinganapproximationrGmM3herm of
the min-maxdensityby meansof the cycle distribution routinespec2cmat . Thetypeof cycleis
specifiedby a cycle parameterin thiscaseMm’ .

GmM3_herm= spec2cmat(spec,[], Mm',[],[],2);

Theresultis seenn Figure4.12.
Thenwe approximatehe distribution of the turning pointsby a Markov chainwith transitions
betweerextremacalculatedrom GmM3herm, andby (4.5) computethe rainflowv matrix.

Grfc_herm = mctp2drfim({GmM3_herm.f,[1});

In WAFO, therainflow matrix canbe calculateddirectly from the spectrumby the cycle distri-
butionroutinespec2cmat by specifyingthe cycle parameteto 'rfc’

Grfc_direct_herm = spec2cmat(spec,[],’rfc’,[1,[1,2);
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Theoutputis a structurearraywhich containgherainflov matrixin thecell .f .
Themin-maxmatrix GmM3herm andtherainflov matrix Grfc _herm areshowvn togetherin
Figure4.12,obtainedusingthefollowing commands.

clf
u_herm = levels(param_o);
cmatplot(u_herm,u_herm,{GmM3_herm.f Grfc_herm},4)
subplot(121), axis('square’), titte(’'min-max matrix’)
subplot(122), axis('square’), titte(Theoretical rainflow matrix’)
min—max matrix Theoretical rainflow matrix
2
15
1
% 0.5
= 5 '
-0.5
-1 -1
-15 -15
-1 0 1 2 -1 0 1 2
min min

Figure 4.12: min-maxmatrix and theoetical rainflow matrix for Hermite-tansformedGaussian
waves.

We can also comparethe theoreticalmin-max matrix with the obsened cycle countandthe
theoreticalrainflow matrix with the obsered one.In both comparisonsve smooththe obsened
matrix to get moreregular structure We alsoillustrate the multi-plotting capacityof the routine
cmatplot

tp_herm=dat2tp(xx_herm);
RFC_herm=tp2rfc(tp_herm);
mM_herm=tp2mm(tp_herm);

h = 1;

FmM_herm_smooth = cc2cmat(param_o,mM_herm,[],1,h);

Frfc_herm_smooth = cc2cmat(param_o,RFC_herm,[],1,h);

T_herm=xx_herm(end,1)-xx_herm(1,1);

clf

cmatplot(u_herm,u_herm,{FmM_herm_sm ooth GmM3_herm.f*T_herm/2;...
Frfc_herm_smooth Grfc_herm*T_herm/2},4)

subplot(221), axis('square’), titte('Observed smoothed min-max matrix’)

subplot(222), axis('square’), titte(Theoretical min-max matrix’)

subplot(223), axis('square’), titte('Observed smoothed rainflow matrix’)

subplot(224), axis('square’), titte(Theoretical rainflow matrix’)

4.3.5 Simulation from crossingsor rainflow structure

In fatigue experimentsit is importantto generatdoad sequencesvith a prescribedrainflow or
othercrossingproperties Besidesthe previously usedsimulationroutinesfor Markov loadsand
spectrumloadsWAFO containsalgorithm for generationof randomload sequencesvhich has
a specifiedaveragerainflow distribution or a specifiedirregularity and crossingspectrum.These
routinesarerfc2load andlc2sdat |, respectiely.
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Figure 4.13: Observedsmoothedand theometical min-maxmatrix, (and bservedsmoothedand
theoetical rainflowmatrix for Hermite-tansformedsaussianwaves.

Simulation from crossingstructure

Theroutinelc2sdat  simulatesa load with specifiedirregularity factorand crossingspectrum.
We first estimatethesequantitiesin the simulatedHermite transformedGaussiarioad, andthen
simulateserieswith thesamecrossingspectrunmbut with varyingirregularity factor The sampling
variability increasesvith decreasingrregularity factor asis seenn Figure4.14. Thefigureswere
generatedby thefollowing commands.

clf

cross_herm=dat2lc(xx_herm);

alphal=0.25;

alpha2=0.75;

xx_herm_sim1=lc2sdat(500,alphal,cros s_herm);

cross_herm_siml=dat2lc(xx_herm_sim1) ;

subplot(211)

plot(cross_herm(:,1),cross_herm(:,2) /max(c ross_ herm( :,2)))

hold on

stairs(cross_herm_sim1(:,1),...
cross_herm_sim1(:,2)/max(cross_herm_si mi(:, 2)))

hold off

titte("Crossing intensity, \alpha = 0.25)

subplot(212)

plot(xx_herm_sim1(:,1),xx_herm_sim21( 52))

titte('Simulated load, \alpha = 0.25)

xx_herm_sim2=lc2sdat(500,alpha2,cros s_herm);
cross_herm_sim2=dat2lc(xx_herm_sim2)

subplot(211)

plot(cross_herm(:,1),cross_herm(:,2) /max(c ross_ herm( :,2)))
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hold on

stairs(cross_herm_sim2(:,1),...
cross_herm_sim2(:,2)/max(cross_herm_ sim2( :,2)))

hold off

title('Crossing intensity, \alpha = 0.75")

subplot(212)

plot(xx_herm_sim2(:,1),xx_herm_sim2 2 )

titte('Simulated load, \alpha = 0.75)

