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FOREWORD

This is apreliminarymanualandtutorial for thetoolboxWAFO for usetogetherwith MATLAB. It
consistsof anumberof MATLAB m-filestogetherwith executableroutinesfrom FORTRAN source,
andit requiresonly astandardMATLAB setup,with no additionaltoolboxes.

Theroutinesarebasedon algorithmsfor extremevalueandcrossinganalysis,developedover
many yearsby theauthorsaswell asresultsavilable in the literature.Referencesaregivento the
sourceof the algorithmswhenever it is possible.Thesereferencearegiven in the MATLABcode
for all theroutinesandthey arealsolistedin thelastsectionof this tutorial. If thereferenceis not
usedexplicitly in thetutorial it meansthatit is referredto in oneof theMATLAB m-files.

Theroutinescollectedin thetoolboxarespeciallydesignedfor analysisof wavecharacteristics
andthey aredescribedin a seriesof exampleson wave datafrom seasurfacemeasurementsand
otherloadsequences.Thereis sectionafor fatigueanalysisandfor generalextremevalueanalysis.
Thepresenttoolboxrepresentsa considerabledevelopmentof two earliertoolboxes,theFAT and
WAT toolboxes,for fatigueandwaveanalysis,respectively. ThesetoolboxeswerebothVersion1;
thereforeWAFO hasbeennamedVersion2.

Thepersonsthattakeactively partin creatingthis tutorial are:~ PerAndreasBrodtkorb1, PärJohannesson2, GeorgLindgren2, IgorRychlik 2, JesperRydén2,
EvaSjö 2, andMartin Sköld 2.

Many peoplehave contributed to our understandingof the problemsdealt with in this text,
first of all ProfessorRossLeadbetterat the Centerfor StochasticProcesses,Universityof North
Carolinaat ChapelHill, ProfessorKrzysztofPodǵorski, Dept.of MathematicsIUPUI, USA. We
would alsolike to particularlythankMichel OlagnonandMarc Provosto,at Institut Français de
Recherchespour l’Exploitation de la Mer (IFREMER), Brest,who have contributedwith many
enlighteningandfruitful discussions.

Otherpersonshaveputagreatdealof effort into WAFO andits predecessorsFAT andWAT are
MatsFrendahl,Finn Lindgren,andUlla Machado,all at MathematicalStatisticsat Lund Univer-
sity, andSylvie vanIseghem,IFREMER.

�
Departmentof MarineHydrodynamics,NTNU, Trondheim,Norway�
Centrefor MathematicalSciences,Lund University, Sweden.
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TECHNICAL INFORMATION

~ In this tutorial, theword WAFOwhenusedin pathspecificationsmeansthefull nameof the
WAFOmaincatalogue,for instanceC:\MATLAB\toolbox\contrib\wa fo .~ For helpon thetoolbox,write help wafo .~ TheMATLAB codeusedin this tutorial canbefoundin theWAFO catalogueWAFO/docs.~ TheWAFO homepage http://www.maths.lth.se/matsta t/waf o/ containsin-
formationon how to downloadWAFO, updates,known errors,etc. It alsocontainslinks to
exercisesandarticlesusingWAFO.

Commentsandsuggestionsaresolicited- sendto wafo@maths.lth.se .~ The first two digits in the versionnumberof this tutorial follows that of the toolbox, thus
TutorialVersion2.0.xxgoeswith ToolboxVersion2.0.yy.~ Tutorial Version2.0.02:This versionof theTutorial wasprintedandput on theWebAugust
9, 2000.It containsonly minor changescomparedto Version2.0.01.~ Theexamplesin thetutorial havebeensuccessfullytestedonToolboxVersion2.0.3.
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CHAPTER 1

INTRODUCTION

1.1 What is WAFO?

WAFO (Wave Analysis for FatigueandOceanography)is a toolbox of Matlab routinesfor sta-
tistical analysisandsimulationof randomwavesand randomloads. Using WAFO you can,for
example,calculatetheoreticaldistributionsof wave characteristicsfrom observed or theoretical
power spectraof theseaor find thetheoreticaldensityof rainflow cyclesfrom parametersof ran-
domloads.Thesearejust two examplesof varietyof problemsyoucananalyzeusingthis toolbox.

Therearethreemajoraudiencesto which this toolboxcanhave a greatof appeal.First, ocean
engineers will find a very comprehensivesetof computationaltoolsfor statisticalanalysisof ran-
dom wavesandship’s responsesto them.Second,the toolbox containsa numberof procedures
of theprime importancefor mechanicalengineers working in theareasof randomloadsaswell
asdamageandfatigueanalysis. Finally, any researcher who is interestedin statisticalanalysisof
randomprocesseswill find herean extensive andup-to-datesetof computationalandgraphical
toolsfor her/hisstudies.

In arandomwavemodel,likethatfor Gaussianor transformedGaussianwaves,thedistribution
of wavecharacteristicssuchaswaveperiodandcrest-troughwaveheightcanbecalculatedby high
accuracy for almostany spectraltype.WAFO is a third-generationpackageof Matlabroutinesfor
handlingstatisticalmodelling,calculationandanalysisof randomwavesandwave characteris-
tics andtheir statisticaldistributions.The packagealsocontainsroutinesfor cycle countingand
computationin randomloadmodels,in particulartherainflow countingoftenusedin fatiguelife
prediction.

Randomwave distributionsarenotoriouslydifficult to obtainin explicit form from a random
wave model,but numericalalgorithms,basedon the so-calledregressionapproximation,work
well. This methodto calculatewave distributionsis theonly known methodthatgivescorrectan-
swersvalid for generalspectra.Thetheoreticalbackgroundis reviewedin [32] andcomputational
aspectsandalgorithmsin [52].

The algorithmsare basedon a specificationof the randomwaves by meansof their (uni-
directionalor directional)spectrum,andon theunderlyingassumptionof linearwave theoryand
Gaussiandistribution. However, a transformationof seaelevation datacanbe madeto obtaina
desired(horizontal)asymmetricmarginaldistribution.

A first completetoolboxFAT (FatigueAnalysisToolbox)waspresentedin 1993,[14]. It was
followed by WAT (Wave Analysis Toolbox) in 1995, [53] 1, being extendedwith routinesfor�

http://www.maths.lth.se/matstat/staff/georg/watinfo.html
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probabilistic-modelling� problemsin oceanography. In WAFO, many new numericalroutineshave
beenintroduced,anda considerableimprovementin computationalspeedandaccuracy hasbeen
achieved.WAFO allowstreatmentof morecomplicatedproblems;for example,spatialwaveswith
time dynamicscanbehandled,thusextendingtheanalysisto randomfields.Algorithmsfor rain-
flow analysisof switchingMarkov chainsareincluded,aswell asfor decompositionof therainflow
matrix.Many of thenew toolsaretheresultof recentresearch,e.g.[54], [42], [41], [22], and[7].

Further, WAFO hasamodularstructure,souserscaneasilyaddtheirown algorithmsfor special
purposes.Themodulesof thetoolboxhandle~ wave/loaddataanalysisandestimation,~ spectraldistributions,~ transformationto Gaussianmarginals(exactdistributions),~ simpleparametricapproximationsto wavecharacteristicdistributions,~ simulationof GaussianandMarkovianwave/loadtimeseries,~ extremevalueandotherstatisticalanalysis,~ cyclecounting,~ rainflow cycleanalysisandcalculation,~ fatiguelife calculation,~ smoothingandvisualization.

In thefollowingsection,wediscussin moredetailtheideaof themodularstructure.Thatsection
is followedby an overview of the organizationof WAFO, presentingsomeof thecapabilitiesof
thetoolbox.Finally, we givea numberof examplesto demonstratetheuseof someof thetoolsin
WAFO for analysisandmodelling.

1.2 Philosophy – somefeaturesof WAFO

A commonproblemwith researchinvolving complex scientific(numerical)computationsis that
whenresearcherstry to advanceandleveragetheir colleagueswork, they oftenspenda consider-
ableamountof time just reproducingit.

Often after few monthssincethe completionof their own work, authorsare not capableof
reproducingit without a greatdealof agony, dueto variouscircumstancessuchasthe lossof the
original input dataor/andparametervaluesetc.Thusmany scientificarticlesarereproduciblein
principle,but not in practice.

To dealwith this andto organizecomputationalscientificresearchandhenceto conveniently
transferour technology, we imposea simplefiling disciplineon the authorscontributing to the
WAFO-toolbox.(A positive sideeffect of this disciplineis a reducedamountof errorswhich are
proneto occurin computationalscience.)

This philosophyis adoptedfrom thearticleby MatthiasSchwabet al “Making scientificcom-
putationsreproducible”(http://sepwww.stanford.edu/rese arch/ redo c/ ).

The ideais to develop reproducibleknowledgeaboutthe resultsof thecomputationalexperi-
ments(research)doneat Lund University andto make it availableto otherresearchersfor their
inspection,modification,re-useandcriticism.
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As aconsequence,WAFO is freelyavailablethroughtheInternet2. Otherresearcherscanobtain
heretheMatlabcodewhichgeneratedfiguresin articlesandreproducethem.They canif they wish
modify the calculationsby editing the underlyingcode,input argumentsandparametervalues.
They canusethealgorithmsonotherdatasetsor they cantry their own methodson thesamedata
setsandcomparethemethodsin a fastandeasyfashion.

This is the reasonof existencefor theWAFO/paper directorywhich containssubdirectories
includingscriptsfor recreatingfiguresin publishedarticlesandtechnicalreports.Eacharticlehas
its own subdirectory. Thedirectoriescontaindemonstrationscriptsto generateindividual figures
and(possibly)specializedtools/functionsnot availablein theofficial releaseof WAFO for gener-
atingthesefigures.

Justlike theWAFO/paper directorytheWAFO/demosdirectoryalsocontainsdifferentsub-
directorieswith scriptsproducingfigures.Theonly differenceis thatit doesnot reproducefigures
from publishedarticlesbut merely testanddemonstratevariousmethodologies,highlight some
featuresof WAFO, andreleasecodethat approximatelyreproducesfiguresin otherarticles.The
importantthing for both directoriesis not the printedfigures,but the underlyingalgorithmand
code.In addition, the paper and demos scriptsconstitutean excellent startingpoint for the
novel userto learnaboutWAFO.

The documentationdirectory WAFO/docs containsall the documentationavailable for the
toolbox.Thecontentsof any of thesefiles maybeexaminedby typing its namefor ascii files or
viewing in ghostview for postscriptfiles.Also eachfunctionis well documentedcontainingahelp
headerdescribinghow thefunctionworkswith a detailedlist of input andoutputargumentswith
examplesof how to usethefunction.

TheMatlabcodeto eachfunctionfile alsocontainsreferencesto relatedfunctionsanda com-
plete referenceto publishedarticlesfrom which the usercanobtain further information if such
exist.

One importantenhancementof the new toolbox is the useof structurearrays in Matlab by
which several typesof datacanbe storedasoneobject.This significantlysimplifiesthe passing
of input and output argumentsof functionsand also makes the Matlab workspacemuch tidier
whenworking with the new toolbox comparedto the old one.Threestructuresor objectclasses
areimplementedandextensivelyused:thespectrumstructure,covariancestructureandprobability
densityfunction(hereafterdenotedpdf) structure.Thusthe toolboxrequiresMatlabVersion5 or
newerandis portableto any computationalenvironmentthatsupportsMatlab,suchasUnix or PC
with MS Windows.SeeSection1.5for adescriptionof thedatastructuresin WAFO.

All thefiles in thepackagearelocatedin subdirectoriesunderthemaindirectory. Thefollowing
directoriesarerelatedto whathasbeendiscussedabove. In thenext section,we describein more
detailsthedirectories(or modules)whichcontainroutinesfor application.

WAFO is themaindirectorycontainingdifferentdirectoriesfor theWAFO software,datasetsand
documentation.

WAFO/docs containsthedocumentationfor thetoolboxbothin asciiandpostscriptformat.

WAFO/paper is a subdirectoryincluding scriptsfor reproducingfiguresin variousarticlesand
technicalreports.

WAFO/demos containsdifferentdemonstrationsthat illustratesandhighlightscertainaspectsof
WAFO.�

http://www.maths.lth.se/matstat/wafo/
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WAFO/data� containsdatasetsusedin thedemoandpaperscripts.

WAFO/source containsmex andFortransourcefiles.

WAFO/exec/...containsFortrancompiledexecutablesfor differentcomputersandplatforms.

1.3 Organizationof WAFO

In this section,we make a brief presentationof eachmodule.Thetext will not bea completelist
of routines;sucha list may be found at the web site for WAFO. We want to emphasizethat all
routinesin WAFO work together– thedivision into sub-toolboxesis only to make it easierfor the
userto find theroutinesfor hisactualproblem.

Data analysis

The routinesin this category treatdatain the form of time series.As examplesof routines,we
find proceduresfor extractionof so-calledturningpoints,from which troughsandcrestsmaybe
obtained,aswell asproceduresfor estimationof autocovariancefunctionandone-sidedspectral
density. One routine extractswave heightsandsteepnesses.Numerousplotting routinesare in-
cluded.

Spectrum

Computationof spectralmomentsandcovariancefunctions,givena spectrum,is a necessarystep
for calculationof exact probability distributionsof wave characteristics.The spectrumstructure
mentionedin the previous sectionallows this calculationto be performedfor directionalspectra
aswell asencounteredspectra.We presentroutinesfor calculationsof commonlyusedfrequency
spectra�-���-� , e.g.JONSWAP, Torsethaugen.Thespectracanbeexpressedin frequency aswell as
wave number. Librariesof spreadingfunctions �8����� , in somecasesallowedto bealsofrequency
dependent,cf. [23], areincluded.

Transformed Gaussianprocesses

WAFO is mainly intendedto modellinear, Gaussianwaves.For thiscathegoryof waves,theexact
distributionsof wavecharacteristicscanbecalculated,givenaspectrum;for example~ pdf for wavelength(period),~ joint pdf for wavelength(period)andamplitude,~ joint pdf of half wavelengths.

Routinesfor transformedGaussianprocesses,cf. [54], areincluded.

Wavemodels

In WAFO, we have implementedcertainmodelsfor distributionsof wave characteristicsfoundin
theliterature.For example,onefinds~ approximationsof thedensity �������j�1�j� in astationaryGaussiantransformedprocessproposed

by Cavaníe,et al. [10], andLonguet-Higgins,[34],~ amodelfor thecdf/pdfof breakinglimited waveheightsproposedby Tayfun,[57],
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Theseareparametricmodels,wherethecalculationneedsasinput spectralmoments,asopposed
to thealgorithmsin thepreviousmodule,wherethewholespectrumis required.

Simulation of random processes

Efficient simulationof a Gaussianprocess�;�!�J� andits derivative �8���!�J� , given the spectralden-
sity or theauto-correlationfunction,canbeperformed.A routinefor simulationof a transformed
Gaussianprocess(andits derivative) is alsoincluded.For fastandexactsimulation,someroutines
usea techniquewith circulantembeddingof thecovariancematrix, [11]. More traditionalspectral
simulationmethods(FFT) arealsoused.Simulationof discreteMarkov chains,Markov chainsof
turningpoints,switchingMarkov chainsetc.is possible.

Statistical toolsand extremevaluedistrib utions

Certainprobabilitydistributionsareextensivelyusedin oceanengineering,e.g.Rayleigh,Gumbel,
Weibull. Thegeneralizedextreme-valuedistributions(GEV) andgeneralizedParetodistributions
(GPD) arealsoimportant.For the distributionsmentioned,it is possibleto estimateparameters,
generaterandomvariables,evalutepdf andcumulative distribution function,andplot in various
probabilitypapers.Onecathegory of routineshandlesbivariatedistributions.Besideshaving rou-
tinesfor estimationof parametersetc.for thetwo-dimensionalWeibull distribution,bivariatemod-
elling is possible.

Kernel-density-estimationtools

Theroutinesin this cathegory complementtheonesfound in ’Data analysis’and,obviously, the
routinesin ’Statisticaltoolsandextremevaluedistributions.They are,however, alsoapplicableto
multi-dimensionaldata,andhenceveryusefulfor smoothingpurposeswhencomparing(theoreti-
cal) joint distributionsof wavecharacteristicsto data;cf. cf. [55], [61].

Discretization and cyclecounting

After extractionof the so-calledsequenceof turning points (the sequenceof local maximaand
minima) from data,cycle countscanbeobtained,e.g.max-to-mincycles,trough-to-crestcycles,
rainflow cycles.For decriptive statistics,thecountingdistribution andtherainflow matrix areim-
portant;thesecanbeobtained.Givenacyclematrix,onecanobtainhistogramsfor amplitudeand
range,respectively.

Mark ov models

If thesequenceof turningpointsformsa Markov chain(MC), it is calleda MC of turningpoints
(MCTP).An importantpropertyis theMarkov matrix: theexpectedhistogrammatrixof min2max
andmax-to-mincycles.Givena rainflow matrix of a MCTP, onecanfind its Markov matrix. In
WAFO, algorithmsareimplementedto calculatethe rainflow matrix for a MC anda MCTP; cf.
[13].

In someapplications,onewantsto modeldata,whosepropertieschangeaccordingto anunder-
lying, oftenunobservedprocess,calledtheregimeprocess.Thestateof theregimeprocesscontrols
whichparametersto useandwhento switchtheparametervalues.Theregimeprocesscanbemod-
elledby aMarkov chain,andthis is thefundamentalbasisfor thesetof routinespresented.For an
applicationwith switchingMarkov modelsfor fatigueproblems;see[20, 22].
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Fatigue� and Damage

In WAFO, routinesfor calculationof the accumulateddamageaccordingto thePalmgren-Miner
rule havebeenimplemented.It is possibleto computethetotal damagefrom acyclecountaswell
asfrom acyclematrix.

Miscellaneousroutines

We find herevariousplot routines,algorithmsfor numericalintegration,andfunctionsfor docu-
mentationof WAFO with modules.

1.4 Someapplicationsof WAFO

In this sectionwe demonstratein examplessomeof the capabilitiesof WAFO. For further ex-
amplesandknowledgeaboutthealgorithmsusedin the routines,we refer to the tutorial andthe
documentationin theroutines.NotethatthenecessaryMatlabcodefor generationof thefiguresin
this paperis foundin thedirectoryWAFO/paper .
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Figure 1.1: Part of a simulationfrom �����-� , a Torsethaugenspectrumwith �%���-��� m, ��� ��¡ s.
Total numberof points ��¢n£r£r£ , ¤%���>£�¥X¦ s.

Westartby defininga frequency spectrum,�-���-� , whichwill beusedin many of theexamples;
wechooseaTorsethaugenspectrumwith theparameters�%�§�g�¨� m, �����>¡ s,describingsignifi-
cantwaveheightandprimarypeakperiod,respectively. Theenergy is dividedbetweentwo peaks,
correspondingto contributionsfrom wind andswell ([59]). WAFO allows spectrato be defined
simply by their parameters�%� � and ��� .
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1.4.1 Simulation fr om spectrum,estimation of spectrum

In Figure1.1, plottedusingwaveplot , we have simulateda samplepathfrom �-���-� . The user
specifiesthenumberof wantedpointsin thesimulation.Thefollowing codein MATLAB generates
the200secondsof datasampledwith 10Hz from thediscussedspectrum.Moreonsimulationcan
befoundin Section2.3.

S1=torsethaugen([],[6 8],1);
xs=spec2sdat(S1,[2000 1],0.1);
waveplot(xs,’-’)

In a commonsituationdatais given in form of a time series,for which onewantsto estimate
therelatedspectrum.Wewill now simulate20minutessignalsampledwith 4 Hz, find anestimate� est���-� andcomparetheresultto theoriginalTorsethaugenspectrum�-���-� . Thefollowing codein
MATLAB wasusedto generateFigure1.2,wherethetwo spectraaredisplayed.Themaximumlag
sizeof theParzenwindow functionused(here400)canbechosenby theuseror automaticallyby
WAFO.

xs=spec2sdat(S1,[20*60*4 1],0.25);
Sest = dat2spec2(xs,400)
wspecplot(Sest,1,’--’), hold on
wspecplot(S1,1), hold off
axis([0 3 0 5])
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Figure1.2: Solid: original spectrum.Dashed:spectrumestimatedfromdata (20 minutesof ob-
servations).Maximumlag sizeof theParzenwindow �>©V£n£ .

1.4.2 Probability distrib utions of wavecharacteristics

WAFO givesthepossibilityto computeexactprobabilitydistributionsfor anumberof wavechar-
acteristics,given a spectraldensity. A wave characteristicas, for example,wave period,canbe
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definedª in severalways,seeTable3.1 in Chapter3, andWAFO allows theuserto choosebetween
a numberof definitions:trough-to-crest,down-to-upcrossing,up-to-upcrossingetc. Chapter3
describeshow to useWAFO to computeall wavecharacteristicdistributions.

In thenumericalexample,wehavechosento considerthedown-to-upcrossingdefinition,rather
a troughperiod.The wave periodscanbe extractedfrom the realizationin Figure1.1, andare
shown asa histogramin Figure1.3. This histogrammaybe comparedto the theoreticaldensity,
calculatedfrom �-���-� , andtheestimateddensity � est���-� ; seeFigure1.3.Recallthatfor this spec-
trum, ���0�«¡ s.In Figure1.3,thedensityfor thehalf periodis shown; theresultsarein goodagree-
mentwith theoriginal spectrum.Thefollowing arethecodelinesto producethepresentedfigure.
The differentstepsare:first extract half periodsfrom the databy meansof the routinedat2wa

andstorein thevariableT, thenusespec2tpdf to calculatethetheoreticaldistribution.

[T, index] = dat2wa(xs,0,’d2u’);
whisto(T,25,1,1), hold on
dtyex = spec2tpdf(S1,[],[],[0 10 51],0,3);
dtyest = spec2tpdf(Sest,[],[],[0 10 51],0,3);
pdfplot(dtyex)
pdfplot(dtyest,’-.’)
axis([0 10 0 0.35]), hold off

0 2 4 6 8 10
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0.05

0.1

0.15

0.2

0.25

0.3

0.35

T [s]

Density of Tc with Ac>0,  u=0

Figure 1.3: Solid line: pdf for waveperiod,given �-���-� . Dash-dottedline: pdf for waveperiod,
given � est���-� . Thehistogramshowsthewaveperiodsextractedfromsimulateddata.
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1.4.3 Dir ectional spectra

In WAFO onefindsmeansfor evaluationandvisualizationof directionalspectra,thatis�-�����¬�V�§���-���-�­�8�����®�-�
where �����-� is a frequency spectrumand �Z�Q�����-� is a spreadingfunction.A numberof common
spreadingfunctionscanbechosenby theuser.

Oneway of visualizing �-�����J��� is a polarplot. In Figure1.4we show theresultingdirectional
spectrum(solid line) for theTorsethaugenspectrumusedabove.Thespreadingfunction is of the
cos-2stype,thatis (in thefrequency dependentcase)�Z�Q���¯� ° ��±$²³¦´�¢Vµ ¶ ° �·±g²«¦F¸n¢��H¹qºn» ¼­½-¾ �¢À¿
with ±¬�'¦FÁ . Notethatthetwo peakscanbedistinguished.Thedash-dottedline is thecorresponding
resultwhenthespreadingfunctionis frequency dependent,cf. [23].

Herearea few linesof codewhich producethegraphof thesedirectionalspectra.

D1 = spreading(101,’cos’,pi/2,[15],[],0) ;
D12 = spreading(101,’cos’,0,[15],S1.w,1) ;
SD1 = mkdspec(S1,D1);
SD12 = mkdspec(S1,D12);
wspecplot(SD1,1), hold on, wspecplot(SD12,1); hold off

We finish this sectionwith simulatedseasurfaceson 128 [m] by 128 [m] for the seawith
directionalspectraSD1 andSD2. The routineseasim simulatesa seasurfacewith directional
spectrum.

Y1=seasim(SD1,2ˆ8,2ˆ8,1,0.5,0.5,0.2 5,2,1 );
Y12=seasim(SD12,2ˆ8,2ˆ8,1,0.5,0.5,0 .25,2 ,1);

The resultsare shown in Figure 1.5 and one can seathat waves are coming from different
direction.However, thefrequency dependentspreadingleadsto a muchmoreirregularsurfaceso
theorientationof wavesis lesstransparent.FromFigure1.5 it is not easyto deducethatbothsea
surfaceshave thesameperioddistribution,but it is moreobviousthatthewavelengthdistributions
aredifferent.

1.4.4 Fatigue,Load cycles,and Mark ov models

In fatigueapplicationsthe exact samplepath is not important,but only the topsandbottomsof
theload,calledthesequenceof turningpoints(TP).Fromtheturningpointsonecanextract load
cycles,from which damagecalculationsandfatiguelife predictionscanbeperformed.In WAFO
therearenumerousroutinesfor evaluatingfatiguemeasuredloads,aswell asmakingtheoretical
calculationsof distributionsthatareimportantfor fatigueevaluation.A powerful techniquewhen
analysingloadsis to useMarkov modelsasapproximations,especiallyto modelthesequenceof
turningpointsby aMarkov chain.For suchmodelsthereexist many explicit results.Herewe will
usethis Markov approximationfor computingtheintensityof rainflow cyclesandtrough-to-crest
cyclesfor theGaussianmodelin Figure1.2.
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Figure 1.4: Directionalspectrum.Thefrequencyspectrumis a Torsethaugen spectrumand the
spreadingfunction is of cos-2stypewith ±Â� ¦FÁ . Solid line: directionalspectrum.Dash-
dottedline: directionalspectrum,usingfrequencyindependentspreadingfunction.

Fixedspreading Frequency dependentspreading

Figure 1.5: Simulatedseasurfacesona rectangleof 128[m] by128[m] withdirectionalspectrum
SD1, spreadingindependentof frequency(left), and SD12, frequencydependentspreading
(right).

For fatigueanalysisthe rainflow cycle, definedin Figure4.1 in Chapter4, is oftenused.The
Markov modelis definedby themin-to-maxpdf,whichis obtainedfrom thepowerspectraldensity
byusingapproximationsin Slepianmodelprocesses,seee.g.[32] andreferencestherein.Chapter3
describeshow WAFO routinescan be usedto find the min-to-maxdeistribution for Gaussian
loads.For theMarkov modelthereis anexplicit solutionfor the intensityof rainflow cycles,see
[13]. By usingtheroutinesin WAFO the intensityof rainflow cyclescanbefoundusingMarkov
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approximation;seeFigure1.6,wherealsothe rainflow cyclesfound in thesimulatedloadsignal
areshown. Thefigurehasbeenplottedusingthefollowing MATLAB commands:

frfc=spec2cmat(S1,[],’rfc’,[],[-6 6 61]);
pdfplot(frfc);
hold on
tp=dat2tp(xs);
rfc=tp2rfc(tp);
plot(rfc(:,2),rfc(:,1),’.’)
hold off
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Figure1.6: Intensityof rainflow cyclescomputedfrom the psdthroughMarkov approximation,
comparedwith thecyclesfoundin thesimulation.

TheWAFO toolboxalsocontainsroutinesfor computingthe intensityof rainflow cyclesin more
complex loadprocesses,for examplefor a switchingMarkov chainof TP. Detailson fatigueload
analysisaregivenin Chapter4.
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1.5 Datastructures
help datastructures

DATASTRUCTURESof spectrum, covariance function and density (pdf) in WAFO

To represent spectra, covariance functions and probability density functions
in WAFO, the MATLAB datatype ’structured array’ is used. Here follows a list
of the fields in the struct representing S, cvf and pdf, respectively.

Spectrum structure
˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜ ˜

Requisite fields:
.type String: ’freq’, ’dir’, ’k2d’, k1d’, ’encdir’, ’enc’, ’rotdir’,

’rotk2d’ or ’rotk1d’.
.S Spectrum values (size=[nf 1] or [np nf]).
.w OR .f OR .k Frequency/wave number lag, length nf.
.tr Transformation function (default [] (none)).
.h Water depth (default inf).
.norm Normalization flag, Logical 1 if S is normalized, 0 if not
.note Memorandum string.
.date Date and time of creation or change.

Type-specific fields:
.k2 Second dim. wave number lag, if .type=’k2d’ or ’rotk2d’, length np.
.theta Angular lags, if .type=’dir’, ’rotdir’ or ’encdir’, length np.
.v Ship speed, if .type = ’enc’ or ’encdir’.
.phi Direction of ship if .type = ’enc’, ’encdir’,

or rotation angle if .type = ’rotdir’, ’rotk1d’ or ’rotk2d’.

See also: createspec, wspecplot

Covariance function (cvf) structure
˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜ ˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜ ˜

.R Covariance function values. Size [ny nx nt], all singleton dim. removed.

.x Lag of first space dimension, length nx.

.y Lag of second space dimension, length ny.

.t Time lag, length nt.

.h Water depth.

.tr Transformation function.

.type ’enc’, ’rot’ or ’none’.

.v Ship speed, if .type=’enc’

.phi Direction of ship if .type=’enc’, rotation angle if .type=’rot’

.norm Normalization flag, Logical 1 if autocorrelation, 0 if covariance.

.Rx ... .Rtttt Obvious derivatives of .R.

.note Memorandum string.

.date Date and time of creation or change.

See also: createcov, spec2cov, cov2spec, covplot

Probability density function (pdf) structure
˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜ ˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜ ˜ ˜˜˜˜˜ ˜˜˜˜
Describing a density of n variables:

.f Probability density function values (n-dimensional matrix)

.x Cell array of vectors defining grid for variables (n cells)

.labx Cell array of label strings for the variables (n cells)

.title Title string

.note Memorandum string.

See also: createpdf, pdfplot
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CHAPTER 2

RANDOM LOADS AND STOCHASTIC WAVES -
MODELING

In this chapterwe presentsometools for analysisof randomfunctionswith respectto their cor-
relation,spectral,anddistributionalproperties.We first give a brief introductionto the theoryof
Gaussianprocessesandthenwepresentprogramsin WAFO whichcanbeusedto analyzerandom
functions.Thepresentationwill beorganizedin threeexamples;Example1 is devotedto estima-
tion of differentparametersin themodel,Example2 dealswith spectraldensitiesandExample3
presentstheuseof WAFO to simulatesamplesof aGaussianprocess.

2.1 Intr oduction and preliminary analysis

Thefunctionswe shallanalyzecanbemeasuredstressesor strains,which we call loads,or other
measurements,wherewavesontheseasurfaceis oneof themostimportantexamples.Weassume
thatthemeasureddataaregivenby oneof thefollowing forms:

1. In the time domain,asmeasurementsof a responsefunction denotedby ÃH���J� , £�ÄÅ�ÆÄÇ� ,
where � is time and � is the durationof the measurements.The ÃH�!�J� -function is usually
sampledwith afixedsamplingfrequency andagivenresolution,i.e.thevaluesof ÃH�!�J� arealso
discretized.Theeffectsof samplingcannot alwaysbeneglectedin estimationof parameters
or distributions.Weassumethatmeasuredfunctionsaresavedasatwo columnASCII or mat

file.

2. In thefrequency domain,asa powerspectrum,which is animportantmodein systemsanal-
ysis.Thismeansthatthesignalis representedby aFourierseries,ÃH���J��È¨ÉÊ²ÌËÍÎÐÏÒÑÔÓ Î ¹qºr» ��� Î �J�/²ÖÕ Î »�×LØ ��� Î �J�J�
where� Î �³ÙrÚ­¢Û¶H¸Û� areangularfrequencies,É is themeanof thesignaland

Ó Î �JÕ Î areFourier
coefficients.

Somegeneralpropertiesof measuredfunctionscanbesummarizedby usingafew simplechar-
acteristics.ThosearethemeanÉ , definedastheaverageof all values,thestandarddeviation Ü ,
andthevariance Ü ¼ , which measuresthevariability aroundthemeanin linearandquatraticscale.
Thesequantitiesareestimatedby
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àá ÃH�!�J��âV��� (2.1)Ü ¼ �Þ¦F¸F� ß àá �!ÃH�!�J�4ã;É8� ¼ âV��¥ (2.2)

Anotherimportantpropertyis thecrossingspectrumor crossingintensity ä¯�Qåc� definedasthe
intensityof upcrossings(= averagenumberof upcrossingsper time unit), of a level å by ÃH�!�J� as
a function of å . The meanfrequencyæ á is usuallydefinedas the numberof times ÃH�!�J� crosses
upwards(upcrosses)themeanlevel É normalizedby thelengthof theobservationinterval � , i.e.æ á ��ä��QÉ8� . An alternative definition,1 which we preferto useis that æ á ��çéèÛê/�Qä��!åë��� , i.e. it is
equalto themaximumof ä��!åc� . Theirr egularity factor ì , definedasthemeanfrequency æ á divided
by theintensityof local maxima(intensityof cycles)in ÃH�!�J� . (Note,a small ì meansanirregular
process,��£
íîì�Äï¦ ).)
Example 1. (Seadata) In thisexampleweuseaserieswith wavedatasea.dat with timeargu-
mentin thefirst columnandfunctionvaluesin thesecondcolumn.Thedatausedin theexamples
arewave measurementsat shallow water location,sampledwith a samplingfrequency of 4 Hz,
andthe unitsof measurementaresecondsandmeters,respectively. Thefile sea.dat is loaded
into MATLAB andafter themeanvaluehasbeensubtractedthedataaresavedin thetwo column
matrixxx .

xx = load(’sea.dat’);
me = mean(xx(:,2))
sa = std(xx(:,2))
xx(:,2) = xx(:,2) - me;
lc = dat2lc(xx);

Heremeandsa arethemeanandstandarddeviation of thesignal,respectively. Thevariable
lc is a two columnmatrix with levels in the first columnandthe numberof upcrossingof the
level in thesecond.In Figure2.1 thenumberof upcrossingsof xx is plottedandcomparedwith
an estimationbasedon the assumptionthat xx is a realizationof a Gaussiansea.The plot is
automaticallydrawn by dat2lc .

Next we computethe meanfrequency asthe averagenumberof upcrossingsper time unit of
themeanlevel (= 0); this mayrequireinterpolationin thecrossingintensitycurve,asfollows.

T = max(xx(:,1))-min(xx(:,1))
f0 = interp1(lc(:,1),lc(:,2),0)/T

Theprocessof fatiguedamageaccumulationdependsonly on thevaluesandtheorderof the
localextremesin theload.Thesequenceof localextremesis calledthesequenceof turningpoints.
It is a two columnmatrixwith timefor theextremesin thefirst columnandthevaluesof xx in the
second.

tp = dat2tp(xx);
alfa = f0/(length(tp)/(2*T))

Herealfa is the irregularity factor. Note that length(tp) is equalto thenumberof local
maximaandminimaandhencewehavea factor2 in theexpressionfor alfa . ðñ

Still anotherdefinition,to beusedin Chapter4, is that ò­ó is theaveragenumberof completedloadcyclespertimeunit.
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Figure2.1: Theobservedcrossingscompared with the theoretically expectedfor Gaussiansig-
nals,see(2.3).

Wefinish thissectionwith someremarksaboutthequalityof themeasureddata.Especiallysea
surfacemeasurementscanbeof poorquality. We shallnow checkthequality of thedatasetxx . It
is alwaysgoodpracticeto visuallyexaminethedatabeforetheanalysisto getanimpressionof the
quality, non-linearitiesandnarrow-bandednessof thedata.

Example 1. (contd.) First we shallplot thedataandzoomin on a specificregion.A partof the
seadatais presentedin Figure2.2obtainedby thefollowing commands.

clf
waveplot(xx,tp,’k-’,’*’,1,1)
axis([0 100 -inf inf])

However, if theamountof datais toolargefor visualexamination,or if onewantsamoreobjec-
tivemeasureof thequalityof thedataonecouldusethefollowing empiricalcriterionimplemented
in WAFO:ô�õDö�÷�øJù$úîû [m/s], sincetheraisingspeedof Gaussianwavesrarelyexceeds5 [m/s],ô�õ ö ö ÷�øJùgúîüÔýÿþ������ , ��� ��	�

� which is thelimiting maximumaccelerationof Stokeswaves,ô if thesignalis constantin someintervals,thenthiswill addhigh frequenciesto theestimated

spectraldensity;constantdatamay occur if the measuringdevice is blocked during some
periodof time.

To find possiblespuriouspointsof thedatasetusethefollowing commands.

dt = diff(xx(1:2,1));
dcrit = 5*dt;
ddcrit = 9.81/2*dt*dt;
zcrit = 0;
[inds indg] = findoutliers(xx,zcrit,dcrit,ddcrit);
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Figure2.2: A part of theseadatawith turningpointsmarkedasstars.

Theprogramwill give thefollowing list whenusedon theseadata.

Found 0 missing points
Found 0 spurious positive jumps of Dx
Found 0 spurious negative jumps of Dx
Found 37 spurious positive jumps of Dˆ2x
Found 200 spurious negative jumps of Dˆ2x
Found 244 consecutive equal values
Found the total of 1152 spurious points

The valuesfor zcrit , dcrit andddcrit canbe chosenmorecarefully. However, small
changesof theconstantsareusuallynot socrucial.As seenfrom thetranscriptsfrom theprogram
a total of 1152pointsarefoundto bespuriouswhich is approximately12 % of thedata.Basedon
thisonemayclassifythedatasetsinto good,reasonable,pooranduseless.Obviouslyuncriticaluse
of datamayleadto unsatisfactoryresults.We returnto this problemwhendiscussingmethodsto
reconstructthedata. ð
2.2 FrequencyModeling of Load Histories

Themostimportantcharacteristicof signalsin frequency domainis their powerspectrum�	����Ê÷�� 
� ²�� 
� ù��Ô÷������-ù��
where ��� is thesamplinginterval in frequency domain,i.e. � �!�#"%$���� . Thetwo-columnmatrix�	V÷&� �!ù'�3÷(�%�)� �	��Qù will becalledthepowerspectrumof õH÷!øJù .

Thesequence* �+� è-,/.�.10�2 ÷3�4�&�65 � �	��7���$ù is calleda sequenceof phasesandtheFourier series
canbewritten asfollows õH÷�øJù98 �Ê² :;�=<?> @ � �	��7��� .10�2 ÷&�%��ø ²A* ��ù¬ý
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If thesampledsignalcontainsexactly ��B ² � pointsthen õH÷!øJù is equalto its Fourierseriesat the
sampledpoints.In thespecialcasewhen BC�D��E , theso-calledFFT (FastFourierTransform)can
beusedin orderto computetheFouriercoefficients(andthespectrum)from themeasuredsignal
andin reversethesignalfrom theFouriercoefficients.

As mentioned,theFouriercoefficient to thezerofrequency is just themeanof thesignal,while
thevarianceis givenby F 
 �G���IH �	V÷(�%�QùJ8LK?Má �	V÷(�-ùON�� . Thelastintegral is calledthezero-order
spectralmoment� á . Similarly, higher-orderspectralmomentsaredefinedby� �P�#Q Má � � �	V÷(�-ùON���ý

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0

0.1

0.2

0.3

0.4

0.5

0.6

Spectral density

Frequency (rad/s)

S
(w

) 
(m

2  s
 / 

ra
d)

fp = 0.52 (rad/s)

Figure 2.3: Theobservedspectrumin thedatasetsea.dat .

Example1. (contd.) Wegivenow thespectrum
�	V÷(�-ù for thesignalxx .

S = dat2spec2(xx,9500);
wspecplot(S)

In Figure2.3wecanseethatthespectrumis extremelyirregularandprobablyit variesbetween
measurementsof theseaevenunderalmostidenticalconditions.This will befurtherdiscussedin
thefollowing section.Next thespectralmomentswill becomputed.

[mom text] = spec2mom(S,4)
[sa sqrt(mom(1))]

The vectormomnow containsspectralmoments� á � � 
 � �IR , which are the variancesof the
signalandits first andsecondderivative. We canspeculatethat the varianceof the derivativesis
toohighpartiallybecauseof spuriouspoints.For example,if thereareseveralpointswith thesame
value,theGibb’sphenomenonleadsto high frequenciesin thespectrum. ð
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2.2.1 RandomFunctions in SpectralDomain - Gaussianprocesses

In theprevioussectionwe studiedthepropertiesof onespecificsignalin frequency domain.As-
sumenow thatwe geta new seriesof measurementsof a signal,which we arewilling to consider
asequivalentwith the first one.However, the two seriesareseldomidenticalanddiffer in some
respectswhich it is naturalto regardaspurelyrandom.Obviously it will haveadifferentspectrum�	V÷&�-ù andthephaseswill bechanged.

A usefulmathematicalmodelfor sucha situationis the randomfunction (stochasticprocess)
modelwhich will bedenotedby S ÷!øJù . Then õH÷�øJù is seenasparticularchosenrandomlyfunction.
Thesimplestmodelfor astationarysignalwith afixedspectrum

�	V÷(�-ù is

S ÷!øJùJ� � ² :; �=<?> @ �	��7��� 5 � .�0-2 ÷(�%�fø ²UT ��ù��
whereT � areindependentuniformly distributedphases.However, this is notaveryrealisticmodel
either, sincein practiceoneoften observesa variability in the spectrum

�	V÷&�-ù betweenmeasured
functions.Hhence

�	�� shouldalsobe modeledto includea certainrandomness.The bestway to
accomplishthis is to assumethat thereexistsa deterministicfunction V ÷&�-ù suchthat theaverage
valueof

�	V÷(�%�QùW��� betweendifferentobservedseriescanbeapproximatedby V ÷&�%�!ùW��� . In fact,in
many casesonecanmodel

�	�� as �	����#X 
� $ V ÷(�%�Qù����Y�
whereXZ� areindependentrandomfactors,all with aRayleighdistribution.(Observe thattheaver-
agevalueof X 
� is 2.) Thisgivesthefollowing randomfunctionasmodelfor theseries,

S ÷!øJù'� � ² :;�=<?> @ V ÷&� �!ù����[XZ� .10�2 ÷&� ��ø ²UT �!ù¬ý
TheprocessS ÷!øJù hasmany usefulpropertiesthatcanbeusedfor analysis.In particular, for any
fixed ø , S ÷!øJù is normally (Gaussian)distributed.Then,the probability of any event definedforS ÷!øJù can,in principal,becomputedwhenthemean� andthespectraldensity V areknown.

In seamodeling,the componentsin the sum defining S ÷!øJù can be interpretedas individual
waves.By theassumptionthat XZ� and T � areindependentrandomvariablesonehasthattheindi-
vidual wavesareindependentstationaryGaussianprocesseswith meanzeroandcovariancefunc-
tion givenby \ �·÷�]�ù'�#��� V ÷(�%��ù .�0�2 ÷&�%��]�ùJý
ConsequentlythecovariancebetweenS ÷!øJù and S ÷!ø ² ]Àù is givenby\�^ ÷(]�ù'�G_ � ÷ S ÷!øJù%` � ù¬÷ S ÷�ø ² ]�ù ` � ù����G��� :;�=<?> V ÷&�%�Qù .�0-2 ÷(�%�a]Àù¬ý
Moregenerally, for astationarystochasticprocesswith spectraldensityV ÷(�-ù , thecorrelationstruc-
tureof theprocessis definedby its spectraldensityfunction,alsocalledpowerspectrum,\ ÷�]�ù'� Cov ��S ÷�øJùb� S ÷!ø ² ]�ù)���#Q Má .10�2 ÷&�9]�ù V ÷(�-ùON���ý
Thespectraldensityrepresentsa continuousdistribution of thewave energy over a continuumof
frequencies.
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If c ÷!øJù is anoutputof a linearfilter with S ÷�øJù asinput, then c ÷�øJù is alsonormallydistributed
andwe needto derive thespectrumof c ÷!øJù to be ableto analyzeits properties.This is a simple
task,sinceif thetransferfunctionof thefilter d ÷(�-ù is given,thenthespectrumof c ÷!øJù , denoted
by VPe , is givenby VPe ÷&�-ùJ�gf d ÷(�-ù�f 
 V ÷&�-ù¬ý
For example,the derivative S ö ÷!øJù is a Gaussianprocesswith meanzeroandspectrumVPe ÷(�-ùh�� 
 V ÷&�-ù . Thevarianceof thederivative is equalto thesecondspectralmoment,F 
^Ji � Q VPe ÷(�-ùON��j� Q � 
 V ÷&�-ùON4�j� � 
 ý

TheGaussianprocessis asumof cosinetermswith amplitudesdefinedby thespectrum;hence,
it is not easyto relatethe power spectrumandthe fatiguedamage.The crossingintensity k ÷3lcù ,
which yieldstheaveragenumberof upcrossingsof thelevel l , containssomeinformationalsoon
thefatigueproperties.For aGaussianprocessit is givenby thecelebratedRice’s formula,k ÷3lcùJ�Lm áonqpYr ÷/`�÷3ls` � ù 
 ��� F 
 ù¬ý (2.3)

Usingspectralmomentswehave that F 
 � � á while m á � >
�t @ u'vu ó .
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Figure2.4: Theestimatedspectrumin thedatasetsea.dat with differentdegreeof smoothing.

Example 1. (contd.) In orderto estimatethespectrumof a Gaussianprocessoneneedsseveral
realizationsof theprocess.Thenonespectrumestimatecanbemadefor eachrealizationwhichare
thenaveraged.However, in many casesonly onerealizationof theprocessis available.In sucha
caseoneis oftenassumingthatthespectrumis asmoothfunctionof � andcanusethis information
to improve theestimate.Practicallyit meansthatonehasto usesomesmoothingtechniques.For
theseadatawe shallestimatethespectrumby meansof theWAFO functiondat2spec which a
secondparameterdefiningthedegreeof smoothing.
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S1 = dat2spec2(xx,200);
S2 = dat2spec2(xx,50);
wspecplot(S1,[],’-.’)
hold on
wspecplot(S2)
hold off

In Figure2.4weseethatwith decreasingsecondinputthespectrumestimatebecomessmoother,
andthatit in theendbecomesunimodal.

Obviouslyknowing thespectrumonecancomputethecovariancefunction.Thefollowing code
in MATLAB will computethecovariancefor theunimodalspectraldensityS2 andcompareit with
estimatedcovariancein thesignalxx .

R2 = spec2cov(S1,1);
Rest = dat2cov(xx,80,[],’- -’);
covplot(R2,80,[],’.’)
hold on
covplot(Rest)
hold off

We canseein Figure2.5(a)that thecovariancefunctioncorrespondingto thespectraldensity
S2 significantlydiffersfrom theoneestimateddirectlyfrom data.It canbeseenthatthecovariance
correspondingto S1 agreesmuchbetterwith theestimatedcovariancefunction;seeFigure2.5(b),
which is obtainedusingthesamecodewith S2 in spec2cov replacedby S1. ð
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Figure 2.5: Thecovariancefunctionestimatedin thedatasetxx , solid line, compared thetheo-
retically computedcovariancefunctionsfor thespectral densitiesS2 in (a) andS1 in (b).

Observe that the WAFO function spec2cov canbe usedto computea covariancestructure
whichcancontaincovariancesbothin timeandin spaceaswell asthatof thederivatives.Theinput
canbe any spectrumstructure,e.g.wave numberspectrum,directionalspectrumor encountered
directionalspectrum;typehelp spec2cov for thedetailedinformation.

2.2.2 Transformed Gaussianmodels

Thestandardassumptionsfor a seastateunderstationaryconditionsarethat themodel S ÷�øJù is a
stationaryandergodic stochasticprocesswith mean _ ��S ÷!øJù�� assumedto be zeroanda spectral
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density V ÷(�-ù . Theknowledgeof which kind of spectraldensity V ÷&�-ù aresuitableto describesea
statedatais well establishedfrom experimentalstudies.

Realdata õH÷�øJù seldomperfectly supportthe Gaussianassumptionfor the processS ÷!øJù . But
sincethe Gaussiancaseis well understoodandthereareapproximative methodsto obtainwave
characteristicsfrom thespectraldensity V ÷(�-ù for Gaussianprocesses,oneoftenlooksfor amodel
of the seastatein the classof Gaussianprocesses.Furthermore,in previous work [54] we have
found that for many seawave data,evensuchthatareclearly non-Gaussian,thewavelengthand
amplitudedensitiescanbeveryaccuratelyapproximatedusingtheGaussianprocessmodel.

However, theGaussianmodelcanleadto lesssatisfactoryresultswhenit comesto thedistri-
bution of crestheightsor joint densitiesof troughsandcrests.In that casewe found in [54] that
a simpletransformedGaussianprocessusedto model õH÷!øJù gave goodapproximationsfor those
densities.

Consequently, in WAFO we shallmodel õH÷�øJù by aprocessS ÷!øJù which is a functionof a single
GaussianprocesswS ÷!øJù , i.e. S ÷!øJù'�yxé÷ wS ÷!øJù�ùb� (2.4)

where xÆ÷/$ ù is a continuouslydifferentiablefunctionwith positive derivative.We shalldenotethe
spectrumof S by V , while thespectrumof wS ÷!øJù by zV .

The transformationx performsall appropriatetranslationandscalingso that wS ÷�øJù is always
normalizedto havemeanzeroandvarianceone,i.e. thefirst spectralmomentof zV is one.

Note that oncethe distributionsof crests,troughs,amplitudesor wavelengthsin a Gaussian
processwS ÷!øJù arecomputed,then the correspondingwave distributions in S ÷!øJù areobtainedby
simple variabletransformationsinvolving only the inverseof x , which we shall denoteby { .
Actually weshallusethefunction { to definethetransformationinsteadof x , andusetherelationzõH÷�øJù'� { ÷QõH÷!øJù�ù betweentherealseadataõH÷�øJù andthetransformeddata zõ4÷�øJù .

If themodel(2.4) is correct,then zõ4÷!øJù shouldbea samplefunctionof a processwith Gaussian
marginaldistributions.Obviously, a Gaussianmodelis obtainedby usinga linearfunction { ÷3|Bù ��6| ²�� , where�?� � areconstants.

Thereareseveraldifferentwaysto proceedwhenselectinga transformation.Thesimplestal-
ternative is to estimatethe function { directly from databy someparametericor non-parametric
means.A morephysicallymotivatedprocedureis to usesomeof the parametricfunctionspro-
posedin theliterature,basedon approximationsof non-linearwave theory. Thefollowing options
areprogrammedin thetoolbox:

dat2tr - non-parametric transformation g proposed by Rychlik,
hermitetr - transformation g proposed by Winterstein,
ochitr2 - transformation g proposed by Ochi et al.

Thetransformationproposedby Ochi, [39], is amonotonicexponentialfunctionwhile Winter-
stein’smodel,[62], is amonotoniccubicHermitepolynomial.Both transformationsusemoments
of S ÷!øJù to compute{ . Informationaboutthemomentsof theprocesscanbeobtainedby sitespe-
cific data,laboratorymeasurementsor by resortto physicalmodels.MarthinsenandWinterstein
(1992),[37], derivedanexpressionfor theskewnessandkurtosisfor narrow bandedStokeswaves
to the leadingorderandusedtheseto definethe transformation.The skewnessandkurtosis(ex-
cess)of this modelcanalsobe estimatedfrom databy the WAFO functionswskewness and
wkurtosis .
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Example} 1. (contd.) We begin with computationsof skewnessandkurtosisfor thedatasetxx .
Thecommands

rho3 = wskewness(xx(:,2))
rho4 = wkurtosis(xx(:,2))

give thevaluesrho3 = 0.25 andrho4 = 3.17 , respectively, comparedto rho3 = 0 and
rho4 = 3 for Gaussianwaves.We cancomputethe samemodelusing the spectrum ~V using
thesecondorderwave approximationproposedby Winterstein.His approximationgivessuitable
valuesfor skewnessandkurtosis

[sk, ku ]=spec2skew(S1);

HereweshallusetheHermitetransformationproposedby Wintersteinanddenoteit by gh and
compareit with thelineartransformation,i.e. when S ÷!øJù is Gaussian,denotedby g.

gh = hermitetr([],[sa sk ku me]);
g = gh; g(:,2)=g(:,1)/sa;
trplot(gh)

Thesecommandswill resultin two columnmatrices,g, gh , with equallyspaced| -valuesin
thefirst columnandthevaluesof { ÷3|Bù in thesecondcolumn.

Sincewe have datawe may estimatethe transformationdirectly by a methodproposedby
Rychlik, [54].

[glc test0] = dat2tr(xx);
hold on
plot(gh(:,1),gh(:,2),’b-.’)
hold off

The sametransformationcan be obtainedfrom the crossingintensity by useof the WAFO
function lc2tr .

In Figure 2.6 we comparethe threetransformations,the straight line is the Gaussianlinear
model,the dasheddottedline is the Hermitetransformationbasedon highermomentsof the re-
sponsecomputedfrom thespectrumandthesolid line is thedirecttransformationestimatedfrom
crossingintensity. (The unsmoothedline shows the estimationof the direct transformationfrom
unsmoothedcrossingintensity).We canseethat the transformationderived from crossingswill
give the highestcrestheights.It canbe proved that asymptoticallythe transformationbasedon
crossingsintensitygivesthecorrectdensityof crestheights.

Thetransformationsindicatesthatdataxx hasa light lower tail andheavy uppertail compared
to a Gaussianmodel.This is alsoconsistentwith secondorderwave theorywherethecrestsare
higherandthe troughsshallower comparedto Gaussianwaves.Now thequestionis whetherthis
differenceis significantcomparedto the naturalstatisticalvariability dueto finite lengthof the
timeseries.

To determinethe degreeof departurefrom Gaussianity, we cancomparean indicatorof non-
Gaussianitytest0 with calculatedvalueobtainedfrom Monte Carlo simulation.The valueof
test0 is a measureof how munchthetransformationg deviatesfrom astraightline.

Thesignificancetestis doneby simulating50independentsamplesof test0 fromatrueGaus-
sianprocesswith thesamespectraldensityandlengthastheoriginal data.This is accomplished
by the WAFO programmctrtest . The output from the programis a plot of the ratio test1

betweenthesimulated(Gaussian)test0 -valuesandthesampletest0 :
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Figure2.6: Comparisonsof thethreetransformations{ , straight line - Gaussianmodel,dashed-
dottedline theHermitetransformationgh andsolid line theRychlik methodglc .

N = length(xx);
test1 = mctrtest(S1,[N,50],test0);

The programgivesa plot of simulatedtest values,seeFigure2.7. As we seefrom the figure
noneof the simulatedvaluesof test1 is above 1.00.Thusthe datasignificantlydepartsfrom
a Gaussiandistribution; see[54] for more detaileddiscussionof the testingprocedureand the
estimationof thetransformation{ from thecrossingintensity.

We finish the testsfor Gaussianityof the databy a moreclassicalapproachandsimply plot
the dataon normalprobability paper. Then B independentobservation of identically distributed
Gaussianvariablesformsa straightline in a normalplot.Now for a time seriesthedatais clearly
not independent.However, if theprocessis ergodicthenthedataformsstraightline as B tendsto
infinity.