Crossing intensity, a = 0.25 Crossing intensity, a = 0.75
T T T T

0.5r 0.5r

-3 -2 -1 0 1 2 3 4 5 -3 -2 -1 0 1 2 3 4 5

Simulated load, a = 0.25 Simulated load, a = 0.75
2 T T T T 4 T T
2L
0
of
ol ]
ot
—4 . . . . -4
0 100 200 300 400 500 0 100 200 300 400 500

Figure 4.14: Upperfiguresshowtarget crossingspectrum(smoothcurve)andobtainedspectrum
(wiggled curve)for simulatedprocessshownin lower figures.Irr egularity factor: left a =
0.25, right o = 0.75.

4.4 Fatigue damageand fatigue life distrib ution

4.4.1 Intr oduction

We shallnow give amoredetailedaccouniof how WAFO canbeusedto estimateandboundthe
fatiguelife distribution underrandomloading.The basicassumptionsrrethe Wohlercurve (4.1)
andthe Palmgren-Minerdamageaccumulatiorrule (4.2),

-1.-8
N(s)= {K Oos 2 z Z°°’ (4.6)
D(t)=3" ﬁ =K Y si = KDg(1). (4.7)

Here N(s) is thefatiguelife expectedirom constantamplitudetestwith amplitudes, and D(t) is
the total damagedat time ¢t causedoy variableamplitudecycles s, which have beencompleted
beforetime¢. Thedamagentensityds = D(¢)/t for larget is theamountof damagepertime unit.

Most informationis containedn the cycle amplitudedistribution, in particularin the rainflow
cycles,in which case(4.7) becomes,

D)= z\; = S K(sF), SO = (My - mFC) /2.

t <t Sk tp <t
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The rainflow cycle countRFCcandirectly be usedfor predictionof expectedfatiguelife. The
expression(4.3) givesthe expectedtime to fatiguefailure in termsof the materialconstant and
the expecteddamageper cycle dg. The parameters and3 canbe estimatedrom an S-N curve.
In the examplesherewe will usee = 5.5 - 1071%, 3 = 3.2; seeSection4.4.4.For our seaload
XX _sea thecomputationgjo directly from therainflow cyclesasfollows:

beta=3.2; gam=5.5E-10; T_sea=xx_sea(end,1)-xx_sea(1,1);

d_beta=cc2dam(RFC_sea,beta)/T_sea;
time_fail=1/gam/d_beta/3600

giving the time to failure 5.9693e+006 whentime to failure is countedin hours(= 3600
sec).Obviously this load causedittle damageo the materialwith the specifiedpropertiessince
thefailuretimeis almost700years.

4.4.2 Level Crossings

We have in Section4.3.5seenhow the crossingsintensity containsinformation aboutthe load
sequencandhow it canbeusedfor simulation.We shallnow investigateherelationbetweerthe
crossingntensity therainflow cyclesandthe expectedfatiguelife.

We usethe Markov modelfrom Section4.3.3for thesequencef turningpointsasanexample.
Firstwe go from the rainflov matrix to the crossingntensity

mu_markov = cmat2lc(param_m,Grfc_markov);

muObs_markov = cmat2lc(param_m,Frfc_markov/(T_markov 12));

clf

plot(mu_markov(:,1),mu_markov(:,2),. .
muObs_markov(;,1),muObs_markov(:, 2),- )

titte(Theoretical and observed crossing intensity )

The plot, shawvn in Figure 4.15, compareghe theoreticalupcrossingntensity mu. markov
with the obsened upcrossingntensity muObs markov , ascalculatedfrom the theoreticaland
obseredrainflov matrices.

4.4.3 Damage

The WAFO toolbox containsa numberof routinesto computeandboundthe damageasdefined
by (4.7),inflicted by a load sequenceThe mostimportantroutinesarecc2dam andcmat2dam
which givethetotaldamagdrom acycle countandfrom acycle matrix, respectrely. More detailed
informationis givenby cmat2dmat , which givesadamagenatrix, separatefbr eachcycle,from
acycle matrix. An upperboundfor total damagdrom level crossingss givenby Ic2dplus

We first calculatethe damageby the routinescc2dam for a cycle count(e.g.rainflow cycles)
andcmat2dam for a cycle matrix (e.g.rainflov matrix).

beta = 4;
Dam_markov = cmat2dam(param_m,Grfc_markov,beta)
DamObsl1_markov = cc2dam(u_markov(RFC_markov),beta)/( T_mark ov/2)

DamObs2_markov cmat2dam(param_m,Frfc_markov,beta)/ (T_mar kov/2 )

HereDam_markov is thetheoreticaldamageper cycle in the assumedviarkov chainof turn-
ing points,while DamObslandDamObs2give the obsened damageper cycle, calculatedrom
the cycle countand from the rainflow matrix, respectrely. For this model the result shouldbe
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Theoretical and observed crossing intensity
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Figure 4.15: Crossingintensityas calculatedfromthe Markov matrix (solid curve)andfromthe
observedainflowmatrix (dasheccurve).

Dam_markov = 0.0073 for thetheoreticaldamageandvery closeto this valuefor the simu-
latedseries.

The damagematrix is calculatedby cmat2dmat . It shovs how the damageis distributed
amongthedifferentcyclesasillustratedin Figure4.16.The sumof all theelementsn thedamage
matrix givesthetotal damage.

Dmat_markov = cmat2dmat(param_m,Grfc_markov,beta);

DmatObs_markov = cmat2dmat(param_m,Frfc_markov,beta Y(T_ markov /2);}
clf

subplot(121), cmatplot(u_markov,u_markov,Dmat_marko v,4)
titte(Theoretical damage matrix’)

subplot(122), cmatplot(u_markov,u_markov,DmatObs_ma rkov, 4)
titte('Observed damage matrix’)

sum(sum(Dmat_markov))
sum(sum(DmatObs_markov))

It is possibleto calculatean upperboundon the damageantensityfrom the crossingsntensity
only, without using the rainflow cycles. This is doneby the WAFO routinelc2dplus , which
workson ary theoreticalor obsenedcrossingntensityfunction.

Damplus_markov = Ic2dplus(mu_markov,beta)

4.4.4 Estimation of S-Ncurve

WAFO containsroutinesfor computatiorof parameterén the basicS-N curve (4.1), for therela-
tion betweertheload cycle amplitudes andthefatiguelife N(s) in fixedamplitudetests.

K158 s> s,

4.8
o0 8 < Seoy (48)

N(s) = {
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Theoretical damage matrix Observed damage matrix
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Figure 4.16: Distribution of damage from different RFC cycles,from calculatedtheoretical and
fromobservedainflowmatrix.

whereK is amaterialdependentandomvariable.Thevariationof K is oftentakento belognor
mal,
K = Ee™,

wheree is afixed parameterdependingon material,andln E hasa normaldistribution with mean
0 andstandardieviationog. Thus,therearethreeparametere, 3, og, to beestimatedrom anS-N
experiment.Takinglogarithmsin (4.1) the problemturnsinto a standardegressiorproblem,

InN(s)=—InE —Ine— Blns,

in whichthe parametersaneasilybe estimated.

Thetoolbox containsa datasetSNwith fatiguelivesfrom 40 experimentswith s = 10, 15, 20,
25,and30 MPa, in groupsof five. Theestimationroutineis calledsnplot , which performsboth
estimationandplotting; seehelp snplot

Firstload SN-dataandplot in log-log scale.

load SN
clf
loglog(N,s,’0’), axis([0 14e5 10 30])
To further checkthe assumption®f the S-N-modelwe plot the resultsfor eachs-level sepa-
rately on normal probability paper As seenfrom Figure4.17 the assumptionseemsacceptable
sincethedatafall of almostparallelstraightlines.

wnormplot(reshape(log(N),8,5))
The estimationis performedand fitted lines plottedin Figure 4.18, with linear and log-log
plotting scales:

[e0,beta0,s20] = snplot(s,N,12)
titte('S-N-data with estimated  N(s)’,’FontSize’,20)
set(gca,'FontSize’,20)

giveslinearscaleand

[e0,beta0,s20] = snplot(s,N,14)
titte('S-N-data with estimated  N(s)’,’FontSize’,20)
set(gca, FontSize’,20)

giveslog-log scales.
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Normal probability plot
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Figure4.17: Chedk of S-N-modebn normalprobability paper
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Figure 4.18: Estimationof S-N-modebn linear andlog-log scale
4.4.5 From S-N-curveto fatigue life distrib ution

The Palmgren-Minerhypothesisstatesthat fatiguefailure occurswhenthe damageexceedsone,
D(t) > 1. Thus,if thefatiguefailuretime is denotedby T then

P(T; <t) = P(D(t) > 1) = P(K < eDg(t)).

Here K = E~le¢ takescareof the uncertaintyin the material.In the previous sectionwe used
and estimateda lognormaldistribution for the variationof K arounde, whenwe assumedhat
In K = 1lne — In F is normalwith meanln e andstandardieviationog.

The cycle sum Dg(t) is the sumof a large numberof damageterms,only dependenbn the
cycles.For loadswith shortmemoryonecanassumehat Dg(t) is approximatelynormal,

Dﬁ(t) =~ N(dgt, O'; t),

where
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ds = lim Ds(t) V(Ds(t))
t—o00 t

Thusthe fatiguelife distribution can be computedby combiningthe lognormaldistribution

for K with the normaldistribution for Ds(t). Denotingthe standarchormaldensityanddistribu-

tion functionsby ¢(z) and®(z), respectrely, an approximatesxplicit expressionfor the failure

probabilitywithin timet is

o (Ine+Indgt+1In(1+ -2,
P(Tf<t)m/ @(ne n dgt + Ind dﬁﬁZ)>¢(z)dz. (4.9)

- —00 OR

and ag = tlim
— 00

We have alreadyestimatedhe materialparameters = €0, 3 = betaO , ando% = s20, in
the S-N data,sowe needthe damagentensitydz andits variability o for theactingload.
We first investigatehe effect of uncertaintyin the 3-estimate.
beta = 3:0.1:8;
DRFC = cc2dam(RFC_sea,beta);
dRFC = DRFC/T_sea;

plot(beta,dRFC), axis([3 8 0 0.25)])
titte(Damage intensity as function of \beta’)

Theplotin Figure4.19shownstheincreasen damagewith increasings.