Thecommand

wnormplot(xx(:,2))

producesFigure2.8.
As we canseethenormalprobabilityplot is curved indicatingthanthat theunderlyingdistri-

bution hasa “heavy” uppertail anda “light” lower tail. ð
2.2.3 Spectral densitiesof seadata

Theknowledgeof whichkind of spectraldensity V ÷(�-ù is suitableto describeseastatedatais well
establishedfrom experimentalstudies.Oneoften usessomeparametricform of spectraldensity
functions,e.g.a JONSWAP-spectrum.This formula is programmedin a WAFO function jon-

swap, which evaluatesthe spectraldensity V ÷&�-ù with specifiedwave characteristics.Thereare
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severalotherprogrammedspectraldensitiesin WAFO to allow for bimodalandfinite waterdepth
spectra.Thelist includesthefollowing spectra:

jonswap - JONSWAPspectral density
wallop - Wallop spectral density,
ohspec2 - Bimodal Ochi-Hubble spectral density,
torsethaugen - Bimodal (swell + wind) spectral density,
pmspec - Pierson-Moskowitz spectral density,
mccormick - McCormick spectral density,
tmaspec - JONSWAPspectral density for finite water depth,
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WAFO alsocontainssomedifferentspreadingfunctions;usehelp spec andhelpspread-

ing for moredetailedinformation.
The spectrumof the seacan be given in many different formats,that are interconnectedby

thedispersionrelation.Thespectrumcanbegivenusingfrequencies,angularfrequenciesor wave
numbers,andit canalsobedirectional.

A relatedspectrumis theencounteredspectrumfor a moving vessel.The transformationsbe-
tweenthedifferenttypesof spectraaredefinedby meansof integralsandvariablechangedefined
by the dispersionrelationandthe Dopplershift of individual waves.The function spec2spec

makesall thesetransformationseasilyaccessiblefor theuser. (Actually many programsperform
theappropriatetransformationsinternallywhenever it is necessaryandfor exampleonecancom-
putethedensityof wave-lengthfromaninputthatis thedirectionalspectrumin frequency domain.)
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Figure2.9: Thedirectionalspectrumof JONSWAP sea(dashedline) comparedwith theencoun-
tereddirectionalspectrumfor headingsea,speed10 [m/s] (solid line).

Example2. (Dif ferentform of spectra) In this examplewe have chosena JONSWAP spectrum
with parametersdefinedby significantwaveheightHm0 = 7 [m] andpeakperiodTp = 11 [s].
Thisspectrumdescribesthemeasurementsof seaevel at afixedpoint (buoy).

Hm0 = 7; Tp = 11;
spec = jonswap([],[Hm0 Tp]);
spec.note

In order to includethe spacedimension,i.e. the direction in which the wavespropagate,we
computeadirectionalspectrumby addingspreading;seedashedcurvesin Figure2.9.
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D = spreading(101,’cos2s’,0,[],spec.w,1)
Sd = mkdspec(spec,D)

Next weconsideavesselmovingwith speed10[m/s] againstthewaves.Theseameasuredfrom
thevesselwill have a differentdirectionalspectrum,calledtheencountereddirectionalspectrum.
The following codewill computethe encountereddirectionalspectrumandplot it on top of the
original directionalspectrum.Theresultis shown asthesolidcurvesin Figure2.9.

Se = spec2spec(Sd,’encdir’,0,10);
wspecplot(Se), hold on
wspecplot(Sd,1,’--’), hold off

Obviously theperiodsof wavesin thedirectionalseaaredefinedby theJONSWAP spectrum
(spreadingis notaffectingthesealevelatafixedpoint),but theencounteredperiodswill beshorter.
Thiscanbeseenby comparingthefollowing threespectra:

S1 =spec2spec(Sd,’freq’);
S2 = spec2spec(Se,’freq’);
wspecplot(spec), hold on
wspecplot(S1,1,’.’),
wspecplot(S2),
hold off

We canseein Figure2.10(a)that thespectraspec andS1 areidentical(in numericalsense)
while spectrumS2 containsmoreenergy at higherfrequencies.

A similar kind of questionis how muchthe wave lengthdiffers betweena longcrestedJON-
SWAP seaanda JONSWAP seawith spreading.The wavenumberspectrafor both casescanbe
computedby thefollowing code,theresultof which is shown in Figure2.10(b).

Sk = spec2spec(spec,’k1d’)
Skd = spec2spec(Sd,’k1d’)
wspecplot(Sk), hold on
wspecplot(Skd,1,’--’), hold off

Finally weshallshow how theJONSWAP spectrumcanbecorrectedfor afinite depth,see[9].
The following codecomputesspectrumfor waterof finite depthof 20 [m]. Theresultingspectra
areshown in Figure2.11.

wspecplot(spec,1,’--’), hold on
S20 = spec;
S20.S = S20.S.*phi1(S20.w,20);
S20.h = 20;
wspecplot(S20), hold off ð
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Figure2.10: (a) ThefrequencyJONSWAP spectrumcomparedwith encounteredfrequencyspec-
trum for heading sea speed10 [m/s] (solid line). (b) The wave number spectrumfor
longcrestedJONSWAP sea(solid line) comparedwith wavenumberspectrumfor JONSWAP
with spreading.
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Figure2.11: Standard JONSWAP spectrum(dashedline) compared with the spectrumon finite
depthof 20 [m] (solid line)

2.3 Simulation of transformed Gaussianprocess

In thissectionweshallpresentsomeof theprogramsin WAFO thatcanbeusedto simulaterandom
signals,loadsandwaves;typehelp wsim for thecompletelist. We shall bemostlyconcerned
with simulationof thetransformedGaussianmodelfor seaS ÷�øJùJ�#xÆ÷ wS ù .

The first importantcaseis whenwe wish to reproducerandomversionsof the measuredsig-
nal õH÷!øJù . Using dat2tr one can first estimatesthe transformation{ . Next, using a function
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dat2gaus� onecancompute ~õ�÷�øJù�� { ÷QõH÷�øJù , which we assumeis a realizationof a Gaussianpro-
cess.From ~õ we canthenestimatethespectrum ~V ÷(�-ù by meansof thefunctiondat2gaus . The
spectrum ~V ÷(�-ù and the transformation{ will uniquely definethe transformedGaussianmodel.
A randomfunction that modelsthe measuredsignal can then be obtainedusing the program
spec2sdat . In thefollowing exampleweshallillustratethisapproachonthedatasetsea.dat .

Beforewe canstartto simulatewe needto put thetransformationinto thespectrumdatastruc-
ture,which is a MATLAB structurevariable.SinceWAFO is basedon transformedGaussianpro-
cessesthe entire processstructureis definedby the spectrumand the transformationtogether.
Thereforethe transformationhasbeenincorporated,aspart of a model,into the spectrumstruc-
ture,andis passedto otherWAFO programswith thespectrum.If no transformationis giventhen
theprocessis Gaussian.

Observe thatthepossiblenonzeromeanm, say, for themodelis includedin thetransformation.
The changeof meanby for example0.5 [m] is simply accomplishedby modyfying the transfor-
mation,e.g.by executingthe following commandg(:,2)=g(:,2)+0.5; . Consequentlythe
spectrumstructurecompletelydefinesthemodel.

IMPORTANT NOTE: The simulationroutinespec2sdat assumesthat the input spectrumis the
spectrumof a standardizedprocesswith spectralmoment� á ��� , i.e. unit variance.Thecorrect
standarddeviationfor theoutputshouldnormallybeobtainedviaatransformationspectrum.tr .
If you happento usea transformationtogetherwith an input spectrumwhich doesnot have unit
variance,thenyou get thedoublescaleeffect, both from the transformationandvia thestandard
deviation from thespectrum.It is only theroutinespec2sdat thatworks in this way. All other
routines,in particularthosewhich calculatecycle distributions,performaninternalnormalization
of thespectrumbeforethecalculation,andthentransformsbackto theoriginal scaleat theend.

Example 3. (Simulationof arandomsea) In Example1wehaveshownthatthedatasetsea.dat

containsaconsiderableamountof spuriouspointsthatwewould like to omit or censor.
The programreconstruct replacesthe spuriousdataby simulateddata(oneis assuming

that no informationaboutthe removedpointsis known andoneis filling up the gapson the ba-
sis of the remainingdataandfitted transformedGaussianprocess;see[7] for moredetails.The
reconstructionis performedas

[y grec] = reconstruct(xx,inds);

wherey is thereconstructeddataandgrec is thetransformationestimatedfrom thesignaly .
In Figure2.12we canseethe transformation(solid line) comparedwith theempiricalsmoothed
transformation,glc , which is obtainedfrom theoriginal sequencexx without removing thespu-
riousdata(dash-dottedline). We canseethat thenew transformationshasslightly smallercrests.
Actually it is almostidenticalwith thetransformationgh computedfrom thespectrumof thesig-
nal, however it canbeonly a coincident(dueto randomfluctuations)andhencewe do not draw
any conclusionsfrom this fact.

The valueof the test variablefor the transformationgrec is 0.84 and,asexpected,it is
smallerthanthevalueof test0 = 1.00computedfor thetransformationglc . However it is still
significantlylargerthenthevaluesshown in Figure2.7,i.e. thesignaly is notaGaussiansignal.

Weturnnow to estimationof thespectrumin themodel.First transformdatato obtainasample~õ4÷�øJù .
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Figure2.12: Thetransformationcomputedfromthereconstructedsignaly (solid line) compared
with thetransformationcomputedfromtheoriginal signalxx (dasheddottedline).

x = dat2gaus(y,grec);
Sx = dat2spec(x,200);

The importantremarkhereis that thesmoothingof thespectrumdefinedby theparameterL,
seehelp dat2spec , is removing almostall differencesbetweenthespectrain thethreesignals
xx , y or x . (ThespectrumSx is normalizedto havefirst spectralmomentoneandhasto bescaled
down to have thesameenergy asthespectrumS1.)

Next weshallsimulatearandomfunctionequivalentto thereconstructedmeasurementsy . The
Nyquistfrequency givesusthetimesamplingof thesimulatedsignal,

dt = spec2dt(Sx)

andis equalto 0.25seconds,sincethedatahasbeensampledwith a samplingfrequency of 4 Hz.
We thensimulate2 minutes(2*60*4 points)of thesignal,to obtainasyntheticwaveequivalentto
thereconstructedseadata,shown in Figure2.13.

Sx.tr = grec;
ysim = spec2sdat(Sx,480);
waveplot(ysim,’-’) ð

In thenext examplewe considera signalwith a theoreticalspectrum.Herewe have a problem
whetherthetheoreticalspectrumis valid for thetransformedGaussianmodel,i.e. it is a spectrumV ÷&�-ù or is it thespectrumof the linearsea zV . In thepreviousexamplethespectrumof the trans-
formedprocesswasalmostidenticalwith thenormalizedspectrumof theoriginal signal.In [54]
it wasobserved that for seadatathespectrumestimatedfrom theoriginal signalandthat for the
transformedonedonotdiffer significantly. Althoughmoreexperimentsshouldbedonein orderto
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Figure 2.13:Twominutesof simulatedseadata,equivalentto thereconstructeddata.

recommendusingthesamespectrumin thetwo cases,here,if wewish to work with non-Gaussian
modelswith aspecifiedtransformation,weshallderive the zV spectrumby dividing thetheoretical
spectrumby thesquarerootof thefirst spectralmomentof V .

Example3. (contd.) SincethespectrumS1 is clearlytwo-peakedwith peakfrequency �O� ���rý��
[Hz] we chooseto usetheTorsethaugenspectra.(This spectrumis derivedfor a specificlocation
andweshouldnotexpectthatit will work for ourcase.)Theinputsto theprogramsare �O� and d�� ,
which wenow compute.

Tp = 1.1;
H0 = 4*sqrt(spec2mom(S1,1))
St = torsethaugen([0:0.01:5],[H0 2*pi/Tp]);
wspecplot(S1)
hold on
wspecplot(St,[],’-.’)

In Figure2.14 we canseethat the Torsethaugenspectrumhastoo little energy on the swell
peak.Despitethis factweshallusethis spectrumin therestof this example.

Weshallnow createthespectrum ~V ÷(�-ù , i.e. thespectrumfor thestandardizedgeussianprocesswS ÷!øJù with standarddeviationequalto one.

Snorm = St;
Snorm.S = Snorm.S/saˆ2;
dt = spec2dt(Snorm)

Thesamplinginterval dt = 0.63[s] is a consequenceof our choiceof cut off frequency in the
definition of the St spectrum.This will however not affect our simulationwhereany sampling
interval dt canbeused.

Next we recomputethetheoreticaltransformationgh .

[Sk Su] = spec2skew(St);
sa = sqrt(spec2mom(St,1));
gh = hermitetr([],[sa sk ku me]);
Snorm.tr = gh;
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Figure2.14: Comparisonbetweentheestimatedspectrumin thesignalsea.dat (solid line) and
thetheoretical spectrumof theTorsethaugentype(dasheddottedline).

The transformationis actuallyalmostidenticalto gh for the spectrumS1, which canbeseenin
Figure2.6, whereit is comparedto the Gaussianmodelg, given by a straightline. We cansee
from thediagramthatthewavesin a transformedGaussianprocessS ÷!øJù'�#xÆ÷ wS ÷!øJùjù , will havean
excessof high crestsandshallow troughscomparedto wavesin theGaussianprocesswS ÷!øJù . The
differenceis largestfor extremewaveswith crestsabove 1.5 meters,wheretheexcessis 10 cm,
ca7 % . Suchwaves,which have crestsabove threestandarddeviationssa arequiterareandfor
moderatewavesthedifferenceis negligible.

In orderto illustratethedifferencein distributionfor extremewaveswewill simulatedasample
of 4 minutesof S ÷!øJù with samplingfrequency 2 Hz. Theresultareput into ysim_t . In orderto
obtainthecorrespondingsamplepathof theprocesswS we usethetransformationgh andput the
resultin xsim_t .

dt = 0.5;
ysim_t = spec2sdat(Snorm,240,dt);
xsim_t = dat2gaus(ysim_t,Snorm.tr);

Sincethe process ~S ÷�øJù hasalwaysvarianceone,in order to comparethe Gaussianandnon-
Gaussianmodelsweneedto scalethexsim_t to havethesamefirst spectralmomentasysim_t ,
whichwill bedoneby thefollowing commands.

xsim_t(:,2) = sa*xsim_t(:,2);
waveplot(xsim_t,ysim_t,5,1,sa,4.5,’ r.’,’ b’)

In Figure2.15 we have wavesthat arenot extremelyhigh andhencethe differencebetween
the two modelsis hardly noticeablein this scale.Only in the secondsubplotwe can seethat
Gaussianwaves(dots)hastroughdeeperandcrestlower thanthe transformedGaussianmodel
(solid line). This alsoindicatesthat the amplitudeestimatedfrom the transformedGaussianand
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Gaussian� modelsarepracticallyidentical.Usingthetransformationglc insteadof gh wouldgive
errorsof ca 11%, which for waveswith highersignificantwave heighwould give considerable
underestimationof thecrestheighof moreextremewaves.Evenif theprobabilityfor observingan
extremewave duringtheperiodof 20 minutesis small, it is not negligible for safetyanalysisand
thereforethechoiceof transformationis oneof themostimportantquestionsin wavemodeling.
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Figure 2.15: SimulatedS ÷!øJùJ�#xÆ÷ wS ÷�øJùjù (solid line) comparedwith wS ÷!øJù scaledto havethesamed � as S ÷�øJù for a theoretical spectrumgivenbyTorsethaugenspectrumSt .

Sincethe differencebetweenGaussianandnon-Gaussianmodel is not so big we may aska
questionwhether20 minutesof observationof a transformedGaussianprocesspresentedin this
exampleis long enoughto be ableto rejecttheGaussianmodel.Using the function mctrtest

we cansearejectionof Gaussianmodelwould bevery seldom.Observe that thesea.dat is 40
minuteslonganthatweclearlyhadrejectedtheGaussianmodel. ð

In WAFO thereareseveralotherprogramsto simulatetherandomfunctionsor surfaces.Impor-
tantclassusedin fatigueanalysisandin modelingthelong termvariability of seastateparameters
areMarkov models.Thereis alsoaprogramto simulatetheoutputof secondorderoscillatorswith
nonlinearspring,whenexternalforcewhich is white noise.Thenonlinearoscillatorscanbeused
to modelnonlinearresponsesof seastructures.
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CHAPTER 3

DISTRIBUTIONS OF APPARENT WAVE
CHARACTERISTICS

3.1 Intr oduction

In thepreviouschapterwe discussedmodelingof randomfunctionby meansof Fouriermethods.
The signal was representedas a sum of randomcosinefunctionswith randomamplitudesand
phases.In linear wave theory thosecosinefunctionsare waves traveling in water. Waves with
differentfrequencieshavedifferentspeeds,definedby thedispersionrelation.Thispropertycauses
thecharacteristicirregularity of seasurface.Even if it werepossibleto arrangea very particular
combinationof phasesandamplitudes,so that thesignallooks, for example,like a saw blade,it
will, aftera while, changeshapetotally. Thephaseswill bealmostindependentandtheseawould
againlook like a Gaussianrandomprocess.On the otherhandan observer clearly can identify
moving seawaves.The shapeof thosewaves,which areoften calledthe apparentwaves, since
theoretically, thosearenot mathematicalwaves,but areconstantlychangingup to themomentof
disappearing.

Thewavesactionon marinestructuresis oftenmodeledusinglinearfilters.Thentheseaspec-
trumgivesacompletecharacterizationof thestructuresresponses.However, oftensuchmodelsare
too simplistic andnon-linearitieshave to be consideredto allow morecomplex responses.Then
onemay not wish to performa complicatednumericalanalysisto derive the completeresponse
but is willing to acceptthesimplificationthat theresponseis proportionalto thewaves.Onemay
alsowish to identify somepropertiesof wavesthataredangerousin someway for theparticular
oceanoperation.Also the apparentwavesthemselvescanbe the reasonfor non-linearresponse.
For example,for waveswith crestsof apparentwaveshigherthensomethreshold,watermayfill
astructureandchangeits dynamicalproperties.Thecombinedeffectof apparentwaves,oftende-
scribedby its heightandwave period,is thereforeimportantin oceanengineering.Theseaspects
arediscussedin moredetail in thetextbookby Ochi (1998).

Theapparentwaveswill bedescribedby somegeometricproperties,whichwill becalledwave
characteristics,while frequenciesof occurencesof waveswith specifiedcharacteristicswill treated
in thestatisticalsenseanddescribedby a probabilitydistribution. Suchdistributionscanthenbe
usedto estimatethe frequency of occurrencesof someeventsimportantin thedesignof floating
marinesystems,e.g.wavebreaking,slamming,ringing,etc.

Thewave surfaceis clearly a two-dimensionalphenomenonthat changeswith time. Its study
shouldnaturallydealwith moving two-dimensionalobjects(surfaces).Theoreticalstudiesof ran-
domsurfacesstill facemajordifficultiesandareasubjectof ongoingresearch,for exampleseethe
PhDthesisby Sjö (2000),[56], wheresomeresultsconcerningthecombinedtime-spaceaspectsof
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wavesarepresented.At presentthereareonly few programsin WAFO thathandlethespace-time
relationsof waves,andhencein this tutorial,weshallnotpresentany examplesof wavesin space
andtime but limit thepresentationto simplercasesof wavesin one-dimensionalrecords.By this
we meanthe apparentwavesextractedfrom functions(measuredsignals)with one-dimensional
parameter, eitherin time or in space.Thesefunctionscanbe extractedfrom a photographof the
seasurfaceas,for example,theinstantaneousprofilealongaline in somefixedhorizontaldirection
on thesea,or canbeobtaineddirectly asa record takenin timeat a fixedpositionin spaceasby
meansof awavepoleor distancemeters.Theencounteredsea, anotherimportantone-dimensional
record,canbecollectedat amoving point asby meansof aship-bornewaverecorder.

To analyzecollectedwave datawe neednaturalandoperationaldefinitionsof an individual
wave, its period,height,steepness,andpossiblysomeothermeaningfulcharacteristic.Thereare
severalpossibledefinitionsof apparentwave,andhereweshallconcentratemostlyonzerodown-
crossingwaves.Namely, the apparent individual waveat a fixed time or position is definedas
thepartof therecordthat falls betweentwo consecutive down-crossingsof thezeroseaway level
(the latter often moredescriptively referredto asthe still waterlevel). For individual wavesone
canconsidervariousnaturalcharacteristics,amongthemapparent periodsandapparentheights
(amplitudes). Thepictorial definitionsof thesetwo characteristicsaregivenin Figure3.1.
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Atd

TcrTcf

Time

Wave 
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Figure 3.1: Waveparameters, definitions.In the list below, thenotationfor theparameters used
in our examplesis given.

Thedefinitionsof themostcommonwave characteristicsaregivenin Table3.1. In theWAFO
toolbox the most importantcanbe retrieved by the commandhelp wavedef , help peri-

oddef , help ampdef , andhelp crossdef , producingtheoutputin Section3.5
Having preciselydefinedthe characteristicsof interest,onecanextract their frequency (em-

pirical) distributions from a typical sufficiently long record.For example,measurementsof the
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upcrossingwave . . . . . . . . . . . . . . . . . . . a wave betweentwo successive meanlevel
upcrossings

downcrossingwave . . . . . . . . . . . . . . . . a wave betweentwo successive meanlevel
downcrossings

wavecrest . . . . . . . . . . . . . . . . . . . . . . . . the maximum value betweena meanlevel
upcrossingandthenext downcrossing= the
highestpoint of awave

wave trough . . . . . . . . . . . . . . . . . . . . . . . the minimum value betweena meanlevel
downcrossingandthenext upcrossing= the
lowestpoint of awave

crestfront waveperiod . . . . . . . . . . . . . �o�3� timespanfrom upcrossingto wavecrest
crestrearwaveperiod . . . . . . . . . . . . . . �o�(� time from wavecrestto downcrossing
crestperiod . . . . . . . . . . . . . . . . . . . . . . . �o� time from meanlevel up- to downcrossing
troughperiod . . . . . . . . . . . . . . . . . . . . . . �o� time from meanlevel down- to upcrossing
upcrossingperiod . . . . . . . . . . . . . . . . . . �o� timebetweensuccessivemeanlevel upcross-

ings
downcrossingperiod . . . . . . . . . . . . . . . �o� time betweensuccessive meanlevel down-

crossings
crest-to-crestwaveperiod . . . . . . . . . . �o�(� timebetweensuccessivewavecrests
zero-downcrossingwaveheight . . . . . d�� height betweentrough and following wave

crest
crestamplitude. . . . . . . . . . . . . . . . . . . . ��� crestheightabovemeanlevel
troughdepth . . . . . . . . . . . . . . . . . . . . . . ��� throughdepthbelow meanlevel (note: ���'��

)
upcrossingwaveamplitude . . . . . . . . . d�� crest-to-troughverticaldistance
downcrossingwaveamplitude . . . . . . d�� trough-to-crestverticaldistance
wavesteepness. . . . . . . . . . . . . . . . . . . . V Genericsymbolfor wavesteepness
min-to-maxwaveperiod . . . . . . . . . . . . time from local minimumto next local max-

imum
min-to-maxwaveamplitude . . . . . . . . heightbetweenlocal minimumandthenext

localmaximum
max-to-minwaveperiod/amplitude. . similar to min-to-maxdefinitions

Table3.1: Wavecharacteristicdefinitions

apparentperiodandheightof wavescould be taken over a sufficiently long observation time to
form anempiricaltwo-dimensionaldistribution.This distributionwill representsomeaspectsof a
givenseasurface.Clearly, becauseof the irregularity of the sea,empirical frequencieswill vary
from recordto record,however if theseais in “steady”condition,which correspondsmathemati-
cally to theassumptionthattheobservedrandomfield is stationaryandergodic,theirvariability for
sufficiently largerecordswill beinsignificant.Suchlimiting distributions(limiting with respectto
observationtime,for recordsmeasuredin time,increasingwithoutbound)aretermedthelong-run
distributions. Obviously in realseawe seldomhave a solong periodsof ”steady”conditionsthat
thelimiting distribution will bereached.On averageonemayobserve 400-500wavesperhourof
measurements,while thestationaryconditionsmayrestfrom 20 minutesto only few hours.
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Despite� of this,a factthatmakestheselong-rundistributionsparticularlyattractive is thatthey
give probabilitiesof occurrenceof wavesthat may not be observed in the shortrecordsbut still
arepossible.Henceonecanestimatetheintensityof occurrenceof waveswith specialproperties
andto extrapolatebeyondtheobservedtypesof waves.Whatwe shallbeconcernedwith next is
to show how to computesuchdistributionalproperties.

In thefollowing sectionsweshallconsiderthreedifferentwaysto obtainthewavecharacteristic
probabilitydensities(or distributions):ô To fit empiricaldistribution to theobserved(or simulated)datain someparametricfamily of

densities,andthenrelatetheestimatedparametersto someobservedwave climatedescribed
by meansof significantwave heighandwave period.Algorithmsto extractwaves,estimate
thedensitiesandcomputesomesimplestatisticswill bepresented.ô To simplify themodelfor theseasurfaceinto suchdegreethatexplicit computationof wave
characteristicdensities(in the simplified model) is possible.Someexamplesof proposed
modelsfrom theliteraturewill begiven.ô To exactly computethedensitiesfrom themathematicalform of a randomseaway. For zero-
crossingwavesthereareexplicit formulasfor thedensitiesof wave characteristics.The for-
mulasarein principal infinite dimensionalintegralsthat have to be computednumerically.
In thetoolboxthereareefficient numericalalgorithmsto computetheseintegrals.Thealgo-
rithmsdonot requireany particularform of thespectrumto beusedto modeltheseasurface.
Themethodwill be illustratedby computingdensitiesof period,wavelengthandamplitude,
in many standardtypesof wavespectra.

3.2 Estimation of wavecharacteristicsfr om data

In this sectionwe shallextractthewave characteristicsfrom a measuredsignalandthenusenon-
parametricstatisticalmethodsto describethe data,i.e. empirical distributions,histograms,and
kernelestimators.(In thelastchapterof this Tutorial we presentssomestatisticaltoolsto fit para-
metricmodels.Thatchapteris not includedin this preliminarymanuscript).

It is generallyto beadvisedthat,beforeanalyzingseawave characteristics,oneshouldcheck
the quality of the databy inspectionandby the routine findoutliers usedin Section2.1.
Thenoneusuallyshouldremove any presenttrendfrom the data.Trendscould be due to tides
or atmosphericpressurevariationswhich affect themeanlevel. De-trendingcanbedoneusinga
WAFO functionsdetrend or detrendma .