Damage intensity as function of 8
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Figure 4.19: Increasingdamaye intensityfromsea-loadwith increasingg.

Next, we shallseehow the load effect variability affectsthefatiguelife. We usethreedifferent
valuesfor a%, namely0, 0.5, and5. With betaO , e0, s20 estimatedn Sectiord.4.4,we compute
andplot thefollowing threepossiblefatiguelife distributions.

damO = cc2dam(RFC_sea,beta0)/T_sea;

[tO,FO] = ftf(e0,dam0,s20,0.5,1);
[t1,F1] = ftf(e0,dam0,s20,0,1);
[t2,F2] = ftf(e0,dam0,s20,5,1);

plot(t0,F0,t1,F1,t2,F2)
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Fatigue life distribution function
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Figure 4.20: Fatiguelife distributionwith seaload.

Here,thefourth parameters thevalueof ag usedin thecomputationseehelp  ftf

Theresultingfatiguelife distributionfunctionis shaovnin Figure4.20.As seenthecurvesare
identical, indicating that the correctvalue of ¢3 is not importantfor suchsmall e-valuesasare
at handhere.Hence,onecan useag = 0, andassumehat the damageaccumulatiorprocesss
proportionatlto time.

4.4.6 Fatigue analysisof complexloads

Loadswhich causefatigueare rarely of the homogeneousand stationarycharacterasthe loads
usedin the previoussectionsOnthe contrary typical load characteristiceftenchangeheirvalue
duringthelife time ochastructurefor example Joadspectraonanairplaneparthave verydifferent
fatigue propertiesduring the differentstagesof an air mission.Marin loadson a ship are quite
differentduring the loading and unloadingphase ,comparedo a loadedoceanvoyage,andthe
sameholdsfor any roadvehicle.

The WAFOcanbeusedto analyzealsoloadsof complex structureandwe shallillustratesome
of thesecapabilitiesin this section.The To be eligible for WAFO-analysigheloadshasto have a
piecavise stationarycharacterfor examplethe meanlevel or the standardieviation may take two
distinctlevelsandchangeabruptly or thefrequeng contentcanalternatebetweertwo modesone
irregularandonemoreregular. Suchprocessesire calledswitching processesA flexible family
of switchingloadsarethosewherethe changebetweenthe differentstationarystatess governed
by a Markov chain.WAFO containsa specialpackageof routinesfor analysisof suchswitching
Markov loads,basedon methodsrom [20, 22].

In thefollowing exampletheload alternatedetweerntwo differentmeanlevels, corresponding
to oneheavy-load state(1) andonelight-loadstate(2). In Figure4.21the obsenedloadis shovn
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in the upperpart. The alternatingcurve in the lower partshovs wherethe load switchesbetween
thetwo states.
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Figure 4.21: Simulatedswitchingload with two statesUppergraphshowsheload,andthestates
are indicatedin thelower graph.

Aslongastheloadis in oneof thestategherainflow cyclesaremadeup of alternationdbetween
turning pointsbelongingonly to that partof the load. Whenthe statechangegshereis introduced
extra rainflow cycle with larger amplitudeamplitude.Theseextra cyclescanbe seenin the total
rainflow matrix, shovn in Figure4.22. The two large groupsof cyclesaround(min,max)= (0.5,
0.75)and(min,max)= (0, 0) comefrom stateq1) and(2), respectiely. The contribution from the
switchingis seenin the smallassemblyof cyclesaround(min,max)= (-0.5, 1).

More detailson how to analyseandmodelswitchingloadscanbefoundin [19].
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Figure 4.22: 3D-plot (left) andisolines(right) of calculatedrainflowmatrix for switching loadin
Figure4.21.Thedotsin theright figure are the observedainflowcycles.
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CHAPTER 5
EXTREME VALUE ANALYSIS

Of particularinterestin wave analysisis how to find extremequantilesand extreme significant
valuesfor awave series Oftenthisimpliesgoingoutsidetherangeof obseneddata,i.e. to predict,
from a limited numberof obsenations,how large the extremevaluesmight be. Suchanalysisis

commonlyknown asWeibull analysisor Gumbelanalysis from thenamesof two familiar extreme
valuedistributions. WA FO containsroutinesfor fitting of suchdistributions,bothfor the Weibull

andGumbeldistributions,andfor two moregeneratlasse®f distributions,the GenearlizedPareto
Distribution (GPD) andthe GenealizedExtremeValuedistribution (GEV).

5.1 Weibull and Gumbel papers

TheWeilhull andGumbeldistributions,thelatteralsocalledthe extremevaluedistribution, aretwo
extremevaluedistributionswith distribution functions

Weihull: Fw(z;a,¢)=1—e 9 >0, (5.1)
Gumbel:  Fg(z;a,b) =exp (—e_(w_b)/a> , —oo< < 00. (5.2)

TheWeihull distributionis oftenusedasdistributionfor randomquantitiesvhich arethe minimum
of alargenumberof independentor weaklydependentidenticallydistributedrandomvariableslt
is oftenusedasa modelfor randomstrengthof material,in which caseit wasoriginally motivated
by the principle of wealestlink. Similarly, the Gumbeldistribution is usedasa modelfor values
which aremaximaof alarge numberof independentariables.

Sinceonegetsthe minimum of variablesey, ., . . ., ,, by changingthe sign of the maximum
of —x;, —x,, ..., —x,, onerealiseghatdistributionssuitablefor the analysisof maximacanalso
be usedfor analysisof minima.Boththe Weibull andthe Gumbeldistribution aremembersf the
classof GeneralizedExtremeValuedistributions(GEV), which we shalldescriben Section5.2.

We beggin herewith anexampleof Weibull andGumbelanalysiswherewe plot dataandempiri-
caldistributionandalsoestimataheparameters, b, cin (5.1)and(5.2).Thefile atlantic.dat
containssignificantwave-heightdatarecordedapproximatelyl4 times a monthin the Atlantic
Oceanin December Februaryduring sevenyearsandat two locations.The datais storedin the
vectorHs. We try to fit a Weibull distributionto this dataset:

Hs = load('atlantic.dat’);
wei = wweibplot(Hs)
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This will resultin a two elementvectorwei = [ahat chat] with estimatedvaluesof the
parameterga, c) in (5.1). Theempiricaldistribution function of theinput datais plottedautomat-
ically in aWeihull diagramwith scaleschoserto make thedistribution functionequalto a straight
line. The horizontalscaleis logarithmicin the obsenationsz, andtheverticalscaleis linearin the
reducedvariablelog(— log(1 — F(x))); seeFigure5.1(a).Obviously, a Weibull distributionis not
very well suitedto describethe significantwave-heightdata.To illustrate the useof the Gumbel
distribution we plot andestimatehe parametersa, b) in the Gumbeldistribution (5.2) for thedata
in Hs. Thecommand

gum=wgumbplot(Hs)
resultsin avectorgumwith estimatedvaluesjahat bhat] andtheplotin Figure5.1(b).Here
thehorizontalaxisis linearin the obsenationsz andthe verticalaxis carriesthereducedvariable
—log(—log(F'(z))). The datashaws a betterfit to the Gumbelthanto a Weibull distribution.
A distribution which is often hardto distinguishfrom the Gumbeldistribution is the Lognormal

distribution, and makinga Normal probability plot of the logarithmof Hs in Figure5.1(c)also
shaws agoodfit:

wnormplot(log(Hs),1,0);

Theparameteestimationin wgumbplot andwweibplot is doneby fitting a straightline to
the empiricaldistribution functionsin thediagramsandusingtherelations

log{—log[1 — Fw(z;a,c)]} = clog(z) — clog(a) (5.3)

and
—log{~ log[Fa(x;a,b)]} = ¢/a — b/a, (5.4)

torelateparameterso interceptsandslopesof theestimatedines.In thefollowing sectionwe shall
describesomemore statisticaltechniquedor parameteestimationin the GeneralizedExtreme
Valuedistribution.

5.2 GeneralizedPareto and Extr emeValue distrib utions

The GeneralizedParetoDistribution (GPD) hasthedistribution function

GPD:  Fleiho) = 1—-(1—kz/o)/*, ifk+0, 55
. nherT 1—exp{—z/c}, if k=0, .

for0 < z < oo if £k < 0andfor0 < z < o/k if & > 0. The GeneralizedExtremeValue
distribution (GEV) hasdistribution function

exp {—(1 —k(x - u)/a)l/k}, if kK #£0,
exp {—exp{—(z — p)/o}}, if k=0,

for k(z — n) < o, 0 > 0, k, p arbitrary Thecasek = 0 is interpretedasthelimit whenk — 0 for
bothdistributions.

GEV: F(z;k,pu,0) = { (5.6)
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Figure5.1: (a) Significantwave-heightlataon Weibull paper (b) on Gumbelpaperand(c) loga-
rithm of dataon Normal probability paper

Note thatthe Gumbeldistributionis a GEV distribution with £ = 0 andthatthe Weibull dis-
tribution is equalto areversedGEYV distributionwith £ = 1/c, 0 = a/c, andu = —a, i.e.if W
hasa Weibull distribution with parametersa, c¢) then—W hasa GEV distributionwith £ = 1/e,
o=a/c,andy = —a.

The estimationof parametersn the GPD and GEV distributionsis not a simple matter and
no generalmethodexists which hasuniformly good propertiesfor all parameteicombinations.
WAFO containsalgorithmsfor plotting of distributionsand estimationof parametersvith four
differentmethodssuitablein differentregions.