Waveperiod

Example 1. (contd.) We begin with extractingtheapparentwavesandrecordtheir period.The
signalsea.dat is recordedat 4 Hz samplingfrequency. Oneof possibledefinitionof a periodis
thedistancebetweentheconsecutivewavecrests.For thisparticularvariableit maybeconvenient
to have a higherresolutionthan4 Hz andhencewe shall interpolatesignalto a densergrid. This
will beobtainedby giving anappropriatevalueto thevariablerate which canbeusedasinput
to theWAFO-routinedat2wa . Thefollowing MATLAB codewill returncrest2crestwaveperiods



3.2. ESTIMATION OF WAVE CHARACTERISTICS FROM DATA 37�o�(� in thevariableTcrcr andreturnthecrestperiod �o� in Tc , i.e. thetime from up-crossingsto
thefollowing down-crossing.)

xx = load(’sea.dat’);
xx(:,2) = detrend(xx(:,2));
rate = 8;
Tcrcr = dat2wa(xx,0,’c2c’,’tw’,rate);
Tc = dat2wa(xx,0,’u2d’,’tw’,rate);

Next we shall usea kernelestimator(KDE) to estimatetheprobabilitydensityfunction (pdf)
of thecrestperiodandcomparetheresultingpdf with a histogramof theobservedperiodsstored
in Tc . In orderto definea suitablescalefor thedensitywe first computethemeanandmaximum
of theobservedcrestperiods.

mean(Tc)
max(Tc)
t = linspace(0.01,8,200);
L2 = 0;
ftc1 = kde(Tc,’epan’,[],[],L2,t);
pdfplot(ftc1), hold on
whisto(Tc,[],[],1)
axis([0 8 0 0.5]), hold off

(TheparameterL2=0 is usedinternallyin thefunctionkde , andcausesa logarithmictransfor-
mationof thedatato ensurethatthedensityis zerofor negativevalues.)
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Figure3.2: Kernel estimateof the crestperiod densityobservedin sea.dat (solid line) com-
paredwith thehistogramof thedata.

In Figure3.2wecanseathatmany shortwaveshavebeenrecorded(dueto relatively highsam-
pling frequency). Thekernelestimatewill becomparedwith thetheoreticallycomputeddensityin
thelastsectionof this chapter. ð
Remark 3.1. Notethattheprogramkde canbequiteslow for largedatasets.If a fasterestimates
of thepdf for theobservationsis preferredonecanusekdebin , which is anapproximationto the
truekerneldensityestimator. An importantinputparameterin theprogram,thatdefinesthedegree
of approximation,is inc which shouldbegivena valuebetween100and500.( A valueof inc

below 50givesfastexecutiontimesbut canleadto inaccurateresults.)
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inc = 128;
ftc2 = kdebin(Tc,’epan’,[],[],L2,inc); ð

Extr emewaves– model check

We turn now to joint wave characteristics,e.g. the joint densityof half periodandcrestheight
(Tc,Ac) , or waveheightandsteepness(Ac,S) . Theprogramdat2speed identifieswavesand
for eachwave givesseveralwave characteristics(typehelp dat2speed for a list of computed
variables).

We begin by examiningprofilesof waveshaving somespecialproperty, e.g.with high crests,
or thatareextremelysteep.

Example1. (contd.) Thefollowing MATLAB codewill find asequenceof wavesandtheirwave
characteristics.

method = 0;
rate = 8;
[S, H, Ac, At, Tcf, Tcb, z_ind, yn] = ...

dat2steep(xx,rate,method);

Thefirst preliminaryanalysisof thewave datais to find theindividual wave which is extreme
by somespecifiedcriterion,e.g.thesteepestor thehighestwave etc.To do suchananalysisone
canusethe function spwaveplot(xx,ind) , which plots wavesin xx which areselectedby
theindex variableind . For example,let uslook at thehighestandthesteepestwaves.

[Smax indS]=max(S)
[Amax indA]=max(Ac)
spwaveplot(yn,[indA indS],’k.’)

The two wavesareshown in Figure3.3 (a). Theshapeof thebiggestwave remindsof theso
called”extreme”waves.In the following we shall examinewhetherthis particularshapecontra-
dictstheassumptionof a transformedGaussianmodelfor thesea.

This is doneasfollows.Firstwefind thewavewith thehighestcrest.Thenwemarkall positive
valuesin that wave asmissing.Next we reconstructthe signal,assumingthe Gaussianmodel is
valid,andcomparetheprofileof thereconstructedwavewith theactualmeasurements.Confidence
bandsfor thereconstructionwill bealsoplotted.In thepreviouschapterwe havealreadyusedthe
programreconstruct , andherewe shallneedsomeadditionaloutputfrom thefunction,to be
usedto computeandplot theconfidencebands.

inds1 = (5965:5974)’;
Nsim = 10;
[y1, grec1, g2, test, tobs, mu1o, mu1oStd] = ...

reconstruct(xx,inds1,Nsim);
spwaveplot(y1,indA-10)
hold on
plot(xx(inds1,1),xx(inds1,2),’+’)
lamb = 2.;
muLstd = tranproc(mu1o-lamb*mu1oStd,fliplr (grec 1));
muUstd = tranproc(mu1o+lamb*mu1oStd,fliplr (grec 1));
plot (y1(inds1,1), [muLstd muUstd],’b-’)
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(Notethatwehaveusedthefunctiontranproc insteadof gaus2dat , sincethelastfunction
requirea two column matrix. Furthermorewe have to usethe index indA-10 to identify the
highestwave in y1 . This is causedby the fact that interpolatedsignalyn hasa few additional
smallwavesthatarenot in xx .)
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Figure3.3: (a): Two waves,the highestand the steepest,observedin sea.dat . (b): Crosses
are observationsremovedfromthehighestwave, thereconstructedwave, usingtransformed
Gaussianmodelis givenbythemiddlesolid line. Upperandlowercurvesgivetheconfidence
banddefinedas the conditionalmeanof the processplus minustwo conditional standard
deviations.

In Figure3.3 (b) the crossesarethe removedvaluesfrom the wave. The reconstructedwave,
plottedby a solid line, is almostidenticalto themeasured.(Observe thatthis is a simulatedwave,
usingthe transformedGaussianmodel,andhenceeachtime we executethecommandtheshape
will change.)Theconfidencebandsgiveslimits containing95%of thesimulatedvalues,pointvise.
Fromthefigurewe candeducethat ththishighestwave couldhave beenevenhigherandthat the
heightis determinedby theparticularlyhigh valuesof thederivativesat thezerocrossingswhich
definethe wave. The observed wave looks moreasymmetricin time thenthe reconstructedone.
Suchasymmetryis unusualfor thetransformedGaussianwavesbut not impossible.By executing
the following commandswe canseethat actually the observed wave is closeto the expectedin
transformedGaussianmodel.We shallnot investigatethis questionfurtherin this tutorial.

clf
plot(xx(inds1,1),xx(inds1,2),’+’), hold on
mu = tranproc(mu1o,fliplr(grec1));
plot(y1(inds1,1), mu) �

Crestheight

We turn now to the kernel estimatorsof the crestheight density. As it is well known that for
Gaussianseathe tail of thedensityis well approximatedby theRayleighdistribution. Wandand
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Jones(1995,� Chap.2.9)show thatGaussiandistribution is oneof theeasiestdistributionsto obtain
a goodKernelDensityEstimatefrom. It is moredifficult to find goodestimatesfor distributions
with skewness,kurtosisandmultimodality. Hereonecangethelpby transformingdata.This can
bedonechoosingdifferentvaluesof input L2 into theprogramkde .

Example 1. (contd.) We shallcontinuewith analysisof thecrestheightdistribution.By letting
L2 = 0.6 weseethatthenormalplotof thetransformeddatais approximatelylinear. (Note:One
shouldtry out several differentvaluesfor L2 . It is alsoalwaysgoodpractiseto try out several
differentvaluesof the smoothingparameter;seethe help text of kde andkdebin for further
explanation)

L2 = 0.6;
wnormplot(Ac.ˆL2)
fac = kde(Ac,’epan’,[],[],L2,linspace(0.01 ,3,20 0));
pdfplot(fac)
simpson(fac.x{1},fac.f)

Theintegralof theestimateddensityfac is 0.9675but it shouldbeone.Therefore,whenweuse
the estimateddensityto computedifferentprobabilitiesconcerningthe crestheightthe uncertity
of thecomputedprobabilityis at least0.03.Wesuspectthattheestimateddensityis erroneousfor
smallamplitudes.In ordertocheckthiswecomputethecumulativedistributionusingthefollowing
formula, ���3���Z�y�P�'�¡ £¢�¤�¥§¦¨ ©«ªY¬ ��­P�O®6­°¯
where ©«ªY¬ ��­P� is the estimatedprobability densityof

���
. For the pdf saved in fac the following

MATLAB codegivesanestimateof thecumulativedistribution function(cdf) for crestheightand
comparesit with theempiricaldistributioncomputedfrom databy meansof functionempdistr .

Fac = flipud(cumtrapz(fac.x{1},flipud(fac. f)));
Fac = [fac.x{1} 1-Fac];
Femp = empdistr(Ac,Fac);
axis([0 2 0 1]) �

Sincea kerneldensityestimatorKDE in principal is a smoothedhistogramit is not very well
suitedto extrapolatethe densityto the region whereno dataareavailable,e.g. the heighcrests
in sucha casea modelshouldbeused.In WAFO thereis a function trraylpdf thatcombines
thenonparametricapproachof KDE with aRayleighdensity. Simply, if theRayleighvariablecan
beusedto describedthecrestsof Gaussianwavesthena transformedRayleigvariableshouldbe
usedfor thecrestsof thetransformedGaussianwaves.Themethodhasseveralnicepropertiesand
will bedescribedmorein the following section.Herewe just useit in orderto comparewith the
nonparametricKDE method.

hold off
facr = trraylpdf(fac.x{1},’Ac’,grec1);
Facr = cumtrapz(facr.x{1},facr.f);
hold on
plot(facr.x{1},Facr(:,2),’.’)
axis([1.25 2.25 0.95 1])

Figure3.4 (a) shows that our hypothesisthat the fac pdf is slightly too low in the region of
smallcrestseemsto becorrect.Next from Figure3.4(b) wecanseethateventhetail is resonably
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Figure3.4: (a) Comparisonof theempirical distribution of thecrestheightwith the cumulative
distributioncomputedfromtheKDE estimator. (b) Zoomingin on thetails of distributionsin
(a) togetherwith thetail of thetransformedRayleighapproximation(dots)to thecrestheight
distribution.

modeledevenif it is lighterthan,i.e.givessmallerprobabilitiesof highwavesthan,theonederived
from thetransformedGaussianmodel.

Joint crestperiod and crestheight distrib ution

We shall usethe kerneldensityestimatorto find a goodestimatorof thecentralpart of the joint
densityof crestperiod and crestheight.Usually, kernel densityestimatorgivespoor estimates
of the tail of the distribution, unlesslarge amountsof datais available.However, a KDE gives
qualitively goodestimatesin theregionsof sufficient datai.e. in themainpartof thedistribution.
This is goodfor visualization(pdfplot ) anddetectingmodes,symmetries(anti-symmetry)of
distributions.

Example 1. (contd.) Thefollowing commandexaminesandplots the joint distribution of crest
periodandcrestheightin thedatasea.dat .

L2 = 0.5;
hs = [];
inc = 256;
Tc = Tcf+Tcb;
fTcAc = kdebin([Tc Ac],’epan’,hs,[],L2,inc);
fTcAc.labx={’Tc [s]’ ’Ac [m]’} % make labels for the plot
pdfplot(fTcAc)
hold on
plot(Tc,Ac,’k.’)
hold off

In Figure3.5 thereare544pairsof crestperiodandheightplotted.We canseethat thekernel
estimatedescribesthedistribution of dataquite well. It is alsoobvious that it cannot beusedto
extrapolateoutsidetheobservationrange.In thefollowing sectionweshallcomputethetheoretical
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Figure 3.5: Kernel estimateof the joint density of crest period Tc and crest height Ac in
sea.dat compared with the observeddata (dots).Thecountourlines are drawn in such
a waythat they containspecified(estimated)proportionsof data.

joint densityof crestperiodandheightfrom the transformedGaussianmodelandcomparewith
theKDE estimate.

�
3.3 Explicit results- wavemodels

In this sectionwe shall considertheGassiansea.We assumethat the referencelevel is zeroand
thatthespectrumis known.Wewill presentsomeof theexplicit form resultswhichareknown and
studiedin the literatureaboutwave characteristics.Someof themareexact,otherarederivedby
simplificationof therandomfunctionsdescribingtheseasurface.

3.3.1 The averagewave

For Gaussianwavesthe spectrumandthe spectralmomentscontainexact informationaboutthe
averagebehaviour of many of the wave characteristics.The WAFO programsspec2char and

spec2bw cancomputealonglist of differentwavecharacteristicparametersfromthespectrum
input.A list of availableparameterscanbefoundfrom help spec2char .

SPEC2CHAREvaluates spectral characteristics and their variance

CALL: [ch r] = spec2char(S,fact,T)

ch = vector of spectral characteristics
r = vector of the corresponding variances given T
S = spectral struct with angular frequency

fact = vector with factor integers, see below. (default [1])
T = recording time (sec) (default 1200 sec = 20 min)

If input spectrum is of wave number type, output are factors for
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corresponding ’k1D’, else output are factors for ’freq’.
Input vector ’factors’ correspondence:

1 Hm0 = 4*sqrt(m0) Significant wave height
2 Tm01 = 2*pi*m0/m1 Mean wave period
3 Tm02 = 2*pi*sqrt(m0/m2) Mean zero-crossing period
4 Tm24 = 2*pi*sqrt(m2/m4) Mean period between maxima
5 Tm_10 = 2*pi*m_1/m0 Energy period
6 Tp = Peak period
7 Ss = 2*pi*Hm0/(g*Tm02ˆ2) Significant wave steepness
8 Sp = 2*pi*Hm0/(g*Tpˆ2) Average wave steepness
9 Ka = Groupiness parameter

10 Rs = Quality control parameter
11 Tp = 2*pi*int S(w)ˆ4 dw Peak Period (more robust estimate)

------------------
int w*S(w)ˆ4 dw

Order of output is same as order in ’factors’
The variances are computed with a Taylor expansion technique
and is currently only available for factors 1,2 and 3.

Example4. (Simplewave characteristicsobtainedform spectraldensity) We startby defining
a JONSWAP spectrum,describinga seastatewith T_p = 10 s , H_{m_0} = 5 m. Type

spec2mom to seewhatspectralsmomentsarecomputed.

S = jonswap([],[5 10]);
[m mt]= spec2mom(S,4,[],0);

Themostbasicinformationaboutwavesis containedin thespectralmoments.Thevariablemt

now containsinformationaboutwhatkind of momentshave beencomputed,in this casespectral
momentsup to orderfour ( ±³² ¯�´�´�´1¯ ±Iµ ). Next, the irregularity factor ¶ , significantwave height,
zerocrossingwaveperiod,andpeakperiodcanbecomputed.

spec2bw(S)
[ch Sa2] = spec2char(S,[1 3])

Theinterestingfeatureof theprogramspec2char is that it alsocomputesanestimateof the
varianceof thecharacteristics,giventhe lengthof observations(assumingtheGaussiansea),see
[24], [60] and[64] for moredetaileddiscussion.For example,for the JONSWAP Gaussiansea,
the standarddeviation of significantwave height estimatedfrom 20 minutesof observationsis
approximately0.25meter.

�
3.3.2 Explicit form approximations of wavecharacteristic densities

In themodulewavemodels in WAFO, wehave implementedsomeof theapproximativemodels
foundin theliterature.To getanoverview of theroutinesin themodule,typehelp wavemod-

els .

Wewill investigatethreeapproximatemodelsfor thejoint pdf of

��· ¬ ¯�� ¬ � (for thenomenclature,
seethe routinesperioddef and ampdef in the moduledocs ). Both of the functionsneed
spectralmomentsasinputs.
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Model¸ by Longuet-Higgins

Longuet-Higginsderiveshis distribution by consideringthejoint distribution of theenvelopeam-
plitude and the time derivative of the envelopephase.The model is valid for narrow-bandpro-
cesses.It seamsto give relatively accurateresult for big waves,e.g. for waveswith significant
amplitudes.

Thespectralwidth parameter1 definedas¹ � ±³²b±³º± º » ¢¼ 
appearsin themodel(for anarrow-bandprocess,¹¾½L¿ ), givenby© LHÀ1Á�Â ª Á �(Ãq¯�­P�'�G�

LH Ä ­ Ã?Å ºoÆqÇYÈÊÉ ¢ ­ ºËÍÌ  +Î ¹oÏ º �/ £¢ÐÃ Ï » � º�ÑÓÒ ¯
where �

LH

�  Ë ��Ô«ÕJ� Ï »�Ö º ¹ Ï » Ì  +Îy�/ �Î ¹ º � Ï »�Ö º Ñ Ï » ´
Thedensityis calculatedby thefunction lh83pdf .

Example 4. (contd.) For theLonguet-Higginsapproximationwe usethespectralmomentsjust
calculated.

t = linspace(0,15,100);
h = linspace(0,6,100);
flh = lh83pdf(t,h,[m(1),m(2),m(3)]);

(a) (b)

0 5 10 15
0

1

2

3

4

5

6
Joint density of (Tc,Ac) − Longuet−Higgins (1983)

Level curves enclosing:

10
30
50
70
90
95
99

0 5 10 15
0

1

2

3

4

5

6
Joint density of (Tc,Ac) − Longuet−Higgins (1983)

Level curves enclosing:

10
30
50
70
90
95
99

Figure 3.6: Modelby Longuet-Higginsfor joint pdf of crestperiod

· ¬ andcrestheight

� ¬ . Spec-
trum: JONSWAP with

·O×Ø�   ¿ s, ÙÛÚ Ü �ÞÝ
m. (a) linear Gaussiansea,(b) transformed

Gaussiansea.

In WAFOwehavemodifiedtheLonguet-Higginsdensityto beapplicablefor transformedGaus-
sianmodels.Following the examplesfrom the previous chapterwe computethe transformation
proposedby Wintersteinandcombineit with theLonguet-Higginsmodel.ß

Thevalueof à maybecalculatedby spec2bw(S,’eps2’)
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[sk, ku ]=spec2skew(S);
sa = sqrt(m(1));
gh = hermitetr([],[sa sk ku 0]);
flhg = lh83pdf(t,h,[m(1),m(2),m(3)],gh);

In Figure3.6thedensitiesflh andflhg arecompared.Thecountourlinesaredrawn in such
a way that they containpredefinedproportionsof the total probabilitymassinsidethecountours.
Wecanseethatincludingsomenonlineareffectsgivessomewhathigherwavesfor theJONSWAP
spectrum.

�
Model by Cavaniéet al

Anotherexplicit densityfor thecrestheightwaspropsedby Cavaníeetal (1976).Hereany positive
local maximumis consideredasa crestof a wave, thenthe secondderivative (curvature)of the
local maximumdefinesthewave periodby meansof a cosinefunctionwith thesameheightand
curvatureof its top.

Themodelusestheparameter¹ andabandwidthparameter2 á , definedbyá ��â  £¢ ± ºº±³²�±Iµ?ã
hence,for anarrow-bandprocess,á ½�¿ . TheCavaníedistribution is givenby

© CAÀ Á Â ª Á �(Ãq¯�­P�'�G�
CA

­ ºÃ�ä ÆåÇYÈçæè é ¢ ­ ºË«ê º Ã µìëí-î Ã º ¢ î  ï¢ ê º +Î ¹ º�ðñð º Îóò º î  �¢ ê º [Î ¹ º�ð'ôõ[ö ÷ø ¯
where �

CA

�  ù �/ £¢ á º �q��Ô�ÕJ� Ï »�Ö º á Ï » ¶%º Ï » �Ó [Î ¹ º � Ï º¶%º �  Ô Ì  +Îy�/ £¢ á º � »�Ö º Ñò�� á ºåú �Ó �¢ á º �
Thedensityis computedby

t = linspace(0,10,100);
h = linspace(0,7,100);
fcav = cav76pdf(t,h,[m(1) m(2) m(3) m(5)],[]);

andacontourplot of thepdf is obtainedby pdfplot(fcav) , cf. Figure3.7.

Rayleighapproximation for wavecrestheight

Thereareseveral densitiesproposedin the literatureto approximatethe heightof a wave crest
or its amplitude.Someof them are programmedin WAFO; executehelp wavemodels for
a list of them. For Gaussianseathe most frequentlyusedmodel is the Rayleighdensity. The
standardizedRayleighvariable û hasthedensitygivenby © �3ü4�+�ýü ÆåÇYÈ �Ó¢Zü º ú Ô6� . It is well kownþ

Thevalueof ÿ maybecalculatedby spec2bw(S,’eps4’)
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Figure 3.7: (a) Contour lines of the joint densityof crest period and crest height proposedby
Cavaníe et al, for Gaussianseawith JONSWAP spectrum(

·O×Ê�   ¿ s, Ù�Ú Ü � Ý
m). (b) The

tail of theempiricaldistribution of crestheight(top), troughheight(middle)andamplitude
(bottom)comparedwith Rayleighapproximation(dots)andtransformedRayleighmodelwith
Hermitetransformation.

that for GaussianseatheRayleighapproximationworksvery well for high waves,andactuallyit
is aconservativeapproximationsincewehave�¾��� ¬ � ���[� �¾� û � ù�� � ú Ù�� �'� � Ï�� ¨ þ Ö
	 þ� ¯
seeRychlik andLeadbetter(1997).In the samepaperit is shown that for any seawave model
with crossingintensity � � 
 � , onehas

���3� ¬ � ���[� � � 
 � ú � � ¿ � . Theapproximationbecomesmore
accurateasthelevel

�
increases.

The crossingintensity � � 
 � is given by Rice’s formula,Rice (1944),andit canbe computed
whenthejoint densityof sealevel � ��Ã��

andits derivative
�� ��Ã��

is known,� � 
 �J�#¤ ¥§¦² � ©�������� Â��������� � 
 ¯ � �O® � ´
For Gaussianseait canbecomputedexplicitly� � 
 � �  · � � Ï�� � þ! þ� ´
For non-linearwavemodelswith randomStoke’swavesthecrossingintensityhasto becomputed
usingnumericalintegration;seetheLicentiateThesisby Machado(2000).

Knowing thecrossingintensity � � 
 � onecancomputethetransformation" , by usingtherouine
lc2tr , suchthat the transformedGaussianmodelhascrossingintensityequalto � � 
 � . Conse-
quently, we have that

���3� ¬ � ���Z�ý��� û � " �����
� �ý���$#�� û �Z�¡���b´
Thefunction trraylpdf

computesthepdf of

#¾� û � . (Obviously thefunctionworksfor any transformation" .)
In previousexampleswe usedthe estimatedcrossingintensityto computethe transformation

andthenapproximatedthecrestheightdensityusingthe transformedRayleighvariable.Theac-
curacy of the approximationfor the heighcrestsin the datasetxx = sea.dat waschecked,
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seeFigure3.4 (b). A moreextensive studyof the applicability of this approximationis donein
Brodkorp et al. (2000).

Example5. (Rayleighapproximationof crestheightfrom spectraldensity) In this examplewe
shallusea transformedRayleighapproximationfor crestheightderivedfrom thespectrumof sea.
In orderto checktheaccuracy of theapproximationsweshallusetheestimatedspectrumfrom the
recordsea.dat .

xx = load(’sea.dat’);
x = xx;
x(:,2) = detrend(x(:,2));
SS = dat2spec2(x);
[sk, ku, me, si ] = spec2skew(SS);
gh = hermitetr([],[si sk ku me]);
Hs = 4*si;
r = (0:0.05:1.1*Hs)’;
fac_h = trraylpdf(r,’Ac’,gh);
fat_h = trraylpdf(r,’At’,gh);
h = (0:0.05:1.7*Hs)’;
facat_h = trraylpdf(h,’AcAt’,gh);
pdfplot(fac_h)
hold on
pdfplot(fat_h)
hold off

Next we shall comparethe derived approximationwith the observed crestheightsin x . As
beforewe could usethe function dat2steep to find the crests.Here,for illustration only, we
shallusedat2tc to find thecrestheightsAc andtroughdepthAt .

TC = dat2tc(xx, me); % Note: explanation for ’wdef’ missing in help
tc = tp2mm(TC);
Ac = tc(:,2);
At = -tc(:,1);
AcAt = Ac+At;

Finally, thefollowing commandswill givethecumulativedistributionsfor thecomputeddensi-
ties.

Fac_h = [fac_h.x{1} cumtrapz(fac_h.x{1},fac_h.f)];
subplot(3,1,1)
Fac = empdistr(Ac,Fac_h);
hold on
plot(r,1-exp(-8*r.ˆ2/Hsˆ2),’.’)
axis([1. 2. 0.9 1])
Fat_h = [fat_h.x{1} cumtrapz(fat_h.x{1},fat_h.f)];
subplot(3,1,2)
Fat = empdistr(At,Fat_h);
hold on
plot(r,1-exp(-8*r.ˆ2/Hsˆ2),’.’)
axis([1. 2. 0.9 1])
Facat_h = [facat_h.x{1} cumtrapz(facat_h.x{1},facat_h.f)];
subplot(3,1,3)
Facat = empdistr(AcAt,Facat_h);
hold on
plot(r,1-exp(-2*r.ˆ2/Hsˆ2),’.’)
axis([1.5 3.5 0.9 1])
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In Figure
%

3.7 (b) we canseesomedifferencesbetweenthe observed crestandtroughdistri-
butionsandthe oneobtainedusingthe transformationgh . However, it still givesa muchbetter
approximationthanusingthestandardRayleighapproximation(dots).As it wasshown beforeus-
ing the transformationcomputedfrom thecrossingintensity, the transformedRayleighapproach
is giving a perfectfit. Finally, onecanseethat the RayleighandtransformedRayleighvariables
givemuchtooconservativeapproximationsto thedistributionof waveamplitude.

�

3.4 Exact wavedistrib utions in transformed Gaussiansea

In thissectionweshalldemonstratesomefunctionsfor computationof exactprobabilitydensities,
marginal andjoint, of crestperiodTc , crestlengthLc , andcrestheightAc. Thesamefunctions
computedensitiesfor troughperiod,lenght,andheight,Tt , Lt , At , respectively. In WAFO there
arealsofunctionscomputingexactdensitiesfor otherwave characteristics,which will not bepre-
sentedhere;make help trgauss to seea list of themall. Thefunctionsaretheresultsof long
timeresearchatLundUniversity, seePodǵorskietal,whereareview of thehistoricaldevelopment
andthemathematicaltoolsbehindthealgorithmsaregiven.

help trgauss

WAFO Toolbox /trgauss
Version 1.0.4 03-Jul-2000

createpdf - PDF class constructor
dat2gaus - Transforms x using the transformation g.
gaus2dat - Transforms xx using the inverse of transformation g.
hermitetr - Calculates the transformation g proposed by Winterstein
initdata - Initializes global constants used by the rind program
iter - Calculates a Markov matrix fmM given a rainflow

matrix frfc;
iter_mc - Calculates a kernel f_xy of a MC given a rainflow

matrix f_rfc;
ochitr - Calculates the transformation g proposed by Ochi et al.
ochitr2 - Calculates the transformation g proposed by Ochi et al.
pdfplot - Plot contents of pdf structures
rind - Computes E[Jacobian*Indicator|Condition ]*f_{Xc}(xc(:,ix))
spec2acat+ - Evaluates survival function R(h1,h2)=P(Ac>h1,At>h2).
spec2acdf+ - Evaluates cdf of crests Ac (trough At) P(Ac<=h) (P(At<=h)).
spec2cmat+ - Joint intensity matrix for (max,min)-, rainflow- and

(crest,trough)-cycles
spec2mmtpdf+ - Calculates joint density of Maximum, minimum and period.
spec2skew - Estimates the moments of 2’nd order waves due to

Marthinsen and Winterstein
spec2tccpdf+ - Evaluates densities of wave period Tcc, wave lenght Lcc.
spec2thpdf - Joint density of amplitude and period/wave-length

characteristics
spec2tpdf - Evaluates densities for crest-,trough-period, length.
spec2tpdf2 - Evaluates densities for various wave periods or wave lengths
spec2vhpdf - Joint density of amplitude and crest front

velocity Vcf=Ac/Tcf
trangood - Makes a version f of the transformation ff that is
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tranproc - Transforms process x and up to four derivatives
trraylpdf - Calculates transformed Rayleigh approximation for amplitudes.