5.2.1 GeneralizedExtremeValue distrib ution

For the GeneralizedExtremeValue (GEV) distribution the estimationmethodsusedin WAFO
arethe Maximum Likelihood (ML) methodandthe methodwith Probability WeightedMoments
(PWM), describedn [43, 17]. The programshave beenadaptedo MATLAB from a packageof
S-Plusroutinesdescribedn [4].

We startwith the significantwave-heightdatain Hs. Thecommand

[gev cov]=wgeVfit(Hs);
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will giveestimategev = [khat sigmahat muhat] of theparametersk,o, 1) in theGEV
distribution (5.6) basedon dataHs. The optional outputmatrix cov will containthe estimated
covariancematrix of the estimatesThe programalso gives a plot of the empirical distribution
togethemwith the bestfitted distribution; seeFigure5.2.

Empirical and GEV estimated cdf (PWM method)

10 12 14

Figure 5.2: Empirical distribution of significantwave-heightvith estimatedsenenlizedExtreme
Valuedistribution.

Thedefaultestimatioralgorithmfor the GEV distributionis themethodwith ProbabilityWeighted
Moments(PWM). An optional secondagument,wgevfit(Hs, method) , allows a choice
betweenthe PWM-method(whenmethod = ’'pwm’ ) andthe alternatve ML-method (when
method = 'ml’ ). Thevariance®ftheML estimatesreusuallysmallerthanthoseof thePWM
estimatesHowever, it is recommendedthatonefirst usesthe PWM method,sinceit worksfor a
wider rangeof parametewalues.

5.2.2 GeneralizedParetodistrib ution

FortheGeneralizedParetodistribution (GPD)the WA FO useghemethodwith ProbabilityWeighted
Moments(PWM), describedn [18], andthe standardnethodof Moments(MOM), aswell asa
generaimethodsuggestedby Pickandsn [40]. S-Plusroutinesfor thesemethodsaredescribedn
[4].

The GPD s often usedfor exceedancesver high levels, andit is well suitedasa modelfor
significantwave heights.To fit a GPD to the exceedancesf thresholds3 and7 of valuesin Hs,
oneusesthecommands

[gpd3  cov] = wgpdfit(Hs(Hs>3)-3);
figure
[gpd7  cov] = wgpdfit(Hs(Hs>7)-7);

Thiswill giveestimategpd = [khat sigmahat] oftheparametergk, o) intheGeneralized
Paretodistribution (5.5) basednexceedanceataHs(Hs>u)-u . Theoptionaloutputmatrixcov
will containthe estimatectovariancematrix of the estimatesThe programalsogivesa plot of the
empiricaldistribution togethemwith thebestfitted distribution; seeFigure5.3. Herethefit is better
for exceedanceeverlevel 7 but therearelessdataavailable.
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Figure 5.3: (a) Exceedancesf significantwave-heightlataover level 3, (b) overlevel 7.

The choice of estimationmethodis rather dependenbn the actual parametewvalues. The
default estimationalgorithm in the WAFO for estimationin the GeneralizedPareto distribu-
tion is the Pickands’(PKD) estimator This estimatorgives generallygood estimatesof the pa-
rameterk in (5.5) for —5 < k < 5, andit is alsorecommendedor estimationof ¢ if £ <

—0.5. The optionalsecondargument,wgpdfit(Hs(Hs>u)-u, method) , givesachoicebe-
tween Pickands’method(whenmethod = ’pkd’ ), the Moment method(whenmethod =
'mom’ ), and the PWM-method(when method = 'pwm’ ). It is recommendedhat one first

usesPickands’methodto getan estimateof £, andthenif necessaryimprovesthe estimatedy
meansof the PWM or Momentmethod.
It is possibleto simulateindependenGEV andGPD obsenationsin WAFO. Thecommands

Rgev = wgevrnd(0.3,1,2,1,100);

empdistr(Rgev);

hold on

gp = wagevfit(Rgev,' pwm’,[],0);

x=sort(Rgev);

plot(x,wgevcdf(x,gp(1),9p(2),9p(3)) )

gm = wgevfit(Rgev,'ml’,gp,0);
plot(x,wgevcdf(x,gm(1),gm(2),gm(3)) J=)
hold off

simulates100 valuesfrom the GEV distribution with parameterg0.3, 1, 2), then estimateghe
parametersising two different methodsand plots the estimateddistribution functionstogether
with the empiricaldistribution. Similarly for the GPDdistribution;

Rgpd = wgpdrnd(0.4,1,1,100);
empdistr(Rgpd);

hold on

gp = wgpdfit(Rgpd,’pkd’,0);
x=sort(Rgpd);
plot(x,wgpdcdf(x,gp(1),9p(2)))
gm = wgpdfit(Rgpd,’mom’,0);
plot(x,wgpdcdf(x,gm(1),gm(2)),--")
gw = wgpdfit(Rgpd, pwm’,0);
plot(x,wgpdcdf(x,gw(1),gw(2)),”:")
hold off
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with the threedifferentmethodsof parameteestimation.The resultsare shavn in Figure5.4(a)
and(b).