3.4.1 Densityof crestperiod, crestlength or encountered crestperiod

All of thethreedensitiescanbecomputedusingthefunctionspec2tpdf . Thefunctioncomputes
alsothedensitiesfor waveswith crestabovea specifiedheighth. This is a usefuloptionallowing
computationof theprobabilitythatacrestis higherthanaspecifiedthreshold.It canalsobeusedto
provide informationaboutthedistributionof theperiod(lenght)of suchhighwaves;seeBrodkorb
et al (2000)for detailedpresentation.

Thefunctionspec2tpdf performsall necessarytransformationsscalingsetc.makingit very
flexible. It handlesdifferentspectraasinputs.Which kind of thedensityis computed(output)is
definedby thevariabledef thattakesvalues’Tc’ for crestperiod,’Lc’ for crestlength,’Tt’

for troughperiodand ’Lt’ for troughlength.The transformationis only affecting the valueof
thestill waterlevel u andthetresholdh. Thefunctionspec2tpdf allows any valuefor thestill
waterlevel; if u it is notequalto themostfrequentlycrossedlevel thenthedensitiesof Tc andTt

arenot identical.

Example6. (Crestperiodandcrestlength) We startby defininga frequency spectrum,& � ' � ,
which wasusedin theIntroduction;we choosea Torsethaugenspectrumwith parametersÙ�ÚJÜ �(

m,

·O× � Ë
s,describingsignificantwaveheightandprimarypeakperiod,respectively. Theenergy

is dividedbetweentwo peaks,correspondingto contributionsfrom wind andswell.We shallalso
usethetwo directionalspectrafrom theIntroduction.

S1 = torsethaugen([],[6 8],1);
D1 = spreading(101,’cos’,pi/2,[15],[],0) ;
D12 = spreading(101,’cos’,0,[15],S1.w,1) ;
SD1 = mkdspec(S1,D1);
SD12 = mkdspec(S1,D12);

Webegin with thedensityof crestperiod,which(obviously) is identicalfor all threespectraS1,
SD1, andSD12. The computeddensityis a resultof a numericalintegrationof the theoretically
derived formula. The algorithm gives upper(and if requestedlower boundtoo) boundfor the
density. Consequently, if the integral of the computeddensity, over all periods,is closeto oneit
impliesthatthedensityis computedwith highaccuracy.

f_tc = spec2tpdf(S1,[],’Tc’,[0 11 56],[],4);
pdfplot(f_tc)
simpson(f_tc.x{1},f_tc.f)

Thecrestperioddensityis shown in Figure3.8(a).Theintegralof thedensityf tc computed
usingthefunctionsimpson is 1.0012showing theaccuracy of theapproximation.Thecomputa-
tion timeis 105secondsonaPC,Pentium450Mhz. Theplot of thedensityis shown in Figure3.8.
The computationtime dependson the requiredaccuracy andhow broadbandedthespectrumis.
For example,thesameaccuracy is achievedfor JONSWAP spectrum,usedin theprevioussection,
in lessthan5 seconds.The computationtime increasesif thereis a considerableprobability for
longwaveswith low crests.

We thenturn to thedensityof crestlengthfor theTorsethaugenspectrum.It canbecomputed
usingthesamefunctionspec2tpdf , we just changetheinput ’Tc’ to ’Lc’ .
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Figure 3.8: (a) Thedensityof crestperiodTc , (b) Densitiesof crestlength(dasheddottedline)
compared to the densityof crest length for waveswith crest above 1.5 [m] (onestandard
deviationabovethestill waterlevel, for Gaussianseawith theTorsethaugenspectrum.

f_Lc = spec2tpdf(S1,[],’Lc’,[0 200 81],[],5);
pdfplot(f_Lc,’-.’)

Thecrestlengthdensityhasa sharppeakfor very shortwaves– thewave-numberspectrumis
muchmorebroadbandedthatthefrequency spectrum.However, theshortwaveshavesmallcrests
andshouldbeconsideredas’noise’ ratherthanasapparentwaves.Consequentlywe maywish to
computetheproportionof wavesthathascresthigherthanonestandarddeviation( Ù�� ú ù ) = 1.5[m]
andgive thedensityof thecrestlengthfor thesewaves.

f_Lc_1 = spec2tpdf(S1,[],’Lc’,[0 200 81],1.5,5);
hold on
pdfplot(f_Lc_1)

The result is presentedin Figure3.8 (b) andwe canseethat all shortwavesweresmall.The
proprtionof waveswith crestsabove1.5[m] (onestandarddeviation) is computednext.

simpson(f_Lc.x{1},f_Lc.f)
simpson(f_Lc_1.x{1},f_Lc_1.f)

As we canseemorethanhalf of the wavesaresmall,moreprecisely46%of the waveshave
crestsabove1.5[m].

Wefinishthisexampleby consideringtheTorsethaugenspectrumwith thetwo differentspread-
ing functionsSD1andSD12. In Figure1.5wehavepresentedsimulationsof theseasurfaceswith
thespertrums.Fromthefigurewe expectthat the two crestlengthdistributionsshouldbediffer-
ent. (Obviously the crestperioddensitiesareidentical).In the directionalseawe have to define
theazimuthof the line for which thecrestlengthshouldbecomputed(thedefault valueis zero).
Now the directionalspectraSD1 andSD12 hasdifferentmain wave directions,) ¿+* , ¿+* degrees,
respectively, andhenceweshallchoosedifferentazimuthsfor thespectra.Morepreciselyfor both
caseswe shallconsiderheadingwaves,this is achievedusingfunctionspec2spec .
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f_Lc_d1 = spec2tpdf(spec2spec(SD1,’rotdir’,pi /2),[] ,...
’Lc’,[0 300 121],[],5);

pdfplot(f_Lc_d1,’-.’)
hold on
f_Lc_d12 = spec2tpdf(SD12,[],’Lc’,[0 200 81],[],5);
pdfplot(f_Lc_d12)
hold off

(Thelastinput in spec2tpdf , alsocallednit is definingthedimensionalityof thecomputed
integral. Higher nit is requiredto get goodapproximationfor long waves,but that also takes
long computingtime.With low valuesof this parameterwe obtainusefulapproximationsthatare
computedin 10 secondsor so.)

As expected,afterexaminationof Figure1.5,thecrestlenghtfor thetwo directionalspectraare
different.Theseawith frequency dependentspreadingseemsto bemoreirregular. We canseein
Figuren3.9 thatwavesareonly slightly longerthanthewavesin unidirectionalseabut the crest
lenghtof bothseasaremuchshorterthanfor frequency independentspreading.
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Figure3.9: (a) Comparisonof crestlengthdensities,headingwaves,for unidirectionalseawith
Torsethaugenspectrum(shortestwaves)andtwo differentspreadingfunctionsthefrequency
independentspreading (longest waves),the frequencydependentspreading (intermegiate
waves).(b) A sequenceof approxiamtionsof the crest lenght for the directionalspectrum
with frequencyindependentspreadingis presented.Thedensitywith range

� ¿ ¯ ù ¿�¿ � is com-
putedwith negativenit .

Numerical accuracy

Wefinishthissectionwith somecommentsabouttheprogramspec2tpdf , which is aMATLAB
interfaceto a FORTRAN 95 program.All programscomputingecactdensitiesof differentwave
characteristicscanbereformulatedin suchawaythatthedensityis writtenasacertainmultidimen-
sionalintegral of a functionof Gaussianvariables.This integral is computedusinga FORTRAN
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module, calledRIND. Thereis alsoa MATLAB interfacecalledrind which canbeusedto test
programsfor new wavecharacteristics(beforewritting amoreoptimalcodein FORTRAN).

An exampleis a functionspec2tpdf2 whichusestheprogramrind . Theprogramis slower
thanthefunctionspec2tpdf (anddoesnothaveanoptionthatallowsto choosewaveswith crest
above somelevel) but on theotherhandit is easierto usefor experimentation,andit canalsobe
usedto learnhow to createown programs.

In theexamplespresentedin this sectionthelastinput into spec2tpdf wasequalto 5. In the
helpfor spec2tpdf is callednit andbesidestheinputspeed it is themaintool to controlthe
accuracy of thecomputation.Usingprogramsimpson we candeducethat thedensityfor crest
lengthabove 250metersin f_Lc_d1 is just slightly too large. In orderto increasetheaccuracy
of the computeddensityonecould increaaenit to six, but thenthe computationtime probably
becomesun-acceptablylong for a laptopcomputer.

The programalsoallows negative valuesfor nit , valuesthat switchesto anothertechnique
(basedon importancesampling)to integrateGaussianfunctions,seeBrodkorb(2000)for a review
of differentmethods.(The importantotherreferencesare[48], [3], [15]. ) Although the method
is basedon simulationtheaccuracy is still controlled.If thenumberof simulationis too small to
achive therequiredaccuracy theprogramgivesanerrorstatementwith anestimateof thepossible
error in the computeddensity. Dif ferentnegative nit values,representingdifferent integration
methodanderrormessageswith predictederrors,canbeusedasindicatorsto switchthemethod.
Themethodwith positivenit valuesis very reliableandhasbeentestedon differentwave prob-
lemssince14 years(thefirst versionwasalreadyusedin [45]).

The integrationmethodscorrespondingto negative nit valuesarestill undertestsandmodi-
fications.However, aswill beshown next, thoseareoftenmuchfasterandmoreaccuratein cases
whenthepreviousmethodis goinginto troubleswith too longexecutiontimes.

Example6. (contd.) Weshallexemplify theuseof theparameter NIT by computingthecrest
lengthdensityfor the directionalspectrumwith frequency independentspreading.We shall also
usetheslowerprogramspec2tpdf2 for illustration.

f_Lc_d1_5 = spec2tpdf(spec2spec(SD1,’rotdir’,pi /2),[ ],...
’Lc’,[0 300 121],[],5);

f_Lc_d1_3 = spec2tpdf(spec2spec(SD1,’rotdir’,pi /2),[ ],...
’Lc’,[0 300 121],[],3);

f_Lc_d1_2 = spec2tpdf(spec2spec(SD1,’rotdir’,pi /2),[ ],...
’Lc’,[0 300 121],[],2);

f_Lc_d1_0 = spec2tpdf(spec2spec(SD1,’rotdir’,pi /2),[ ],...
’Lc’,[0 300 121],[],0);

f_Lc_d1_n4 = spec2tpdf2(spec2spec(SD1,’rotdir’, pi/2) ,[],.. .
’Lc’,[0 400 161],-4);

pdfplot(f_Lc_d1_5)
hold on
pdfplot(f_Lc_d1_2)
pdfplot(f_Lc_d1_0)
pdfplot(f_Lc_d1_n4)
simpson(f_Lc_d1_n4.x{1},f_Lc_d1_n4.f )

Theexecutiontimewas1 hour25minutes,3 minutes20seconds,40seconds,8 seconds,and10
minutes,respectively. Thetotal probabilitymassof f_Lc_d1_n4 is 0.991,which is suprisingly
closeto one,consideringthecomplicatedspectrum.In Figure3.9 (b) thedifferentapproximation
arepresentedandwe canseehow with the increasingpositive nit the densitydecreases.The
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negative nit involvessomerandomnumberintegrationmethods,but we canhardlyseethat the
computeddensityis actuallya randomfunction.Most of problemsarelessnumericaldemanding
andnit=2 suffices,hereclearlythenegativenit is preferable.

�
3.4.2 Densityof waveperiod, wave length or encountered waveperiod

In theprevioussectionswehaveconsideredthedensitiesof crestperiodTc andtroughperiodTt .
Wecouldalsolimit thepopulationto suchwavesthatthecrest(trough)amplitudeareabovesome
predescribedtreshold.

ThewaveperiodTcc = Tc+Tt canbecomputedusingthefunctionspec2tccpdf , giving
the probability densityfor the distancebetweenupcrossingsof the still waterlevel u. The wave
lengthLcc or encounterdwave periodcanalsobe computedusingspec2tccpdf , with just a
few inputsto bemodified.Hence,thesevariablesshallnot bediscussedhereany more.Thecom-
putationsusingspec2tccpdf areslower thanusingspec2tpdf , sinceoneneedsto compute
thejoint densityof Tc andTt andthenchangevariable(integratetheconvolution) to getTcc =

Tc+Tt . Seealsothediscussionin theremarkin theprevioussectionaboutspeedof programs.In
additionto themethodsto reducecomputationmentionedin theremark,oneof thebestmethods
to speedspeedupcomputationsis to cut off high frequenciesin thespectrum.

Thesyntaxof spec2tccpdf is almostidenticalto thatof spec2tpdf , andhencewe limit
ourselvesto afew examples.In orderto beableto makecomparisonswith observationssea.dat

weshallusetheestimatedspectrumSS,seeExample1.

Example7. (Crestperiodof high-crestwaves) In this examplewe will computethe wave pe-
riod densityfor waveswith significantcrest,i.e. with Ac > Hs/2 . We shall compareit with
thedensityof crestperiodsfor thesametypeof waves.By integratingbothdensititieswe obtain
the proportionof waveswith significantcrest.Thesetwo numbersshouldbe the same,but for
numericalreasons,they will usuallydiffer somewhat.Thedifferencewill bea measureof theac-
curacy of thecomputationof theconvolutionTcc = Tc+Tt . Wecanalsocomparethecalculated
proportionof significantcrestwith theproportionobservedin dataandwith linearapproximation
(Rayleighmodel).Finally we estimatethedensityusingKDE from dataandcompareto the the-
oretically computedone,basedon the transformedGaussianmodel.We finish theexamplewith
anevenmoreintrestingcase,thedensityof wave periodof waveswith bothsignificantcrestand
significanttrough,i.e. reallybig waves.

For completenesswe againestimatethe transformationand find wave characteristicsin the
signal. The estimatedand computeddensitiesfor the crestperiod

· ¬ are almost identical, see
Figure3.10(a).

xx = load(’sea.dat’);
x = xx;
x(:,2) = detrend(x(:,2));
SS = dat2spec2(x);
si = sqrt(spec2mom(SS,1));
SS.tr = dat2tr(x);
Hs = 4*si
method = 0;
rate = 2;
[S, H, Ac, At, Tcf, Tcb, z_ind, yn] = dat2steep(x,rate,method);
t = linspace(0.01,8,200);
L2 = 0;
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ftc1 = kde(Tc,’epan’,[],[],L2,t);
pdfplot(ftc1)
hold on
f_t = spec2tpdf(SS,[],’Tc’,[0 8 81],0,4);
simpson(f_t.x{1},f_t.f)
pdfplot(f_t,’-.’)
hold off

Wenext considercomputationof thedensityof crestperiodandwaveperiod,but now for waves
with significantcrestheight,i.e. wavesfor which

� ¬ � Ù�� ú Ô . We startwith crestperiod.In the
following call to spec2tpdf therestrictionto

� ¬ � Ù�� ú Ô is indicatedby theargument[Hs/2] .

f_t2 = spec2tpdf(SS,[],’Tc’,[0 8 81],[Hs/2],4);
Pemp = sum(Ac>Hs/2)/sum(Ac>0)
simpson(f_t2.x{1},f_t2.f)
index = find(Ac>Hs/2);
ftc1 = kde(Tc(index),’epan’,[],[],L2,t);
ftc1.f = Pemp*ftc1.f;
pdfplot(ftc1)
hold on
pdfplot(f_t2,’-.’)
hold off

Theobservedfrequency of significantcrestsis 0.1788which is remarcablycloseto thetheoret-
ically computedvalue0.1800.(Observe thattheRayleighapproximationwouldgiveaprobability
equalto 0.1353.This is not suprisingsincecrestsin non-Gaussianseatendto behigherthanthose
in Gaussiansea.)Clearly, by cangingtheinputHs/2 to any otherfixedlevelh, say, andintegrating
theresultingdensityweobtaintheapproximationof theprobability

�¾����� � ���
.

If

�
is a vectorthenit is moreefficient to usea programspec2Acdf to computes

���3� � ����
. However, beforeusingthe programit is importantto usefirst spec2tp andcheckthat the

computeddensityintegratesto one.If not, theinputsparam andnit have to bechanged.
Observe that in this sectionwe are analysingapparentwaves in time. If the input ’Tc’ in

spec2tpdf is replacedby ’Lc’ thenwe would considerwavesin spaceandtheproportionof
significantcrestwouldprobablybedifferent.

The computedcrestperioddensityfor wave with

� ¬ � Ù�� ú Ô agreesalsowith the estimated
distribution,obtainedby usingKDE, from data,seeFigure3.10(b).

�
Example 8. (Wave periodfor high-crestwaves) We turn now to the moredifficult problemof
wave perioddensitywith wave with significantcrestheight.As mentioned,this differs from Ex-
ample7 in thatit involvesthedistributionof thesum

· ¬ Îó· � of two dependentrandomvariables,
with thesamemarginal distribution. Sincethecomputationsneedto bedonewith high accuracy
(thecomputeddensityis differentfor thetwo densities,thewave perioddensityandwave period
densityfor waveswith crestbelow agiventreshold,see[8] for moredetaileddiscussion),weneed
to usea high nit value,sothat thetotal sumof thedensityis 0.18.We begin with negativenit

which givesfasterresultsverycloseto thetruedensity.

f_tcc2 = spec2tccpdf(SS,[],’t>’,[0 12 61],[Hs/2],[0],-1);
simpson(f_tcc2.x{1},f_tcc2.f)
f_tcc3 = spec2tccpdf(SS,[],’t>’,[0 12 61],[Hs/2],[0],3,5);
simpson(f_tcc3.x{1},f_tcc3.f)
pdfplot(f_tcc2,’-.’)
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Figure3.10: (a) Estimateddensity(KDE) of crest periodsin sea.dat (solid line) compared
with theoretically computedusingspec2tpdf (dashedline). (b) Thesamefor the waves
with significantcrest,i.e. Ac>Hs/2 .

hold on
pdfplot(f_tcc3)
hold off

The integral of the density f_tcc2 is 0.1789which agreeswith the previously computed.
However the executiontime was 40 minutes.We have checked the programwith nit=3 and
the integral was0.1664(executiontime 2 hours30 minutes),indicating that the nit hasto be
increased.Thedensitiesareshown in Figures3.11(a).Wecanseethatthedensitycomputedusing
nit=-1 (dashed-dottedline) is slightly wiggly (it is a randomfunctionwith verysmallvariance),
anderrorscompensateeachothergiving almostperfecttotal probabilitymass.Note thatanother
call of theprogramwouldgiveslightly differentvaluesandthetotalmasswouldalsobechanged.
Oneexamplegave thethevalue0.1776.

Finally, we shall considerthe caseof waveswith both significantcrestandsignificanttrough
higherthenHs/2 [m]. Wefirst estimatetheprobabilityof suchwavesin thedata.

[TC tc_ind v_ind] = dat2tc(yn,[],’dw’);
N = length(tc_ind);
t_ind = tc_ind(1:2:N);
c_ind = tc_ind(2:2:N);
Pemp = sum(yn(t_ind,2)<-Hs/2 & yn(c_ind,2)>Hs/2)/length(t_ind)
ind = find(yn(t_ind,2)<-Hs/2 & yn(c_ind,2)>Hs/2);
spwaveplot(yn,ind(2:4))
Tcc = yn(v_ind(1+2*ind),1)-yn(v_ind(1+2* (ind- 1)),1) ;
t = linspace(0.01,14,200);
L2 = 0;
ftcc1 = kde(Tcc,’epan’,[],[],L2,t);
ftcc1.f = Pemp*ftcc1.f;
pdfplot(ftcc1,’-.’)

Theprobability is estimatedto be0.0368,which is slightly higherthanwhatwe couldexpect
if high crestsandlow troughsoccurindependentlyof eachother(probabilitywould thenbe less
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Figure 3.11: (a) Densitiesof periodTcc for waveswith significantcrestin thetransformedGaus-
sian modelof the searecorded in sea.dat computedwith different degreeof accuracy;
(dasheddottedline) nit=-1 ; thetwo solid linesare computedfor nit=3,4 . (b) Densities
of periodTcc for waveswith significantcrestandtroughin thesamemodel(dasheddotted
line) nit=-1 ; thesolid line is estimatedfromthedatawith KDE.

than0.025).We turn now to computationof theprobabilityusingspec2tccpdf with nit=-1 .
However, we areherein a situationwhentheerror in computationsis of theorder

  ¿ Ï�- , which is
comparableto thevaluesof thedensityitself. Hencethecomputedfunctionwill look verynoisy.

f_tcc22_1 = spec2tccpdf(SS,[],’t>’,[0 12 61],[Hs/2],[Hs/2],-1);
simpson(f_tcc22_1.x{1},f_tcc22_1.f)
hold on
pdfplot(f_tcc22_1)
hold off

Thecomputedprobability is 0.0348which is well in agreementwith theestimatednumber. In
Figure3.11(b) weseethedensityof waveperiodfor thesebig waves.Thosearewell concentrated
aroundthe meanvalue. It is comparedwith KDE estimator. We have not tried to tune up the
estimatorthat is basedonly on 20 valuesandhardlycanbeconsideredasaccurate.However the
agreementwith the computeddensityis good.Next onecould computethe samedensityusing
nit=4 but wego insteadto somenew problems.

�
3.4.3 Joint densityof crestperiod and crestheight

In this sectionwe shall presentprogramsfor joint characteristicsof apparentwaves.We shall
be mostly concernedwith crestperiod, crestposition,and crestheight.Sincewe also want to
comparethe theoreticallyderived densitieswith observationswe wish to study a longer record
of measurementsthan we did in the previous section.By doing so we will have more reliable
statisticalestimatesof thedensities,but on theotherhandwe facetheproblemthat theseastate
canchangeduringthemeasuredperiodof time– theprocessis simplynot stationary.
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Thedatawearechoosingis from GullfaksC platform,seeFigure3.12(a);help gfaksr89

givesa detaileddescriptionof the dataandhelp northsea for the instructionshow themap
showing locationof themeasurementsplacewasdrawn.
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Figure3.12:Locationof GullfaksC platform(a). Theestimatedspectrum(b).

WARNING: In thefollowing exampleswe run theprogramswith maximumaccuracy andhence
we have long executiontimes.Usuallyoneshouldusesimplerandfasterapproximationsat first
experimentswith complicateddistributions.When one is satisfiedwith the results,one should
computethedensitieswith thedesiredhighaccuracy. For testingown problemswerecommendto
startexecutionof programswith inputparameterspeed=9,8 (maximalspeedis 9, thedefault is
4 ) andnit=0,1 (default is 2). Thesechoiceswill producefastbut still usefulapproximations.

Example9. (Somepreliminaryanalysisof thedata) We begin with loadingthedata,estimating
spectrum,finding thetransformation. , andcheckingcrestperioddensity. Observe thatthedatais
sampledwith 2.5[Hz], whatmaycausesomeinterpolationerrorsin theestimateddensities.

yy = load(’gfaksr89.dat’);
SS = dat2spec(yy);
si = sqrt(spec2mom(SS,1));
SS.tr = dat2tr(yy);
Hs = 4*si
v = gaus2dat([0 0],SS.tr);
v = v(2)

Thespectrumhastwo peaks,seeFigure3.12(b).Wearenotcheckingdifferentoptionsto estimate
thespectrum,but usethedefault parameters.

We shall now extract somesimplewave characteristicsTc,Tt,Tcf,Ac,At . All theseare
columnvectorscontainingcrestperiod,troughperiod,positionof crest,crestheightandtrough
height,respectively. All vectorsareorderedby numberof a wave, i.e. all vectorscontaincharac-
teristicof the / ’ th wave in theirpositioni .
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[TC tc_ind v_ind] = dat2tc(yy,v,’dw’);
N = length(tc_ind);
t_ind = tc_ind(1:2:N);
c_ind = tc_ind(2:2:N);
v_ind_d = v_ind(1:2:N+1);
v_ind_u = v_ind(2:2:N+1);
T_d = yy(v_ind_d,1)- yy(v_ind_d,2)* ...

(yy(2,1)-yy(1,1))./(yy(v_ind_d+1,2)-y y(v_i nd_d, 2));
T_u = yy(v_ind_u,1)- yy(v_ind_u,2)* ...

(yy(2,1)-yy(1,1))./(yy(v_ind_u+1,2)-y y(v_i nd_u, 2));
Tc = T_d(2:end)-T_u(1:end);
Tt = T_u(1:end)-T_d(1:end-1);
Tcf = yy(c_ind,1)-T_u;
Ac = yy(c_ind,2)-v;
At = v-yy(t_ind,2);

We thenturn now to computationof crestperioddensityandcompareit with thatobservedin
data.

t = linspace(0.01,15,200);
L2 = 0;
clf
ftc1 = kde(Tc,’epan’,[0.25],[],L2,t);
ftt1 = kde(Tt,’epan’,[0.25],[],L2,t);
pdfplot(ftt1,’k’)
hold on
pdfplot(ftc1,’k-.’)
f_tc4 = spec2tpdf(SS,[],’Tc’,[0 12 81],0,4,5);
f_tc = spec2tpdf(SS,[],’Tc’,[0 12 81],0,-1);
pdfplot(f_tc,’b’)
hold off

Wedonotpresentthegraphicalresultfor thiscomputationsbut simplycommentthattheagree-
ment betweenthesethreedensitiesis very good,except for observed long waves,which have
somewhat longerperiods(about0.25s) thantheoreticallycomputed.It is not muchfor a signal
with 2.5Hz samplingfrequency. Thereis alsothepossibilitythattheswellpeakin thespectrumis
too muchsmoothed. 0

We turn now to thejoint densityfor thevariableswhich describethewave crestTc,Tcf,Ac .
We shallestimatethedensitiesfrom theobservationsandcomputethemfrom for thetransformed
Gaussianprocesswith estimatedspectrumandthetransformationusingfunctiontheWAFO func-
tion spec2thpdf . This function computesmany joint characteristicsof the half wave, i.e. the
partof thesignalbetweentheconsecutivecrossingsof astill waterlevel – mostof themaresimply
functionsof thetrippleTc,Tcf,Ac . (Executehelp spec2thpdf for a completelist).

In a specialcase,whenthesocalledcrestvelocity is of interest,Vcf=Ac/Tcf , thejoint den-
sity of Vcf,Ac is computedby theprogramspec2vhpdf , which is a simplifiedandmodified
spec2thpdf program.

Example 10. (Jointcharacteristicsof a half wave - positionandheightof a crestfor a wave with
givenperiod) Weshallfirst considercrestperiod,i.e.consideronly waveswith crestperiodTc 1
4.5seconds.Obviouslythepositionof thecrestof suchwavesis notconstant,but variesfrom wave
to wave.Thefollowing commandsestimatesthedensityof crestpositionandheightfor waveswith
Tc 1 4.5seconds.
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clf
ind = find(4.4<Tc & Tc<4.6);
f_AcTcf = kde([Tcf(ind) Ac(ind)],’epan’,[],[],0.5);
plot(Tcf(ind), Ac(ind),’.’);
hold on
pdfplot(f_AcTcf)

Next, we comparetheobserveddistribution with thetheoreticallycomputedjoint densityof Tc,

Tcf, Ac for a fixedvalueof Tc . By this we meanthat if we integratetheresultwe shallobtain
thevalueof thedensity. NotethatTc canbecomputedusingtheprogramspec2tpdf .

f_tcfac1 = spec2thpdf(SS,[],’TcfAc’,[4.5 4.5 46],[0:0.25:8],-1);
simpson(f_tcfac1.x{1},simpson(f_tcf ac1.x {2},f _tcfac 1.f,1 ))
f_tcfac2=spec2thpdf(SS,[],’TcfAc’,[ 4.5 4.5 46],[0:0.25:8],2);
simpson(f_tcfac2.x{1},simpson(f_tcf ac2.x {2},f _tcfac 2.f,1 ))
f_tcf4=spec2tpdf(SS,[],’Tc’,[4.5 4.5 46],[0:0.25:8],6);
f_tc4.f(46)
f_tcac1=spec2thpdf(SS,[],’TcAc’,[0 12 81],[0:0.25:8],-1);
plot(Tcf(ind), Ac(ind),’.’);
hold on
pdfplot(f_tcfac1,’-.’)
pdfplot(f_tcfac2)

Firstweconcludethatthedensitiesf_tcfac1 andf_tcfac2 really integrateto themarginal
densityof Tc (f_tc4.f(46) ) demonstratingtheaccuracy of thecomputeddensitiesf_tcfac1

andf_tcfac2 .
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Figure3.13: (a) Theestimated(KDE) densityof crestpositionandheighttogetherwith obseva-
tions(dots).(b) Thetheoretically computeddensitywith nit = -1, 2 andthedata.

In Figure3.13(a) the estimated(KDE) joint densityis givenandit shouldbecomparedwith
Figure3.13(b) wherethetheoreticaldensityis presented.Herewecanreally seetheadvantageof
thetheoreticallycomputeddensities.Evenif wehavehereusedalongrecordof wavedata,thereis
not enoughof wavesto make a reliableestimateof thejoint density, andin a standard20 minutes
recordstherewouldbefar too few observations. 0
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As we2 havementionedalreadytheintegralover thepositionof thecomputeddensitiesis equal
to the joint densityof crestperiodandheight.So in order to get the whole densityof Tc, Ac

oneneedsto executethepreviousprogramto obtainthedensityof Tc, Tcf, Ac for different
valuesof Tc andintegrateout thevariableTcf . Clearlyit will takesometime.However themost
time is spenton thecomputationof densityof longandsmallwavesthatarenot interesting.Hence
wecanstartto computethejoint densityof Tc, Ac for significantwaves.

Example 10. (contd.) We computethe joint densityof Tc, Ac of significantwaves in the
Gullfaksdatain orderto comparethe distribution with the Longuet-Higginsapproximation;see
Section3.3.2.

f_tcac_s = spec2thpdf(SS,[],’TcAc’,[0 12 81],[Hs/2:0.1:2*Hs],-1);

Next we find the modifiedLonguet-Higgins(L-H)-density, i.e. the densitywith transformed
crestheights.The original (L-H)-densityis underestimatingthe high crestwith up to onemeter.
We can seethat for significantwavesand the presentspectrumthe Longuet-Higginsdensityis
quiteaccurate.

mom = spec2mom(SS,4,[],0);
t = f_tcac_s.x{1};
h = f_tcac_s.x{2};
flh_g = lh83pdf(t’,h’,[mom(1),mom(2),mom(3 )],SS .tr);
clf
ind=find(Ac>Hs/2);
plot(Tc(ind), Ac(ind),’.’);
hold on
pdfplot(flh_g,’k-.’)
pdfplot(f_tcac_s)

In Figure3.14 (a) the theoreticaldensityis plotted with solid lines while the transformedL-H
densityis a dasheddottedline. We canseethat the simpleapproximationis working very well,
evenif it givesslightly tooshortperiods.

Finally, we computethedensityfor all wave heights.In Figure3.14(b) thetheoreticaldensity
is comparedwith thedata,andaswesee,theagrementis quitegood.

f_tcac = spec2thpdf(SS,[],’TcAc’,[0 12 81],[0:0.2:8],-1);
pdfplot(f_tcac) 0

3.4.4 Joint densityof crestand tr oughheight

In previoussectionswepresentedprogramsthatcomputejoint densitiesof differentwavecharac-
teristics.Westartedwith marginaldensitiesof Tc crest,Tt troughperiods,andthenjoint densities
of Tc, Tt werederived in orderto get the wave periodTcc . Next we consideredTc, Tcr,

Ac - crestperiod,crestposition,and crestheight. (The sameis possiblefor Tt, Ttb, At .)
However, in orderto fully describea wave we shouldcomputethe joint densityof Tc, Tac,

Ac, Tt, Tat, At . It is possibleto write a programthatcomputessuchsix dimensionalden-
sitiesand it would not take more then10 minutesof computertime to computethe densityfor
200,say, differentcombinationsof thecharacteristics.But in orderto describea six dimensional
densityoneneedsmaybe100000combinationsof valuesandthis is not practicallypossibleyet.
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Figure3.14: Thejoint densityof Tc andAc for thetransformedGaussianmodelof theseamea-
surementsfrom Gullfaks C platform (solid line) compared with the transformedLonguet-
Higginsdensity(dasheddottedline) andthedata(dots)for waveswith significantcrest(a).

Observethatusingnumericalderivativesonecancomputethejoint densityof Tc, Ac, Tt,

At usingtheprogramspec2tccpdf (or spec2AcAt ) but it wouldstill takeoneor two daysto
do suchcomputations.

Thereare however somealternatives.From previous studieswe know that very high crests
(troughs)occurat thelocal maximum(minimum)closestto a zerocrossing.We alsoknow that it
is thederivative at thecrossingthatmainly determinesthehight of thewave crest.Consequently,
thesteepnessof awave is mainlydeterminedby thehightandlocationof thelast minimumbefore
andthefirst maximumafter anupcrossingof thestill waterlevel. This particulartypeof min-to-
maxwave is calleda meanseparatedminimum-to-maximumwave. In general,we canintroduce
a 3 -level separatedmin-to-maxwaveto be the lastminimumbeforeandthefirst maximumafter
a level 3 upcrossing.The distancebetweenthe mean-level separatedmininim andmaxima,de-
notedTmMcanbeusedto computesteepnesof a wave,seeBrodkorb [6] for details.Thefunction
spec2mmtpdf computesthe joint densityof v -separatedwave lengthandothercharacteristics
of the v -separatedminima andmaxima.It alsocomputesthe coint densityof all pairsof local
minima,maximaandthedistanceinbetween.

3.4.5 Min-to-max distrib utions – Mark ov method

Weshallnow investigateanotherof wavecharacteristic,namelythemin-to-maxwavedistribution,
including the min-to-maxperiodandamplitude.This requiresthe joint densityof the heightof
a local minimum (maximum)andthe following maximum(minimum).The WAFO routinethat
handlesthis is called spec2mmtpdf , and calculates,i.a. the joint densityof the height of a
maximumandthefollowing minimum;seehelp spec2mmtpdf .

Oneimportantapplicationof themin-to-maxdistribution is for approximationof thejoint den-
sity of Ac, At , thecrestandtroughamplitudes,by approximatingthesequenceof localextremes
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in transformedGaussianmodelby a Markov chain; see[54] for detaileddescriptionof the al-
gorithm.The approximationhasbeenchecked on many differentseadatagivning very accurate
results.It is alsorelatively fast.

Remark 3.2. Thereis alsoanotherprogramspec2cmat which is a functionadaptetfrom WAT.
It is somewhat lessaccuratebut even faster. It is usedto computethesocalledMarkov matrices
andrainflow matricesusedin fatigue. 0
Example 11. (min-maxproblemswith Gullfaksdata) In thisexamplewecontinuetheanalysisof
theGullfaksC platformdata.First we shallretrive thesequenceof turningpoints,i.e. theminima
andmaxima,in yy andcalculatethe theoreticaldistribution. In Figure3.15we canseethat the
theoreticallycomputeddensityagreesverywell with theestimatedone.

tp = dat2tp(yy);
Mm = fliplr(tp2mm(tp));
fmm = kde(Mm,’epan’);
f_mM = spec2mmtpdf(SS,[],’mm’,[],[-7 7 51],1);
clf
pdfplot(f_mM,’-.’)
hold on
pdfplot(fmm,’k-’)
hold off
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Figure 3.15: Thejoint densityof maximumandthefollowingminimumfor thetransformedGaus-
sianmodelof theseameasurementsfromGullfaksC platform(dashed-dottedline) compared
with theestimated(KDE) densityfromdata.

Weturnnow to thejoint densityof crestandtrough.Weshallfirst computetheexactdistribution
with the help of spec2mmtpdf , andthencomparethe obtaineddistribution with that obtained
from the min-to-maxdistribution by meansof the Markov approximationfor the min-max se-
quence.As we have mentionedbeforewe do not usethe full min-to-maxdistribution but instead
the”still waterseparated”minimaandmaxima.
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ind = find(Mm(:,1)>v & Mm(:,2)<v);
Mmv = abs(Mm(ind,:)-v);
fmmv = kde(Mmv,’epan’);
f_vmm = spec2mmtpdf(SS,[],’vmm’,[],[-7 7 51],1);
clf
pdfplot(fmmv,’k-’)
hold on
pdfplot(f_vmm,’-.’)
hold off

Thenwe computethejoint densityof crestandtroughusingtheMarkov approximationto the
sequenceof local extremes(sequenceof turningpointstp ).

facat = kde([Ac At],’epan’);
f_acat = spec2mmtpdf(SS,[],’AcAt’,[],[-7 7 51],1);
clf
pdfplot(f_acat,’-.’)
hold on
pdfplot(facat,’k-’)
hold off

Now we are in the position to checkour two methods,the Markov method,wherethe min-
to-maxsequenceis approximatedby a Markov chain,andthereplcementof the truemin-to-max
transitionprobabilitiesby thetransitionprobabilitieswhicharevalid for the”still waterseparated”
min-to-maxvalues.The resultsarepresentedin Figure3.16.We seein (a) that the ”still water
separated”min-to-maxdistribution missa considerablenumberof min-to-maxvalueswhich fall
on the samesideof the still waterlevel. On the otherhand,figure (b) indicatesthat the Markov
assumptionis acceptable.
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Figure3.16: (a) The joint densityof ”still water separated” min-to-maxvaluesfor the trans-
formedGaussianmodelfor themeasurementsfromGullfaksC (dashed-dottedline) compared
to theestimateddensityfromdata(KDE, solid line). (b) Markov approximationfor thejoint
densityof crestandtroughheightAc, At comparedwith the(KDE) estimatorof thedensity.
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3.5 WAFO wavecharacteristics

3.5.1 wavedef
help wavedef

WAVEDEFwave definitions and nomenclature

Definition of trough and crest:
˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜ ˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜

A trough (t) is defined as the global minimum between a
level v down-crossing (d) and the next up-crossing (u)
and a crest (c) is defined as the global maximum between a
level v up-crossing and the following down-crossing.

Definition of down- and up -crossing waves:
˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜ ˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜ ˜˜ ˜˜˜˜˜ ˜˜˜˜

A level v-down-crossing wave (dw) is a wave from a
down-crossing to the following down-crossing.
Similarly a level v-up-crossing wave (uw) is a wave from a up-crossing
to the next up-crossing.

Definition of trough and crest waves:
˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜ ˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜ ˜˜ ˜˜

A trough to through wave (tw) is a wave from a trough (t) to the
following trough. The crest to crest wave (cw) is defined similarly.

Definition of min2min and Max2Max wave:
˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜ ˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜ ˜˜ ˜˜˜˜˜

A min2min wave (mw) is defined starting from a minimum (m) and
ending in the following minimum.
Similarly a Max2Max wave (Mw) is thus a wave from a maximum (M)
to the next maximum (all waves optionally rainflow filtered).

<----- Direction of wave propagation

<------Mw-----> <----mw---->
M : : c :

/ \ M : / \_ : c_ c
F \ / \m/ \ : /: \ /:\

------d--------u----------d-------u- ---d- ------ -u--- d---- ---- level v
\ /: \ : /: : :\_ _/ : :\_ L

\_ / : \_t_/ : : : \t_/ : : \m/
\t/ <-------uw---------> : <-----dw----->

: : : :
<--------tw--------> <------cw----->

(F= first value and L=last value).

See also: tpdef, crossdef, dat2tc, dat2wa, dat2crossind
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3.5.2 perioddef

help perioddef

PERIODDEF wave periods (lengths) definitions and nomenclature

Definition of wave periods (lengths):
---------------------------------- -----

<----- Direction of wave propagation

<-------Tu--------->
: :
<---Tc-----> :
: : : <------Tcc---->

M : c : : : :
/ \ : M / \_ : : c_ c

F \ :/ \m/ \: :/ \ / \
------d--------u----------d------- u----d ----- ---u- --d--- ----- level v

\ / \ / :\_ _/: :\_ L
\_ / \_t_/ : \t_/ : : \m/

\t/ : : : :
: : <---Tt---> :
<--------Ttt-------> : :

<-----Td----->
Tu = Up crossing period
Td = Down crossing period
Tc = Crest period, i.e., period between up crossing and

the next down crossing
Tt = Trough period, i.e., period between down crossing and

the next up crossing
Ttt = Trough2trough period
Tcc = Crest2crest period

<----- Direction of wave propagation

<--Tcf-> Tuc
: : <-Tcb-> <->

M : c : : : :
/ \ : M / \_ c_ : : c

F \ :/ \m/ \ / \___: :/ \
------d---------u----------d------ ---u-- ----- d---- ----u- --d-- ------ level v

:\_ / \ __/: \_ _/ \_ L
: \_ / \_t_/ : \t_/ \m/
: \t/ : :
: : : :
<-Ttf-> <-Ttb->

Tcf = Crest front period, i.e., period between up crossing and crest
Tcb = Crest back period, i.e., period between crest and down crossing
Ttf = Trough front period, i.e., period between down crossing and trough
Ttb = Trough back period, i.e., period between trough and up crossing

Also note that Tcf and Ttf can also be abbreviated by their crossing
marker, e.g. Tuc (u2c) and Tdt (d2t), respectively. Similar applies to all the
other wave periods and wave lengths.
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(The4 nomenclature for wave length is similar, just substitute T and
period with L and length, respectively)

<----- Direction of wave propagation

<--TMm-->
<-TmM-> : :

M : : M :
/ \ : M /:\_ : M_ M

F \ : / \m/ : \ : /: \ / \
\ : / : \ : / : \ / \

\ : / : \ : / : \_ _/ \_ L
\_ : / : \_m_/ : \m_/ \m/

\m/ : : : :
<-----TMM-----> <----Tmm----->

TmM= Period between minimum and the following Maximum
TMm= Period between Maximum and the following minimum
TMM= Period between Maximum and the following Maximum
Tmm= Period between minimum and the following minimum

See also: wavedef, ampdef, crossdef, tpdef
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3.5.3 ampdef
help ampdef

AMPDEFwave heights and amplitude definitions and nomenclature

Definition of wave amplitude and wave heights:
˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜ ˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜ ˜˜˜˜˜˜ ˜˜˜˜˜ ˜˜

<----- Direction of wave propagation

...............c_..........
| /| \ |

Hd | _/ | \ | Hu
M | / | \ |

/ \ | M / Ac | \_ | c_
F \ | / \m/ | \ | / \

------d----|---u------------------ d---|- --u-- --d-- ---- level v
\ | /| \ | / \L

\_ | / | At \_|_/
\|/..| t

t

Ac = crest amplitude
At = trough amplitude
Hd = wave height as defined for down crossing waves
Hu = wave height as defined for up crossing waves

See also: wavedef, ampdef, crossdef, tpdef
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3.5.4 crossdef
help crossdef

CROSSDEFlevel v crossing definitions and nomenclature

Definition of level v crossing:
˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜ ˜˜˜˜˜˜˜˜˜˜˜˜˜˜˜

Let the letters ’m’, ’M’, ’F’, ’L’,’d’ and ’u’ in the
figure below denote local minimum, maximum, first value, last
value, down- and up-crossing, respectively. The remaining
sampled values are indicated with a ’.’. Values that are identical
with v, but do not cross the level is indicated with the letter ’o’.

We have a level up-crossing at index, k, if

x(k) < v and v < x(k+1)
or if

x(k) == v and v < x(k+1) and x(r) < v for some di < r <= k-1

where di is the index to the previous downcrossing.
Similarly there is a level down-crossing at index, k, if

x(k) > v and v > x(k+1)
or if

x(k) == v and v > x(k+1) and x(r) > v for some ui < r <= k-1

where ui is the index to the previous upcrossing.

The first (F) value is a up crossing if x(1) = v and x(2) > v.
Similarly, it is a down crossing if x(1) = v and x(2) < v.

M
. . M M

. . . . . .
F d . . L

----------------------u-------d---- ---o- ------ ----- ----- ---- level v
. . . . u

. m
m

See also: perioddef, wavedef, tpdef, findcross, dat2tp
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CHAPTER 4

FATIGUE LOAD ANALYSIS AND RAIN-FLOW CYCLES

4.1 Randomfatigue

4.1.1 Randomload models

Thissectionis intendedto presentsometoolsfrom WAFO for analysisof randomloadsin orderto
assessthefatiguedamage.A completelist of fatigueroutinescanbeobtainedbyhelp fatigue .

Weshallassumethattheloadis givenby oneof threepossibleforms:

1. As measurementsof thestressor strainfunctionwith somegivensamplingfrequency in Hz.
Suchloadswill becalledmeasuredloadsanddenotedby 57698;: , <>=?8@=BA , where 8 is time
and A is thedurationof themeasurements.

2. In the frequency domain(that is importantin systemanalysis)asa power spectrum.This
meansthatthesignalis representedby aFourierseries

57698;:C1EDGF HIJ KMLON JQPSRUT 6WV J 8;:XFZY JQT\[^] 6 V J 8;:
whereV JX_ /U`badc7edA areangularfrequencies,D is themeanof thesignaland N J f Y J areFourier
coefficients.

3. In therainflow domain,i.e. themeasuredloadis givenin theform of a rainflow matrix.

We shallnow review somesimplemeansto characterizeandanalyzeloadswhich aregivenin
any of theforms(1)–(3),andshow how to derive characteristics,importantfor fatigueevaluation
andtesting.

Weassumethatthereaderhassomeknowledgeabouttheconceptof cyclecounting,in particu-
lar rainflow cycles,anddamageaccumulationusingPalmgren-Minerslineardamageaccumulation
hypotheses.Thebasicdefinitionsaregivenin theendof this introduction.Anotherimportantprop-
erty is thecrossingspectrumgh6jiX: definedastheintensityof upcrossingsof a level i by 576W8;: asa
functionof i .

The processof damageaccumulationdependsonly on the valuesand the orderof the local
extremesin theload.Thesequenceof local extremesis calledthesequenceof turning points. The
irregularityfactor k measureshow densethelocalextremesarerelatively to themeanfrequency lQm .
For acompletelyregularfunctiontherewouldbeonly onelocalmaximumbetweenupcrossingsof
themeanlevel,giving irregularity factorequalto one.In theotherextremecase,thereareinfinitely
many localextremesgiving irregularityfactorzero.However, if thecrossingintensity gh69in: is finite,
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mostofo thoselocal extremesareirrelevant for thefatigueandshouldbedisregardedby meansof
somesmoothingdevice.

A particularlyusefulfilter is the so-calledrainflow filter that removesall local extremesthat
builds rainflow cycleswith amplitudesmallerthanagiventhreshold.Weshallalwaysassumethat
thesignalsarerainflow filtered;seeSection4.2.1.

If moreaccuratepredictionsof fatiguelife areneededthenmoredetailedmodelsarerequired
for the sequenceof turning points.Here the Markov chain theoryhasshown to be particularly
useful.Therearetwo reasonsfor this:p theMarkov modelsconstituteabroadclassof processesthatcanaccuratelymodelmany real

loadsp for Markov models,thefatiguedamagepredictionusingrainflow methodis particularlysim-
ple,Rychlik [47] andJohannesson[22]

In the simplestcase,the necessaryinformationis the intensityof pairsof local maximaandthe
following minima (the so-calledMarkov matrix or min-max matrix). The dependencebetween
otherextremesis modeledusingMarkov chains,seeFrendahl& Rychlik [13].

4.1.2 Damageaccumulation in irr egular loads

In laboratoryexperiments,oneoftensubjectsaspecimenof amaterialto aconstantamplitudeload,
e.g. qr6W8;: _ts7Tu[^] 6WVv8;: where

s
and V aretheconstantamplitudeandfrequency, andonecountsthe

numberof cycles(periods)until the specimenbreaks.The numberof load cycles wx6 s : aswell
as the amplitudes

s
are recorded.For small amplitudes,

szy{s | , the fatiguelife is often very
large,andis setto infinity, w}6 s :r1�~ , i.e. no damagewill beobservedevenduringanextended
experiment.The amplitude

s | is called the fatiguelimit or the endurancelimit. In practice,one
oftenusesa simplemodelfor wx6 s : ,

wx6 s : _����x� L s �U� s��zs | f~ s = s | f (4.1)

where
�

is amaterialdependentrandomvariable,usuallylognormallydistributed,i.e.with
�x� L _��� � L

whereln 6 � :�� N 6j< f;�X�� : , and
�
, � arefixedconstants.

For irregularloads,alsocalledvariableamplitudeloads,oneoftencombinestheS-Ncurvewith
a cyclecountingmethodby meansof thePalmgren-Minerlinear damageaccumulationtheory, to
predict fatiguefailure time. A cycle countingprocedureis usedto form equivalent load cycles,
which areusedin thelife prediction.

If the ���U8\� cyclehasamplitude

s��
thenit is assumedthatit causesadamageequalto �Qe�wx6 s�� : .

Thetotal damageat time 8 is then� 698;: _ I������� �wx6 s�� : _ � I���S��� s � � _ � � � 6W8;: f (4.2)

wherethesumcontainsall cycleswhich have beencompletedup to time 8 . Then,thefatiguelife
time A�� , say, is shorterthan 8 if the total damageat time 8 exceeds1, i.e. if

� 698;: � � . In other
words, A � is definedasthetimewhen

� 698;: crosseslevel 1 for thefirst time.
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A very simplepredictorof A � is obtainedby replacing
� _ � � L �

in Eq. (4.2) by a constant,
for examplethemedianvalueof

�
, which is equalto

�
. For high cycle fatigue,thetime to failure

is long,morethan ��<�¡�e�ldm , andthenfor stationary(andergodicandsomeothermild assumptions)
loads,thedamage

� � 698;: canbeapproximatedby its mean
�£¢¤� � 6W8;:
¥ _§¦ � `¨8 . Here

¦ � is thedamage
intensity, i.e.how muchdamageis accumulatedpertimeunit.This leadsto averysimplepredictor
of fatiguelife time ©A � _ �� ¦ �hª (4.3)

4.1.3 Rainflow cyclesand hysteresisloops

Thenow commonlyusedcycle countingmethodis the rainflow counting,which wasintroduced
by Endo [36] in 1968. It was designedto catchboth slow and rapid variationsof the load by
formingcyclesby pairinghighmaximawith low minimaevenif they areseparatedby intermediate
extremes.Eachlocalmaximumis usedasthemaximumof ahysteresisloopwith anamplitudethat
is computedby the rainflow algorithm.A new definition of the rainflow cycle, equivalentto the
originaldefinition,wasgivenbyRychlik [46]. Theformaldefinitionis alsoillustratedin Figure4.1.

Definition 4.1(Rainflow cycle) Fromeach local maximum« �
oneshall try to reach above the

samelevel, in thebackward (left) and forward (right) directions,with an assmall downward ex-
cursion aspossible. Theminima, D ��

and D�¬� , on each sideare identified.Thatminimumwhich
representsthesmallestdeviation fromthemaximum« �

is definedasthecorrespondingrainflow
minimumD RFC

�
. The � :th rainflowcycleis definedas 69D RFC

� f « � : .

­�®¯­±°¯³²�­�´
µu¶¯

· ¯

Figure4.1: Definitionof therainflowcycle, asgivenbyRychlik [46].

If 8 � bethetimeof the � :th localmaximumandthecorrespondingrainflow amplitudeis

s
RFC

� _
« �¹¸ D RFC

�
, theamplitudeof theattachedhysteresisloop, thenthetotal damageby� 698;: _ I� � ��� �w}6 s RFC

� : _ � I� � ��� 6 s RFC

� : � _ � � � 698;: f (4.4)

wherethesumcontainsall rainflow cycleswhich havebeencompletedup to time 8 .
To use(4.3) to predict the fatiguelife we needthe damageintensity

¦ � i.e. the damageper
time unit causedby therainflow cycles.If thereareon theaveragelQm maxima1 pertime unit, andº

We have defined»½¼ asthemeanlevel upcrossingfrequency, i.e. themeannumberof timespertime unit thattheloadupcrosses
the meanlevel. Thustherearein fact at least »b¼ local maximaper time unit. Sincethe rainflow filter reducesthe numberof
cycles,we let » ¼ herebedefinedastheaveregenumberof rainflow cyclespertime unit.
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equally¾ many rainflow cycles,andeachrainflow cyclecausesanexpecteddamage
�;� 6\�Qe�w�¿ RFC : it

is clearthatthedamageintensityis equalto¦ � _ ldm �ÁÀ 6
Â RFC : �ÄÃ ª
Thus,an importantparameterfor predictionof fatiguelife is thedistribution of the rainflow am-
plitudesandin particulartheexpectedvalueof the � -power of its invertedvalue.WAFO contains
anumberof routinesfor handlingtherainflow cyclesin observedloaddataandin theoreticalload
models.

4.2 Load cyclecharacteristics

4.2.1 Rainflow filter ed load data

In previouschapterswehavepresentedmodelsfor seawavedata,treatedasfunctionsof time.The
modelscanbe usedin responseanalysisfor marinestructuresto seaforcesor to computewave
characteristicsfor specifiedrandomwave models,e.g.thosedefinedby their power spectrum.In
particular, Gaussianmodelsarevery convenientasinput to linearfilters, sincetheoutputis again
aGaussianprocesswith easilycomputablepowerspectraldensityfunction.

Themeasuredsignalsareoftenvery noisyandneedto besmoothedbeforefurtheranalysis.A
commonpracticeis to useabandpassfilters to excludehigh frequenciesfrom thepowerspectrum
andto filter outslow trends.If thefunctionis modeledby atransformedGaussianprocessxx , such
a filtration is performedon the inversetransformedsignalyy = g(xx) . Obviously, oneshould
not oversmoothdatasincethatwill affect theheightof extremewaves.Consequently, if thesignal
is still too irregularevenafter smoothing,this is an indicationthatoneshouldusethe trough-to-
crestwaveconcept,definedasin Table3.1,insteadof thesimplermin-to-maxcycles.Chapter3 of
this tutorial wasaimedat showing how onecancomputethecrest-to-troughwave characteristics
from aGaussianor transformedGaussianmodel.

The trough-to-crestwave conceptis a nonlinearmeansto remove small irregularitiesfrom a
wave series.Anothernonlinearmethodto remove smallwavesfrom datais therainflow filtering,
introducedby Rychlik, [51], andincludedin theWAFO toolbox.For completeness,we describe
thealgorithmof therainflow filter.