(a) (b)

CDF CDF

X

Figure 5.4: Empirical distributionsand estimateddistribution functionsfor 100 observationsof
GEV(a) andGPD (b) variables.

WAFO containsrandomnumbergeneratorgrom a broadvariety of distributions; seehelp
Contents andSection5.4.

5.3 POT-analysis

PeaksOver Thresholdanalysis(PQOT) is a systematiovay to analysethe distribution of the ex-
ceedancesver high levelsin orderto estimateextremequantilesoutsidethe rangeof obsered
values.The methodis basedon the obsenation thatthe extremetail of a distribution oftenhasa
rathersimpleandstandardizeform regardlesof theshapeof themorecentralpartsof thedistribu-
tion. Onethenfits suchasimpledistributiononly to thoseobsenationswhich exceedsomesuitable
level, with the hopethatthis fitted distribution givesan accuratdit to therealdistribution alsoin
themoreextremeparts.Thelevel shouldbe choserhigh enoughfor thetail to have approximately
thestandardizeéorm, but notsohighthatthereremaingoo few obsenationsaboveit. After fitting
a tail distribution one estimateghe distribution of the (random)numberof exceedancesver the
level, andthen combinesthe tail distribution of the individual exceedancewith the distribution
for thenumberof exceedance® find thetotal tail distribution.

The simplestdistribution to fit to the exceedancesver a level u is the GeneralizedPareto
distribution, GPD, with distribution function (5.5). Note that if a randomvariable X follows a
GeneralizedParetodistribution F'(z; k, o) thenthe exceedancesver a level « is alsoGPD with
distribution function F(z; k, o — ku) with thesamek-parameteandwith scaleparametet — ku,

(1_ku_+y)1/k y 1/k
P(X>u+y|X>u):<1T:)1/k= (1—km) .

o
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Anotherimportantpropertyof the GeneralizedParetoDistribution is thatif £ > —1, thenthe
meanexceedancever alevel v is alinearfunctionof u:

o—ku

EX—-ul|X>u)= T h

Thefollowing commandsllustratethis for the significantwave heightdata:

u=linspace(2,10,200);

for i=1:length(u)

m(i)=mean(Hs(Hs>u(i)));

end

plot(u,m-u)

xlabel('u’)

titte(Mean exceedance over level U

Theresultis plottedin Figure5.5,andseemdor « > 7 exhibit analmostlinearrelationship.

Mean exceedance over level u

35

0.5,
2

Figure 5.5: Estimated=xpectedexceedancever level v asfunctionof u.

If oneis successfuin fitting a GeneralizedParetodistribution to the tail of a setof data,one
would like to usethe GPD to predicthow extremevaluesmight occurover a certainperiod of
time. Onecoulde.g.wantto predictthe mostextremewave heightthatwill appearduringayeat
If thedistribution of theindividual significantwave heightexceedances GPD onecaneasilyfind
e.g.thedistribution of thelargestvalueof afixednumberof exceedanceddowever, the numberof
exceedancess not fixed but random,andthenonehasto combinethe distribution of the random
individual exceedanceswvith the randomnumberof exceedancesvV beforeone cansayanything
aboutthe total maximum.If the level « is high we can, dueto the Poissonapproximationof
the Binomial distribution and neglectingthe dependencef nearbyvalues,assumeV to have an
approximatePoissordistribution.

Now thereis a nice relationshipbetweernthe GeneralizedParetodistribution andthe General
izedExtremeValuedistributionin this respectthemaximunof a Poissondistributednumberofin-
dependenGPD variableshasa GEVdistribution. Thisfollows by simplesummatiorof probabili-
ties:if N is aPoissordistributedrandomvariablewith meanu, and My = max(X;, Xs, ..., Xn)
is the maximumof N independenGPDvariableshen,

P(MNgx):ZP(N:n)-P(Xl§x,X2§x,...,Xn§x)

n=0
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=3 e*“% : (1 (1- kf)l/k)
n=0 :

=exp {—(1 — k(a: — a)/b)l/k} )

whichis the GeneralizedExtremeValuedistributionwith b = o/p* anda = o(1 — p*) /k.

This meanghatwe canestimatehedistribution of themaximumsignificantwave heightduring
awinter (December February)monthfrom our datasetHs by fitting a GPDto the exceedances
oversomelevel u, estimatingu by thenumberof exceedanced’ dividedby thenumberof months
(7 x 3 x 2 = 42) andusetheabove relationto fit a GEV distribution:

gpd7=wgpdfit(Hs(Hs>7)-7,’pwm’,0);
khat=gpd7(1);

sigmahat=gpd7(2);
muhat=length(Hs(Hs>7))/(7*3*2);
bhat=sigmahat/muhat’khat;
ahat=7-(bhat-sigmahat)/khat;
x=linspace(5,15,200);
plot(x,wgevcdf(x,khat,bhat,ahat))

We have hereusedthethresholdu = 7 sincethe exceedancesever this level seemdo fit well to a
GPDdistributionin Figures5.3(b)and5.5. A largervaluewill improvethe Poissorapproximation
to thenumberof exceedancebut give uslessdatato estimatethe parameters.