In this tutorial we have useda simple definition of rainflow cycles which is convenientfor
functionswith finitely many local maximaand minima. However, rainflow filters and rainflow
cycles can be definedfor very irregular functions like a samplefunction of Brownian motion
wherethereareinfinitely many local extremesin any finite interval, regardlesshow small.This is
accomplishedby definingthe rainflow minimum D RFC 698;: for all time points 8 of a function 576W8;:
in sucha way that the rainflow amplitude 576W8;: ¸ D RFC 698;: is zeroif the point 576W8;: is not a strict
local maximumof the function; seeRychlik [51] for moredetaileddiscussion.Now, a rainflow
filter with threshold� , extractsall rainflow cycles 69D RFC 698;: f 57698;:\: suchthat 57698;: ¸ D RFC 698;: � � .
Consequently, if � y < thenthesignalis unchangedby thefilter, if � _ < we obtaina sequence
of turning points,andfinally, if � � < , all small oscillationsareremoved,seeFigure4.7 for an
example.
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4.2.2 Oscillation count and rainflow matrix

The rainflow count is a generalizationof the crossingcount.The crossingspectrumcountsthe
numberof timesasignalupcrossesany level i . Moreimportantfor fatiguedamageis theoscillation
count, w OSC 6ji f 3Å: which countsthe numberof times a signal upcrossesan interval

¢ i f 3Ä¥ . The
oscillationcountis thusa functionof thetwo variablesi and 3 , andis plottedasabivariatecount.
Theoscillationcountis acountingdistribution for therainflow cycles.Consequently, if thematrix
Nosc with elementsw OSC 6ji�Æ f i J : is known we cancomputethe frequency (or ratherhistogram)
matrixof therainflow countby meansof theWAFO-functionnt2fr andobtainthematrixFrfc

= nt2fr(Nosc) , in fatiguepracticecalledtherainflow matrix. Knowing therainflow matrixof
asignalonecancomputetheoscillationcountby meansof thefunctionfr2nt .

The rainflow matrix will play an importantrole in the analysisof the rainflow filtered sig-
nals.Let 576W8;: bea measuredsignalanddenoteby 5ÈÇ�698;: therainflow filteredversion,filteredwith
threshold� . Now, if we know a rainflow matrix Frfc , say, of 5 , thenthe rainflow matrix of 5ÈÇ
is obtainedby settingsomesubdiagonalsof Frfc to zero,sincethereareno cycles in 5ÈÇ with
amplitudessmallerthan � . Obviously, the oscillationcountof 5ÈÇ can thenbe derived from the
oscillationcountof 5 .

Note that extractinga sequenceof troughsandcrests 6jD TC

J f « TC

J : from the signal is closely
relatedto rainflow filtering. Sincegiven a referencelevel i TC, the sequence6jD TC

J f « TC

J : canbe
obtainedby first removing all rainflow cycles 69D RFCÆ f «ÉÆ�: suchthat «ÊÆ y i TC or D RFCÆ � i TC and
thenfinding themin-to-maxpairsin thefilteredsignal.

Clearly, the oscillationcountis an importantcharacteristicof irregularity of a sealevel func-
tion andtheexpectedoscillationcount,alsocalledanoscillationintensitymatrix, is animportant
characteristicof therandomprocesses.Consequentlywe facetwo problems;how to computethe
oscillationintensity, for a specifiedmodel;andif knowing theoscillationintensity, how canone
find anexplicit andeasyto handlerandomprocesswith this intensity. Note thatby solving these
two problemsoneincreasesthe applicability of rainflow filters considerably. Sincethen,givena
randomprocess,onecanfind its oscillation intensity, andnext onecancomputethe oscillation
intensityof therainflow filteredrandomprocess,andfinally, find a randomprocessmodelfor the
filteredsignal.

4.2.3 Mark ov chain of tur ning points, Mark ov matrix

Sincethe oscillationintensityis closelyrelatedto the first passageproblemit canbe practically
handledif someMarkov structureof the processis assumed.While Gaussianprocessesare an
importantclassof modelsfor linearfiltering, Markov processesaretheappropriatemodelsasfar
asrainflow filtering is concerned.In this sectiona classof models,thesocalledMarkov chainof
turningspointswill beintroduced.

For any load sequencewe shall denoteby TP the sequenceof turning points.The sequence
TP will be calleda Markov chain of turning points if it forms a Markov chain,i.e. if the distri-
bution of a local extremumdependsonly on the valueof the previous extremum.The elements
in the histogrammatrix of min-to-maxcyclesandmax-to-mincyclesareequalto the observed
numberof transitionsfrom aminimum(maximum)to amaximum(minimum)of specifiedheight.
Consequently, theprobabilisticstructureof theMarkov chainof turningpointsis fully definedby
the expectedhistogrammatrix of min-to-maxandmax-to-mincycles;sometimescalledMarkov
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matricesË . Notethatfor transformedGaussianprocessaMarkov matrix for min-to-maxcycleswas
computedby meansof theWAFO-functionminmax . Themax-to-minmatrix is obtainedby sym-
metry. Next, thefunctionmctp2tc (= Markov Chainof TurningPointsto TroughCrests),usedto
computethetrough2crestintensityfor transformedGaussianmodel,usesa Markov matrix to ap-
proximatethesequenceof turningpointsby aMarkov chain.Thisapproximationmethodis called
aMarkov method.

Figure4.2shows thegeneralprincipleof a Markov transitioncountbetweenturningpointsof
localmaximaandminima.Thevalueshavebeendiscretizedto levels1, ..., n, from smallest
to largest.
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Figure 4.2: Part of a discreteload processwhere theturning pointsare markedwith p . Thescale
to theleft is thediscretelevels.Thetransitionsfromminimumto maximumandthetransitions
frommaximumto minimumare collectedin themin-maxmatrix, Ð andmax-minmatrix, ÑÐ ,
respectively. Therainflowcyclesare collectedin therainflowmatrix, Ð RFC. Thenumbers in
the squaresare the numberof observedcyclesand the grey areasare by definitionalways
zero.

Findingtheexpectedrainflow matrix is a difficult problemandexplicit resultsareknown only
for specialclassesof processes,e.g. if 5 is a stationarydiffusion,a Markov chainor a function
of a vectorvaluedMarkov chain.Markov chainsarevery usefulin wave analysissincethey form
a broadclassof processesand for several sealevel data,as well as for transformedGaussian
processes,onecanobserve a very goodagreementbetweenthe observed or simulatedrainflow
matrix andthat computedby meansof the Markov method.Furthermore,Markov chainscanbe
simulatedin a very efficient way. However, themostimportantpropertyis that,givena rainflow
matrix or oscillationcountof a Markov chainof turning pointsonecanfind its Markov matrix.
This meansthata Markov chainof turningpointscanbedefinedby eithera Markov matrix FmM

or by its rainflow matrixFrfc , which areconnectedby thefollowing nonlinearequation

Frfc

_
FmMFZÒÊ6 FmM: f (4.5)
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whereÒ is amatrixvaluedfunction,definedin [51], wherealsoanalgorithmto compute6�Ó F�ÒÔ: � L
is given.The WAFO-function for computingFrfc from FmMis mctp2rfc while the inverse,
i.e. FmMasa functionof Frfc , is computedby rfc2mctp .

4.3 Cycleanalysiswith WAFO

In thissectionweshalldemonstratehow WAFO canbeusedto extractrainflow cyclesfrom aload
sequence,andhow fatiguelife canbeestimated.TheMarkov methodis usedfor simulationand
approximationof real loadsequences.We shallusethreeloadexamples,thedeepwaterseaload,
a simulatedtransformedGaussianmodel,anda loadsequencegeneratedfrom anspecialMarkov
structure.

4.3.1 Crossingintensity

Basicto theanalysisis thecrossingintensityfunction gC6jiX: , i.e. thenumberof timespertime unit
that the loadup-crossesthe level i , consideredasa functionof i . We illustratethecomputations
on thedeepwaterseawavesdata.

load sea.dat; xx_sea=sea;
tp_sea = dat2tp(xx_sea);
lc_sea = tp2lc(tp_sea);
T_sea = xx_sea(end,1)-xx_sea(1,1);
lc_sea(:,2) = lc_sea(:,2)/T_sea;
subplot(221), plot(lc_sea(:,1),lc_sea(:,2))
title(’Crossing intensity, (u, \mu(u))’)
subplot(222), semilogx(lc_sea(:,2),lc_sea(:,1))
title(’Crossing intensity, (log \mu(u), u)’)

The routine dat2tp andtp2lc take a load sequenceand extracts the turning points, and
from this calculatesthe numberof upcrossingsasa function of level. The plots produced,Fig-
ure4.3,show thecrossingintensityplottedin two commonmodes,lin-lin of 6ji f gC6jiX:u: andlog-lin
of 6jÕ RUÖ gh6jiX: f iX: .
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Figure4.3: Level crossingintensityfor seadata.

Weshallalsohaveusefor themeanfrequencyldm , i.e. thenumberof meanlevel upcrossingsper
time unit, andtheirregularity index, k , which is themeanfrequency dividedby themeannumber
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of local× Ø maximapertimeunit.Thus �Qe�k is theaveragenumberof localmaximathatoccurbetween
themeanlevel upcrossings.

To computelQm weusetheMatlabfunction interp1 , seehelp interp1 .

m_sea = mean(xx_sea(:,2));
f0_sea = interp1(lc_sea(:,1),lc_sea(:,2),m _sea, ’line ar’);
f0_sea
extr_sea = length(tp_sea)/(2*T_sea);
alfa_sea = f0_sea/extr_sea

4.3.2 Extraction of rainflow cycles

We startby a studyof rainflow cyclesin thedeepwaterseadata.Recallthedefinitionof rainflow
andmin-maxcycle counts.Thedemoprogramdemocc illustratesthesedefinitions.To useit to
identify thefirst few rainflow andmin-maxcycles,just use,

proc = xx_sea(1:500,:);
democc

Two windows will appear. In DemonstrationWindow 1, first mark the turning pointsby the
buttonTP. Thenchoosea local maximum(with thebuttonsmarked F³� f ¸ � f FÚÙ f ¸ Ù ) andfind the
correspondingcycle counts,using the buttonsRFC, PT. The cycles are visualizedin the other
window.

We shallnow examinecycle countsin the loadxx sea . Fromthesequenceof turningpoints
tp wefind therainflow andmin-maxcyclesin thedataset,

RFC_sea = tp2rfc(tp_sea);
mM_sea = tp2mm(tp_sea);

Sinceeachcycle is a pair of a local maximumanda local minimumin theload,a cycle count
canbevisualizedasa setof pairsin theR � -plane.Comparethemin-maxandrainflow countsin
theloadin Figure4.4.

clf
subplot(121), ccplot(mM_sea)
title(’min-max cycles’)
subplot(122), ccplot(RFC_sea)
title(’Rainflow cycles’)

Observe thatRFCcontainsmorecycleswith high amplitudes,comparedto mM. This becomes
moreevidentin anamplitudehistogramasseenin Figure4.5.

ampmM_sea = cc2amp(mM_sea);
ampRFC_sea = cc2amp(RFC_sea);
clf
subplot(221), hist(ampmM_sea,25);
title(’min-max amplitude distribution’)
subplot(222), hist(ampRFC_sea,25);
title(’Rainflow amplitude distribution’)
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Figure4.4: min-maxandrainflowcycleplotsfor seadata.
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Figure4.5: min-maxandrainflowcycledistributionsfor seadata.

4.3.3 Simulation of rainflow cycles

Simulation of cyclesin a Mark ov model

Themostsimplecycle modelassumesthat thesequenceof turningpointsformsa Markov chain.
Thenthemodelis definedby themin-maxmatrix,G. ThematrixhasdimensionÛÝÜÉÛ , whereÛ is
thenumberof discretelevels(e.g. ÞÄa or ß�à ). In thisexamplethediscretelevelsu arechosenin the
rangefrom

¸ � to � . ThematrixGwill containtheprobabilitiesof transitionsbetweenthedifferent
levelsin u.

n = 41; param_m = [-1 1 n]; param_D = [1 n n];
u_markov = levels(param_m);
G_markov = mktestmat(param_m,[-0.2 0.2],0.15,1);

Themodelis easyto simulateandthis is performedby thesimulationroutinemctpsim . This
routinesimulatesonly thesequenceof turningpointsandnot theintermediateloadvalues.

T_markov = 5000;
xxD_markov = mctpsim({G_markov []},T_markov);
xx_markov = [(1:T_markov)’ u_markov(xxD_markov)’];

HerexxD markov takesvaluesá�â�ã�ã�ãSâ;Û , andbychangingthescalewegettheloadxx markov

whichtakesvaluesbetweenä±á and1.Thefirst 50samplesof thesimulationis plottedin Figure4.6
by

plot(xx_markov(1:50,1),xx_markov(1: 50,2) )
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Figure 4.6: SimulatedMarkov sequenceof turningpoints.

We shall laterusethematrix G_markov to calculatethe theoreticalrainflow matrix, but first
weconstructasimilarsequenceof turningpointsfrom a transformedGaussianmodel.

Rainflow cyclesin a transformed Gaussianmodel

In this exampleweshallconsiderasea-data-likeseriesobtainedasa transformedGaussianmodel
with JONSWAP spectrum.SincetheJONSWAP spectrumcontainsalsoratherhigh frequenciesa
JONSWAP loadwill containmany cycleswith smallamplitude.Theseareoftenuninterestingand
canberemovedby a rainflow filter asfollows.

Let g be the Hermite transformationproposedby Winterstein,which we usedin Chapter2.
Supposethespectrumspec is of theJONSWAP type.To get thetransformwe needasinput the
approximative highermoments,skewnessandkurtosis,which areautomaticallycalculatedfrom
thespectrumby theroutinespec2skew . We definethespectrumstructure,including the trans-
formation,andsimulatethetranformedGaussianloadxx_herm . Theroutinedat2dtp extracts
theturningpointsdiscretizedto thelevelsspecifiedby theparametervectorparam .

Note that when calling the simulationroutine spec2sdat with a transformationthe input
spectrummustbenormalizedto havestandarddeviation1, i.e.onemustdivide thespectralvalues
by thevariancesaˆ2 .

me = mean(xx_sea(:,2));
sa = std(xx_sea(:,2));
Hm0_sea = 4*sa;
Tp_sea = 1/max(lc_sea(:,2));
spec = jonswap([],[Hm0_sea Tp_sea]);

[sk, ku] = spec2skew(spec);
spec.tr = hermitetr([],[sa sk ku me]);
param_h = [-1.5 2 51];
spec_norm = spec;
spec_norm.S = spec_norm.S/saˆ2;
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xx_herm = spec2sdat(spec_norm,[2ˆ15 1],0.1);
h = 0.2;
[dtp,u_herm,xx_herm_1]=dat2dtp(para m_o,x x_her m,h);
clf
plot(xx_herm(:,1),xx_herm(:,2),’k’, ’Line Width ’,2);
hold on;
plot(xx_herm_1(:,1),xx_herm_1(:,2), ’k--’ ,’Lin ewidth ’,2);
axis([0 50 -4 6]), hold off;
title(’Rainflow filtered wave data’)

Therainflow filtereddataxx_herm_1 containstheturningpointsof xx_herm with rainflow
cycleslessthanh=0.2 removed.In Figure4.7 thedashedcurve connectstheremainingturning
pointsafterfiltration.
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Figure4.7: Hermitetransformedwavedataandrainflowfilteredturningpoints,h = 0.2 .

Try differentdegreeof filtering on the Ochi transformedsequenceandseehow it effectsthe
min-maxcycle distribution. You canusethe following sequenceof commands,with differenth
-values;seeFigure4.8 for the results.Note that the rainflow cycleshave their original valuesin
theleft figurebut thatthey have beendiscretizedto thediscretelevel definedby param_o in the
right figure.

tp_herm=dat2tp(xx_herm);
RFC_herm=tp2rfc(tp_herm);
mM_herm=tp2mm(tp_herm);
h=1;
[dtp,u,tp_herm_1]=dat2dtp(param_o,x x_her m,h);
RFC_herm_1 = tp2rfc(tp_herm_1);
clf
subplot(121), ccplot(RFC_herm)
title(’h=0’)
subplot(122), ccplot(RFC_herm_1)
title(’h=1’)
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Figure 4.8: Rainflowcyclesandrainflowfilteredrainflowcyclesin thetransformedGaussianpro-
cess.

4.3.4 Calculating the Rainflow Matrix

We havenow shown how to extractrainflow cyclesfrom a loadsequenceandto performrainflow
filtering in measuredor simulatedload sequences.Next we shall demonstratehow the expected
(theoretical)rainflow matrixcanbecalculatedin any randomloador wavemodeldefinedeitheras
a Markov chainof turningpoints,or asa stationaryrandomprocess.We do this by meansof the
Markov methodbasedon themax-mintransitionmatrix for thesequenceof turningpoints.This
matrix caneitherbedirectlyestimatedfrom or assignedto a loadsequence,or it canbecalculated
from thecorrelationor spectrumstructureof a transformedGaussianmodel.

Calculation of rainflow matrix in the Mark ov model

Thetheoreticalrainflow matrixGrfc for theMarkov modelis calculatedin WAFO by theroutine
mctp2rfm . Let G markov be asin Section4.3.3andcalculatethe theoreticalrainflow matrix
by

Grfc_markov=mctp2rfm({G_markov []});

A cyclematrix,e.g.amin-maxor rainflow matrix,canbeplottedby cmatplot . Now wewill
comparethemin-maxandtherainflow matrices.

clf
subplot(121),cmatplot(u_markov,u_mar kov,G_ marko v),ax is(’sq uare’ )
subplot(122),cmatplot(u_markov,u_mar kov,Gr fc_ma rkov) ,axis( ’squa re’)

Both 2D- and3D-plotscanbedrawn; seehelp cmatplot . It is alsopossibleto plot many
matricesin onecall.

cmatplot(u_markov,u_markov,{G_markov Grfc_markov},3)

A plot with method=4 givescontourlines;seeFigure4.9.Notethatfor highmaximaandlow
minima, the rainflow matrix hasa pointedshapewhile the min-maxmatrix hasa morerounded
shape.

cmatplot(u_markov,u_markov,{G_markov Grfc_markov},4)
subplot(121), axis(’square’), title(’min-to-max transition matrix’)
subplot(122), axis(’square’), title(’Rainflow matrix’)
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Figure4.9: min-max-matrixandtheoretical rainflowmatrix for testMarkov sequence.

We now comparethetheoreticalrainflow matrix with anobservedrainflow matrix obtainedin
thesimulation.In this casewe have simulateddiscreteMarkov chainof turningpointswith states
1,...,n andput themin thevariablexxD markov . It is turnedinto a rainflow matrix by the
WAFO-routinedtp2rfm ). Thecomparisonin Figure4.10betweentheobservedrainflow matrix
andthetheoreticaloneis producedasfollows.

n = length(u_markov);
Frfc_markov = dtp2rfm(xxD_markov,n);
clf
cmatplot(u_markov,u_markov,{Frfc_ma rkov Grfc_markov*T/2},3)
subplot(121), axis(’square’), title(’Observed rainflow matrix’)
subplot(122), axis(’square’), title(’Theoretical rainflow matrix’)

Notethat in orderto comparetheobservedmatrix Frfc markov with thetheoreticalmatrix
Grfc markov we have to multiply thelatterby thenumberof cyclesin thesimulationwhich is
equalto T/2 .
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Figure4.10:Observedandtheoretical rainflowmatrix for testMarkov sequence.

We endthis sectionby anillustrationof therainflow smoothingoperation.Theobservedrain-
flow matrix is ratherirregular, dueto thestatisticalvariationin thefinite sample.To facilitatecom-
parisonwith thetheoreticalrainflow matrix we smoothit by thebuilt in smoothingfacility in the
routinecc2cmat ; do help cc2cmat . To seehow it worksfor differentdegreesof smoothing
wecalculatetherainflow cyclesby tp2rfc .
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tp_markov = dat2tp(xx_markov);
RFC_markov = tp2rfc(tp_markov);
h = 1;
Frfc_markov_smooth = cc2cmat(param_m,RFC_markov,[],1,h);
clf
cmatplot(u_markov,u_markov,{Frfc_mar kov_sm ooth Grfc_markov*T/2},4)
subplot(121), axis(’square’), title(’Smoothed observed rainflow matrix’)
subplot(122), axis(’square’), title(’Theoretical rainflow matrix’)

Here,the smoothingis doneasa kernelsmootherwith a bandwidthparameterh = 1. The
effectof thesmoothingis shown in Figure4.11.
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Figure4.11:Smoothedobservedandcalculatedrainflowmatrix for testMarkov sequence.

Rainflow matrix fr om spectrum

Wearenow readytodemonstratehow therainflow matrixcanbecalculatedin aloadorwavemodel
definedby its correlationor spectrumstructure.We chosethe sequencetransformedGaussian
modelwith theHermitetransformxx_herm which wasstudiedin Section4.3.3.Thismodelwas
definedby its JONSWAP spectrumandthestandardHermitetransformfor asymmetry.

We first needto find the structureof the turning pointswhich is definedby the min-to-max
densityby themethodsin Section3.4.5.Westartby computinganapproximationGmM3herm of
themin-maxdensityby meansof thecycledistribution routinespec2cmat . Thetypeof cycle is
specifiedby acycleparameter, in this case’Mm’ .

GmM3_herm = spec2cmat(spec,[],’Mm’,[],[],2);

Theresultis seenin Figure4.12.
Thenwe approximatethedistribution of theturningpointsby a Markov chainwith transitions

betweenextremacalculatedfrom GmM3herm , andby (4.5)computetherainflow matrix.

Grfc_herm = mctp2drfm({GmM3_herm.f,[]});

In WAFO, therainflow matrix canbecalculateddirectly from thespectrumby thecycledistri-
bution routinespec2cmat by specifyingthecycleparameterto ’rfc’ .

Grfc_direct_herm = spec2cmat(spec,[],’rfc’,[],[],2);
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Theoutputis astructurearraywhich containstherainflow matrix in thecell .f .
Themin-maxmatrixGmM3herm andtherainflow matrixGrfc herm areshown togetherin

Figure4.12,obtainedusingthefollowing commands.

clf
u_herm = levels(param_o);
cmatplot(u_herm,u_herm,{GmM3_herm.f Grfc_herm},4)
subplot(121), axis(’square’), title(’min-max matrix’)
subplot(122), axis(’square’), title(’Theoretical rainflow matrix’)
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Figure4.12: min-maxmatrix andtheoretical rainflowmatrix for Hermite-transformedGaussian
waves.

We canalsocomparethe theoreticalmin-maxmatrix with the observed cycle countand the
theoreticalrainflow matrix with the observed one.In both comparisonswe smooththe observed
matrix to get moreregular structure.We alsoillustratethe multi-plotting capacityof the routine
cmatplot .

tp_herm=dat2tp(xx_herm);
RFC_herm=tp2rfc(tp_herm);
mM_herm=tp2mm(tp_herm);
h = 1;
FmM_herm_smooth = cc2cmat(param_o,mM_herm,[],1,h);
Frfc_herm_smooth = cc2cmat(param_o,RFC_herm,[],1,h);
T_herm=xx_herm(end,1)-xx_herm(1,1);
clf
cmatplot(u_herm,u_herm,{FmM_herm_sm ooth GmM3_herm.f*T_herm/2;...

Frfc_herm_smooth Grfc_herm*T_herm/2},4)
subplot(221), axis(’square’), title(’Observed smoothed min-max matrix’)
subplot(222), axis(’square’), title(’Theoretical min-max matrix’)
subplot(223), axis(’square’), title(’Observed smoothed rainflow matrix’)
subplot(224), axis(’square’), title(’Theoretical rainflow matrix’)

4.3.5 Simulation fr om crossingsor rainflow structur e

In fatigueexperimentsit is importantto generateload sequenceswith a prescribedrainflow or
othercrossingproperties.Besidesthe previously usedsimulationroutinesfor Markov loadsand
spectrumloadsWAFO containsalgorithmfor generationof randomload sequenceswhich has
a specifiedaveragerainflow distribution or a specifiedirregularity andcrossingspectrum.These
routinesarerfc2load andlc2sdat , respectively.
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Figure 4.13: Observedsmoothedand theoretical min-maxmatrix, (and bservedsmoothedand
theoretical rainflowmatrix for Hermite-transformedGaussianwaves.

Simulation fr om crossingstructure

The routine lc2sdat simulatesa loadwith specifiedirregularity factorandcrossingspectrum.
We first estimatethesequantitiesin the simulatedHermitetransformedGaussianload,andthen
simulateserieswith thesamecrossingspectrumbut with varyingirregularity factor. Thesampling
variability increaseswith decreasingirregularity factor, asis seenin Figure4.14.Thefigureswere
generatedby thefollowing commands.

clf
cross_herm=dat2lc(xx_herm);
alpha1=0.25;
alpha2=0.75;
xx_herm_sim1=lc2sdat(500,alpha1,cros s_herm );
cross_herm_sim1=dat2lc(xx_herm_sim1) ;
subplot(211)
plot(cross_herm(:,1),cross_herm(:,2) /max(c ross_ herm( :,2)))
hold on
stairs(cross_herm_sim1(:,1),...

cross_herm_sim1(:,2)/max(cross_herm_si m1(:, 2)))
hold off
title(’Crossing intensity, \alpha = 0.25’)
subplot(212)
plot(xx_herm_sim1(:,1),xx_herm_sim1( :,2))
title(’Simulated load, \alpha = 0.25’)

xx_herm_sim2=lc2sdat(500,alpha2,cros s_herm );
cross_herm_sim2=dat2lc(xx_herm_sim2) ;
subplot(211)
plot(cross_herm(:,1),cross_herm(:,2) /max(c ross_ herm( :,2)))
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hold on
stairs(cross_herm_sim2(:,1),...

cross_herm_sim2(:,2)/max(cross_herm_ sim2( :,2)))
hold off
title(’Crossing intensity, \alpha = 0.75’)
subplot(212)
plot(xx_herm_sim2(:,1),xx_herm_sim2 (:,2) )
title(’Simulated load, \alpha = 0.75’)
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Figure4.14: Upperfiguresshowtargetcrossingspectrum(smoothcurve)andobtainedspectrum
(wiggled curve)for simulatedprocessshownin lower figures.Irregularity factor: left åÁæç ãéèUê , right åxæ ç ãéëUê .

4.4 Fatiguedamageand fatigue life distrib ution

4.4.1 Intr oduction

Weshallnow givea moredetailedaccountof how WAFO canbeusedto estimateandboundthe
fatiguelife distribution underrandomloading.ThebasicassumptionsaretheWöhlercurve (4.1)
andthePalmgren-Minerdamageaccumulationrule (4.2),ìxí
î+ï æñð�òxóõô î óUö î±÷ñî�ø âù î±ú§î�ø â (4.6)û>íWü;ï æÁýþ�ÿ���þ áìxí
î��dï�æ ò ýþ�ÿ���þ î ö � æ ò û ö í9ü;ï ã (4.7)

Here
ìxí
î+ï

is thefatiguelife expectedfrom constantamplitudetestwith amplitude
î
, and

ûÊí9ü;ï
is

the total damagedat time
ü

causedby variableamplitudecycles
î��

, which have beencompleted
beforetime

ü
. Thedamageintensity � ö æ û>íWü;ï��dü

for large
ü
is theamountof damagepertimeunit.