Sincewe have datato computethe monthly maximammnover 42 monthswe canalsotry to fit a
GEV distributiondirectly:

for i=1:41 % Last month is not complete
mm(i)=max(Hs(((i-1)*14+1):i*14)); % Approx. 14 values each month
end

gev=wgevfit(mm);

hold on

plot(x,wgevcdf(x,gev(1),gev(2),gev(3 NS )

empdistr(mm)

hold off

Theresultsof thetwo methodsagreevery well in this caseascanbe seenin Figure5.6 where
the estimatedlistributionsareplottedtogethemwith the empiricaldistribution of mm

In practice,one doesnot always find a Poissondistribution for the numberof exceedances.
Sinceextremevaluessometime$ave atendeng to cluster somedeclusteringalgorithmcouldbe
appliedto identify the largestvaluein eachof the clusters andthenusea Poissordistribution for
thenumberof clusters.
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CDF
T
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Figure 5.6: Estimateddistribution functionsof monthly maximawith the POT method(solid),
fitting a GEV (dashed)yndthe empirical distribution.
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5.4 Summary of extremevalue procedures

help wstats

WAFO Toolbox
Version 1.0.2

/wstats
20-June-2000

Parameter estimation

wgevfit - Parameter estimates for GEV data

wgevlike - Is an internal routine  for wgevfit

wgpdfit - Parameter estimates for GPD data

wgumbfit - Parameter estimates and confidence intervals for Gumbel data
wgumblike - Is an internal routine  for wgumbfit

wraylfit - Parameter estimates and confidence intervals for Rayleigh data
wweibfit - Parameter estimates for Weibull data

wweibcfit - Is an internal routine  for wweibfit

wkurtosis - Computes sample Kkurtosis

wskewness - Computes sample skewness

Probability density  functions (pdf)

wchi2pdf - Chi squared probability density  function

wgampdf - Gammaprobability density  function

wgevpdf - Generalized Extreme Value probability density  function
wgpdpdf - Generalized Pareto probability density  function

wgumbpdf - Gumbel probability density  function

wnormpdf - Normal probability density  function

wraylpdf - Rayleigh  probability density  function

wweibpdf - Weibull  probability density  function

Cumulative  distribution functions (cdf)

wchi2cdf - Chi squared cumulative  distribution function

wgamcdf - Gammacumulative distribution function

wgevcdf - Generalized Extreme Value cumulative distribution function
wgpdcdf - Generalized Pareto cumulative distribution function
wgumbcdf - Gumbel cumulative distribution function

wnormcdf - Normal cumulative  distribution function

wraylcdf - Rayleigh  cumulative distribution function

wweibcdf - Weibull  cumulative distribution function

Inverse  cumulative  distribution functions

wchi2inv - Inverse of the Chi squared distribution function

wgaminv - Inverse of the Gammadistribution function

wgevinv - Inverse of the Generalized Extreme Value distribution function
wgpdinv - Inverse of the Generalized Pareto  distribution function
wgumbinv - Inverse of the Gumbell cumulative  distribution function
wnorminv - Inverse of the Normal distribution function

wraylinv - Inverse of the Rayleigh distribution function

wweibinv - Inverse of the Weibull distribution function

Random number generators

walpharnd
wchi2rnd
wgamrnd
wgevrnd
wgpdrnd
wgumbrnd
wmnormrnd
wnormrnd

Random matrices  from
Random matrices  from
Random matrices  from Gammadistribution

Random matrices  from Generalized Extreme-Value distribution
Random matrices from a Generalized Pareto Distribution
Random matrices from the Gumbel distribution.

Random vectors  from the multivariate Normal distribution
Random matrices from the Normal distribution

symmetric  alpha-stable distribution

a
a Chi squared distribution
a
a
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wraylrnd - Random matrices from a Rayleigh distribution

wweibrnd - Random matrices from the Weibull distribution
Statistical plotting

wgumbplot - Plots data on a Gumbel distribution paper

wnormplot - Plots data on a normal distribution paper

wqgplot - Plots empirical quantile vs empirical quantile

wraylplot - Plots data on a Rayleigh distribution paper

wweibplot - Plots data on a Weibull distribution paper

whisto - Plots a histogram

empdistr - Computes and plots the empirical CDF

cempdistr - Computes and plots the conditional empirical CDF
Statistics

wchi2stat - Mean and variance for the Chi squared distribution

wgamstat - Mean and variance for the Gammadistribution

wgevstat - Mean and variance for the GEYV distribution

wgpdstat - Mean and variance for the Generalized Pareto distribution

wgumbstat - Mean and variance for the Gumbel distribution

wnormstat - Mean and variance for the Normal distribution

wraylstat - Mean and variance for the Rayleigh

wweibstat - Mean and variance for the Weibull distribution

Hypothesis  Tests
wgumbtest - Tests whether the shape parameter in a GEVis equal to zero
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