Most informationis containedin thecycle amplitudedistribution, in particularin therainflow
cycles,in whichcase(4.7)becomes,û>íWü;ï æ ýþ ÿ ��þ áì	� ÿ æ ýþ ÿ ��þ ò 
��

RFC� 
 ö â �
RFC� æ 
�� � ä�� RFC� 
 � èOã
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The� rainflow cycle countRFCcandirectly beusedfor predictionof expectedfatiguelife. The
expression(4.3) givestheexpectedtime to fatiguefailure in termsof thematerialconstant� and
theexpecteddamagepercycle � ö . Theparameters� and � canbeestimatedfrom anS-N curve.
In the examplesherewe will use � æ êOã ê��Èá ç óõô�� , �Áæ��õãéè ; seeSection4.4.4.For our seaload
xx sea thecomputationsgo directly from therainflow cyclesasfollows:

beta=3.2; gam=5.5E-10; T_sea=xx_sea(end,1)-xx_sea(1,1);
d_beta=cc2dam(RFC_sea,beta)/T_sea;
time_fail=1/gam/d_beta/3600

giving the time to failure 5.9693e+006 when time to failure is countedin hours(= 3600
sec).Obviously this loadcauseslittle damageto thematerialwith thespecifiedproperties,since
thefailuretime is almost700years.

4.4.2 Level Crossings

We have in Section4.3.5seenhow the crossingsintensity containsinformation aboutthe load
sequenceandhow it canbeusedfor simulation.Weshallnow investigatetherelationbetweenthe
crossingintensity, therainflow cyclesandtheexpectedfatiguelife.

WeusetheMarkov modelfrom Section4.3.3for thesequenceof turningpointsasanexample.
First wego from therainflow matrix to thecrossingintensity.

mu_markov = cmat2lc(param_m,Grfc_markov);
muObs_markov = cmat2lc(param_m,Frfc_markov/(T_markov /2));
clf
plot(mu_markov(:,1),mu_markov(:,2),. ..

muObs_markov(:,1),muObs_markov(:, 2),’-- ’)
title(’Theoretical and observed crossing intensity ’)

The plot, shown in Figure 4.15, comparesthe theoreticalupcrossingintensity mu markov

with the observed upcrossingintensitymuObs markov , ascalculatedfrom the theoreticaland
observedrainflow matrices.

4.4.3 Damage

TheWAFO toolboxcontainsa numberof routinesto computeandboundthedamage,asdefined
by (4.7), inflicted by a loadsequence.Themostimportantroutinesarecc2dam andcmat2dam

whichgivethetotaldamagefromacyclecountandfromacyclematrix,respectively. Moredetailed
informationis givenby cmat2dmat , whichgivesadamagematrix,separatedfor eachcycle,from
acyclematrix.An upperboundfor total damagefrom level crossingsis givenby lc2dplus .

We first calculatethedamageby theroutinescc2dam for a cycle count(e.g.rainflow cycles)
andcmat2dam for acyclematrix (e.g.rainflow matrix).

beta = 4;
Dam_markov = cmat2dam(param_m,Grfc_markov,beta)
DamObs1_markov = cc2dam(u_markov(RFC_markov),beta)/( T_mark ov/2)
DamObs2_markov = cmat2dam(param_m,Frfc_markov,beta)/ (T_mar kov/2 )

HereDam_markov is thetheoreticaldamagepercycle in theassumedMarkov chainof turn-
ing points,while DamObs1andDamObs2give theobserveddamagepercycle, calculatedfrom
the cycle count and from the rainflow matrix, respectively. For this model the result shouldbe
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Figure4.15: CrossingintensityascalculatedfromtheMarkov matrix (solid curve)andfromthe
observedrainflowmatrix (dashedcurve).

Dam_markov = 0.0073 for thetheoreticaldamageandvery closeto this valuefor thesimu-
latedseries.

The damagematrix is calculatedby cmat2dmat . It shows how the damageis distributed
amongthedifferentcyclesasillustratedin Figure4.16.Thesumof all theelementsin thedamage
matrixgivesthetotal damage.

Dmat_markov = cmat2dmat(param_m,Grfc_markov,beta);
DmatObs_markov = cmat2dmat(param_m,Frfc_markov,beta )/(T_ markov /2);}
clf
subplot(121), cmatplot(u_markov,u_markov,Dmat_marko v,4)
title(’Theoretical damage matrix’)
subplot(122), cmatplot(u_markov,u_markov,DmatObs_ma rkov, 4)
title(’Observed damage matrix’)
sum(sum(Dmat_markov))
sum(sum(DmatObs_markov))

It is possibleto calculateanupperboundon thedamageintensityfrom thecrossingsintensity
only, without using the rainflow cycles.This is doneby the WAFO routine lc2dplus , which
workson any theoreticalor observedcrossingintensityfunction.

Damplus_markov = lc2dplus(mu_markov,beta)

4.4.4 Estimation of S-Ncurve

WAFO containsroutinesfor computationof parametersin thebasicS-N curve (4.1),for therela-
tion betweentheloadcycleamplitude

î
andthefatiguelife

ìxí
î+ï
in fixedamplitudetests.ìxí
î+ï æ�ð òxóõô î óUö îÚ÷ñî�ø âù îÚúEî�ø â (4.8)
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Figure 4.16: Distribution of damage from different RFC cycles,from calculatedtheoretical and
fromobservedrainflowmatrix.

where ò is a materialdependentrandomvariable.Thevariationof ò is oftentakento belognor-
mal, ò æ���� óõô â
where� is afixedparameter, dependingonmaterial,and ��� � hasanormaldistributionwith meanç

andstandarddeviation !#" . Thus,therearethreeparameter, � , � , !#" , to beestimatedfrom anS-N
experiment.Takinglogarithmsin (4.1) theproblemturnsinto astandardregressionproblem,��� ì}í$î�ï æÁä$�%� �tä���� ��ä&���%� î â
in which theparameterscaneasilybeestimated.

Thetoolboxcontainsa datasetSNwith fatiguelivesfrom 40 experimentswith
î

= 10,15,20,
25,and30MPa, in groupsof five.Theestimationroutineis calledsnplot , whichperformsboth
estimationandplotting; seehelp snplot .

First loadSN-dataandplot in log-log scale.

load SN
clf
loglog(N,s,’o’), axis([0 14e5 10 30])

To further checkthe assumptionsof the S-N-modelwe plot the resultsfor each
î
-level sepa-

rately on normalprobability paper. As seenfrom Figure4.17 the assumptionsseemsacceptable
sincethedatafall of almostparallelstraightlines.

wnormplot(reshape(log(N),8,5))

The estimationis performedand fitted lines plotted in Figure 4.18, with linear and log-log
plottingscales:

[e0,beta0,s20] = snplot(s,N,12)
title(’S-N-data with estimated N(s)’,’FontSize’,20)
set(gca,’FontSize’,20)

giveslinearscaleand

[e0,beta0,s20] = snplot(s,N,14)
title(’S-N-data with estimated N(s)’,’FontSize’,20)
set(gca,’FontSize’,20)

giveslog-log scales.
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Figure4.17:Check of S-N-modelon normalprobabilitypaper.
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Figure4.18:Estimationof S-N-modelon linear andlog-log scale.

4.4.5 From S-N-curve to fatigue life distrib ution

ThePalmgren-Minerhypothesisstatesthat fatiguefailure occurswhenthedamageexceedsone,ûÊí9ü;ï�÷('
. Thus,if thefatiguefailuretime is denotedby )+* then, í )-* úzü;ï æ , í$ûÊí9ü;ï/.0'+ï æ , í ò ú � û ö íWü;ïuï21

Here ò æ3� óõô � takescareof the uncertaintyin the material.In the previous sectionwe used
andestimateda lognormaldistribution for the variationof ò around � , whenwe assumedthat��� ò æ4�%� �vä��%� � is normalwith mean��� � andstandarddeviation !#" .

The cycle sum
û ö í9ü;ï

is the sumof a large numberof damageterms,only dependenton the
cycles.For loadswith shortmemoryonecanassumethat

û ö íWü;ï
is approximatelynormal,û ö íWü;ï65 ìxí � ö ü�7 !-8ö ü;ï�7

where
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� ö æ9�%:�;þ=< ø û ö í9ü;ïü and ! 8ö æ>�%:�;þ=< ø@? í$û ö í9ü;ïuïü 1
Thus the fatiguelife distribution can be computedby combiningthe lognormaldistribution

for ò with thenormaldistribution for
û ö íWü;ï

. Denotingthestandardnormaldensityanddistribu-
tion functionsby A íCB ï

and D íEB ï
, respectively, an approximateexplicit expressionfor the failure

probabilitywithin time
ü

is, í ) * úzü;ïF50G ø
ó ø DIHJ �%� �LKM���N� ö ü KM�%� íO' K PRQS QUT þOV ï!#" WX A í V ï � V 1 (4.9)

We have alreadyestimatedthematerialparameters� = e0 , � = beta0 , and ! 8" = s20 , in
theS-Ndata,soweneedthedamageintensity � ö andits variability ! ö for theactingload.

Wefirst investigatetheeffectof uncertaintyin the � -estimate.

beta = 3:0.1:8;
DRFC = cc2dam(RFC_sea,beta);
dRFC = DRFC/T_sea;
plot(beta,dRFC), axis([3 8 0 0.25])
title(’Damage intensity as function of \beta’)

Theplot in Figure4.19shows theincreasein damagewith increasing� .
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Figure4.19: Increasingdamage intensityfromsea-loadwith increasing� .

Next, weshallseehow theloadeffect variability affectsthefatiguelife. We usethreedifferent
valuesfor ! 8ö , namely

ç
,
ç 1 ê , and ê . With beta0 , e0 , s20 estimatedin Section4.4.4,wecompute

andplot thefollowing threepossiblefatiguelife distributions.

dam0 = cc2dam(RFC_sea,beta0)/T_sea;
[t0,F0] = ftf(e0,dam0,s20,0.5,1);
[t1,F1] = ftf(e0,dam0,s20,0,1);
[t2,F2] = ftf(e0,dam0,s20,5,1);
plot(t0,F0,t1,F1,t2,F2)
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Figure4.20:Fatiguelife distributionwith seaload.

Here,thefourthparameteris thevalueof ! 8ö usedin thecomputation;seehelp ftf .

Theresultingfatiguelife distribution functionis shown in Figure4.20.As seen,thecurvesare
identical, indicating that the correctvalueof ! 8ö is not importantfor suchsmall � -valuesasare
at handhere.Hence,onecanuse ! 8ö æ ç

, andassumethat the damageaccumulationprocessis
proportionalto time.

4.4.6 Fatigueanalysisof complexloads

Loadswhich causefatigueare rarely of the homogeneousandstationarycharacteras the loads
usedin theprevioussections.On thecontrary, typical loadcharacteristicsoftenchangetheir value
duringthelife timeochastructure,for example,loadspectraonanairplaneparthaveverydifferent
fatiguepropertiesduring the differentstagesof an air mission.Marin loadson a ship arequite
differentduring the loadingandunloadingphase,comparedto a loadedoceanvoyage,and the
sameholdsfor any roadvehicle.

TheWAFOcanbeusedto analyzealsoloadsof complex structureandweshall illustratesome
of thesecapabilitiesin this section.TheTo beeligible for WAFO-analysistheloadshasto have a
piecewisestationarycharacter, for examplethemeanlevel or thestandarddeviationmaytake two
distinctlevelsandchangeabruptly, or thefrequency contentcanalternatebetweentwo modes,one
irregular andonemoreregular. Suchprocessesarecalledswitching processes. A flexible family
of switchingloadsarethosewherethechangebetweenthedifferentstationarystatesis governed
by a Markov chain.WAFO containsa specialpackageof routinesfor analysisof suchswitching
Markov loads,basedonmethodsfrom [20, 22].

In thefollowing exampletheloadalternatesbetweentwo differentmeanlevels,corresponding
to oneheavy-loadstate(1) andonelight-loadstate(2). In Figure4.21theobservedloadis shown
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in theupperY part.Thealternatingcurve in the lower partshows wherethe loadswitchesbetween
thetwo states.
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Figure 4.21: Simulatedswitchingloadwith twostates.Uppergraphshowstheload,andthestates
are indicatedin thelower graph.

As longastheloadis in oneof thestatestherainflow cyclesaremadeupof alternationsbetween
turningpointsbelongingonly to thatpartof the load.Whenthestatechangesthereis introduced
extra rainflow cycle with larger amplitudeamplitude.Theseextra cyclescanbe seenin the total
rainflow matrix, shown in Figure4.22.The two large groupsof cyclesaround(min,max)= (0.5,
0.75)and(min,max)= (0, 0) comefrom states(1) and(2), respectively. Thecontribution from the
switchingis seenin thesmallassemblyof cyclesaround(min,max)= (-0.5,1).

More detailsonhow to analyseandmodelswitchingloadscanbefoundin [19].
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Figure4.22: 3D-plot (left) andisolines(right) of calculatedrainflowmatrix for switching load in
Figure4.21.Thedotsin theright figureare theobservedrainflowcycles.
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CHAPTER 5

EXTREME VALUE ANALYSIS

Of particularinterestin wave analysisis how to find extremequantilesandextremesignificant
valuesfor awaveseries.Oftenthis impliesgoingoutsidetherangeof observeddata,i.e. to predict,
from a limited numberof observations,how large the extremevaluesmight be.Suchanalysisis
commonlyknown asWeibull analysisor Gumbelanalysis, from thenamesof two familiarextreme
valuedistributions.WAFO containsroutinesfor fitting of suchdistributions,bothfor theWeibull
andGumbeldistributions,andfor twomoregeneralclassesof distributions,theGeneralizedPareto
Distribution (GPD)andtheGeneralizedExtremeValuedistribution (GEV).

5.1 Weibull and Gumbel papers

TheWeibull andGumbeldistributions,thelatteralsocalledtheextremevaluedistribution, aretwo
extremevaluedistributionswith distribution functions

Weibull: Z\[^]C_a`Rbdc2eUfhgji kmlon#prqts�uRvxwyc _{z}|~c (5.1)

Gumbel: ZL�F]C_a`RbdcR�Uf#g&�t������k�l n#prq�n���v=s�uU� c k�� �@_$���(� (5.2)

TheWeibull distributionis oftenusedasdistributionfor randomquantitieswhicharetheminimum
of alargenumberof independent(or weaklydependent)identicallydistributedrandomvariables.It
is oftenusedasamodelfor randomstrengthof material,in whichcaseit wasoriginally motivated
by theprincipleof weakestlink. Similarly, theGumbeldistribution is usedasa modelfor values
whicharemaximaof a largenumberof independentvariables.

Sinceonegetstheminimumof variables_d�yc2_#�yc�������c2_h� by changingthesignof themaximum
of k�_d��c�k�_#�Uc�������c�k�_h� , onerealisesthatdistributionssuitablefor theanalysisof maximacanalso
beusedfor analysisof minima.Both theWeibull andtheGumbeldistributionaremembersof the
classof GeneralizedExtremeValuedistributions(GEV), whichweshalldescribein Section5.2.

Webegin herewith anexampleof Weibull andGumbelanalysis,whereweplot dataandempiri-
caldistributionandalsoestimatetheparametersb�c2��c�e in (5.1)and(5.2).Thefile atlantic.dat

containssignificantwave-heightdatarecordedapproximately14 times a month in the Atlantic
Oceanin December– Februaryduringsevenyearsandat two locations.Thedatais storedin the
vectorHs. We try to fit aWeibull distribution to this dataset:

Hs = load(’atlantic.dat’);
wei = wweibplot(Hs)
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This will� result in a two elementvector wei = [ahat chat] with estimatedvaluesof the
parameters]Cb�c�e�f in (5.1).Theempiricaldistribution functionof theinput datais plottedautomat-
ically in aWeibull diagramwith scaleschosento make thedistributionfunctionequalto astraight
line. Thehorizontalscaleis logarithmicin theobservations_ , andtheverticalscaleis linearin the
reducedvariable �%���h]Ok$�����#]Oi/k�Z�]E_-fRfRf ; seeFigure5.1(a).Obviously, aWeibull distribution is not
very well suitedto describethesignificantwave-heightdata.To illustratetheuseof theGumbel
distributionweplot andestimatetheparameters]Cb�c2��f in theGumbeldistribution(5.2)for thedata
in Hs. Thecommand

gum=wgumbplot(Hs)

resultsin a vectorgumwith estimatedvalues[ahat bhat] andtheplot in Figure5.1(b).Here
thehorizontalaxis is linearin theobservations_ andtheverticalaxiscarriesthereducedvariablek��%���#]�k$�%���#]�Z ]C_-fOfRf . The datashows a betterfit to the Gumbel than to a Weibull distribution.
A distribution which is often hardto distinguishfrom the Gumbeldistribution is the Lognormal
distribution, andmakinga Normal probability plot of the logarithmof Hs in Figure5.1(c)also
showsagoodfit:

wnormplot(log(Hs),1,0);

Theparameterestimationin wgumbplot andwweibplot is doneby fitting astraightline to
theempiricaldistribution functionsin thediagramsandusingtherelations�����~¡¢k$������£xi�k�Z\[^]C_a`2b�c�e�f¥¤E¦§g¨e-�%���#]C_-f©kme-�����h]Ebhf (5.3)

and k$�����~¡¢k$������£ªZ\�F]E_a`2b�c2��f¥¤E¦§g�_d«ob�k¬��«ob�c (5.4)

to relateparametersto interceptsandslopesof theestimatedlines.In thefollowingsectionweshall
describesomemore statisticaltechniquesfor parameterestimationin the GeneralizedExtreme
Valuedistribution.

5.2 GeneralizedParetoand Extr emeValuedistrib utions

TheGeneralizedParetoDistribution (GPD)hasthedistribution function

GPD: Z�]E_a`�­®c2¯©f\g °± ² i k�]�i�kM­�_d«o¯Lf � s¥³ c if ­µ´g�|~ci k����~�+¡¢k�_d«o¯\¦¢c if ­ g�|~c (5.5)

for |(�¶_·�¸� if ­º¹»| and for |(�¶_·�¼¯a«�­ if ­ºz¼| . The GeneralizedExtremeValue
distribution (GEV) hasdistribution function

GEV: Z ]C_a`�­dc2½Fc2¯Lf©g °± ² ���~�	¾~k�]Oi kM­-]C_�k�½Lf¿«o¯Lf � s¥³�À c if ­µ´g(|�c���~�§¡¢k$���~�+¡¢k�]C_�k�½Lf¿«o¯\¦Á¦/c if ­ g(|�c (5.6)

for ­®]C_ÂkÃ½Lf/�}¯-c�¯µz�|~cd­dc#½ arbitrary. Thecase­ g�| is interpretedasthelimit when ­ Ä | for
bothdistributions.
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Figure5.1: (a) Significantwave-heightdataonWeibull paper, (b) onGumbelpaperand(c) loga-
rithm of dataonNormalprobabilitypaper.

Note that theGumbeldistribution is a GEV distribution with ­ÅgÆ| andthat theWeibull dis-
tribution is equalto a reversedGEV distribution with ­{gÇi�«�e , ¯¬gÈb�«�e , and ½¬gÇk�b , i.e. if É
hasa Weibull distribution with parameters]Cb�c�e�f then kÊÉ hasa GEV distribution with ­{gËi�«�e ,¯�g¨b�«�e , and ½{gºk�b .

The estimationof parametersin the GPD andGEV distributionsis not a simplematter, and
no generalmethodexists which hasuniformly goodpropertiesfor all parametercombinations.
WAFO containsalgorithmsfor plotting of distributionsandestimationof parameterswith four
differentmethods,suitablein differentregions.

5.2.1 GeneralizedExtr emeValue distrib ution

For the GeneralizedExtremeValue (GEV) distribution the estimationmethodsusedin WAFO
aretheMaximumLikelihood(ML) methodandthemethodwith ProbabilityWeightedMoments
(PWM), describedin [43, 17]. The programshave beenadaptedto MATLAB from a packageof
S-Plusroutinesdescribedin [4].

Westartwith thesignificantwave-heightdatain Hs. Thecommand

[gev cov]=wgevfit(Hs);
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will givÌ eestimatesgev = [khat sigmahat muhat] of theparameters]�­®c2¯®c2½Lf in theGEV
distribution (5.6) basedon dataHs. The optionaloutputmatrix cov will containthe estimated
covariancematrix of the estimates.The programalso givesa plot of the empiricaldistribution
togetherwith thebestfitted distribution;seeFigure5.2.
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Figure 5.2: Empiricaldistributionof significantwave-heightwith estimatedGeneralizedExtreme
Valuedistribution.

Thedefaultestimationalgorithmfor theGEVdistributionis themethodwith ProbabilityWeighted
Moments(PWM). An optional secondargument,wgevfit(Hs, method) , allows a choice
betweenthe PWM-method(when method = ’pwm’ ) and the alternative ML-method (when
method = ’ml’ ). Thevariancesof theML estimatesareusuallysmallerthanthoseof thePWM
estimates.However, it is recommendedthatonefirst usesthePWM method,sinceit works for a
wider rangeof parametervalues.

5.2.2 GeneralizedPareto distrib ution

For theGeneralizedParetodistribution(GPD)theWAFO usesthemethodwith ProbabilityWeighted
Moments(PWM), describedin [18], andthe standardmethodof Moments(MOM), aswell asa
generalmethodsuggestedby Pickandsin [40]. S-Plusroutinesfor thesemethodsaredescribedin
[4].

The GPD is often usedfor exceedancesover high levels,andit is well suitedasa model for
significantwave heights.To fit a GPD to the exceedancesof thresholds3 and7 of valuesin Hs,
oneusesthecommands

[gpd3 cov] = wgpdfit(Hs(Hs>3)-3);
figure
[gpd7 cov] = wgpdfit(Hs(Hs>7)-7);

Thiswill giveestimatesgpd = [khat sigmahat] of theparameters]�­®c2¯Lf in theGeneralized
Paretodistribution(5.5)basedonexceedancedataHs(Hs>u)-u . Theoptionaloutputmatrixcov

will containtheestimatedcovariancematrixof theestimates.Theprogramalsogivesaplot of the
empiricaldistributiontogetherwith thebestfitteddistribution;seeFigure5.3.Herethefit is better
for exceedancesover level 7 but therearelessdataavailable.
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Figure 5.3: (a) Exceedancesof significantwave-heightdataover level3, (b) over level7.

The choice of estimationmethodis rather dependenton the actual parametervalues.The
default estimationalgorithm in the WAFO for estimationin the GeneralizedPareto distribu-
tion is the Pickands’(PKD) estimator. This estimatorgivesgenerallygoodestimatesof the pa-
rameter ­ in (5.5) for kÊÍ0¹ ­Î¹ Í , and it is also recommendedfor estimationof ¯ if ­Æ�k�|~�rÍ . Theoptionalsecondargument,wgpdfit(Hs(Hs>u)-u, method) , givesa choicebe-
tweenPickands’method(when method = ’pkd’ ), the Moment method(when method =

’mom’ ), and the PWM-method(when method = ’pwm’ ). It is recommendedthat one first
usesPickands’methodto get an estimateof ­ , andthenif necessary, improvesthe estimatesby
meansof thePWM or Momentmethod.

It is possibleto simulateindependentGEV andGPDobservationsin WAFO. Thecommands

Rgev = wgevrnd(0.3,1,2,1,100);
empdistr(Rgev);
hold on
gp = wgevfit(Rgev,’pwm’,[],0);
x=sort(Rgev);
plot(x,wgevcdf(x,gp(1),gp(2),gp(3)) )
gm = wgevfit(Rgev,’ml’,gp,0);
plot(x,wgevcdf(x,gm(1),gm(2),gm(3)) ,’--’ )
hold off

simulates100 valuesfrom the GEV distribution with parameters]C|~�ÐÏ~c�i�c�ÑÁf , then estimatesthe
parametersusing two different methodsand plots the estimateddistribution functionstogether
with theempiricaldistribution.Similarly for theGPDdistribution;

Rgpd = wgpdrnd(0.4,1,1,100);
empdistr(Rgpd);
hold on
gp = wgpdfit(Rgpd,’pkd’,0);
x=sort(Rgpd);
plot(x,wgpdcdf(x,gp(1),gp(2)))
gm = wgpdfit(Rgpd,’mom’,0);
plot(x,wgpdcdf(x,gm(1),gm(2)),’--’)
gw = wgpdfit(Rgpd,’pwm’,0);
plot(x,wgpdcdf(x,gw(1),gw(2)),’:’)
hold off
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with theÒ threedifferentmethodsof parameterestimation.The resultsareshown in Figure5.4(a)
and(b).

(a) (b)
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Figure 5.4: Empirical distributionsandestimateddistribution functionsfor 100 observationsof
GEV(a) andGPD (b) variables.

WAFO containsrandomnumbergeneratorsfrom a broadvariety of distributions;seehelp

Contents andSection5.4.

5.3 POT-analysis

PeaksOver Thresholdanalysis(POT) is a systematicway to analysethe distribution of the ex-
ceedancesover high levels in orderto estimateextremequantilesoutsidethe rangeof observed
values.Themethodis basedon theobservation that theextremetail of a distribution oftenhasa
rathersimpleandstandardizedformregardlessof theshapeof themorecentralpartsof thedistribu-
tion.Onethenfits suchasimpledistributiononly to thoseobservationswhichexceedsomesuitable
level, with thehopethat this fitted distribution givesanaccuratefit to therealdistribution alsoin
themoreextremeparts.Thelevel shouldbechosenhighenoughfor thetail to haveapproximately
thestandardizedform,but notsohighthatthereremainstoofew observationsaboveit. After fitting
a tail distribution oneestimatesthedistribution of the (random)numberof exceedancesover the
level, andthencombinesthe tail distribution of the individual exceedanceswith the distribution
for thenumberof exceedancesto find thetotal tail distribution.

The simplestdistribution to fit to the exceedancesover a level Ó is the GeneralizedPareto
distribution, GPD, with distribution function (5.5). Note that if a randomvariable Ô follows a
GeneralizedParetodistribution Z ]C_a`�­®cR¯Lf thenthe exceedancesover a level Ó is alsoGPD with
distribution function Z ]C_a`�­®cR¯�k�­�Ó+f with thesame­ -parameterandwith scaleparameter̄ kÅ­�Ó ,

Õ ]CÔ¶zjÓ×ÖMØ�Ù�Ô¼zjÓ+f\g � iNkM­©Ú�Û~ÜÝ � � s¥³�yi km­ ÚÝ � � s¥³ g�Þ¢i kM­ Ø¯^kM­�ÓFß � s¥³ �
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Anotherimportantpropertyof theGeneralizedParetoDistribution is that if ­&zËkÂi , thenthe
meanexceedanceovera level Ó is a linearfunctionof Ó :à ]CÔák¬Ó�Ù�Ô¼zjÓ+f\g ¯^kM­�ÓiâÖ@­ �
Thefollowing commandsillustratethis for thesignificantwaveheightdata:

u=linspace(2,10,200);
for i=1:length(u)

m(i)=mean(Hs(Hs>u(i)));
end
plot(u,m-u)
xlabel(’u’)
title(’Mean exceedance over level u’)

Theresultis plottedin Figure5.5,andseemsfor Ó�ã�ä exhibit analmostlinearrelationship.

2 3 4 5 6 7 8 9 10
0.5

1

1.5
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3
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u

Mean exceedance over level u

Figure5.5: Estimatedexpectedexceedanceover level Ó asfunctionof Ó .

If oneis successfulin fitting a GeneralizedParetodistribution to the tail of a setof data,one
would like to usethe GPD to predicthow extremevaluesmight occurover a certainperiodof
time.Onecoulde.g.want to predictthemostextremewave heightthatwill appearduringa year.
If thedistributionof theindividualsignificantwaveheightexceedancesis GPDonecaneasilyfind
e.g.thedistributionof thelargestvalueof afixednumberof exceedances.However, thenumberof
exceedancesis not fixedbut random,andthenonehasto combinethedistribution of therandom
individual exceedanceswith the randomnumberof exceedanceså beforeonecansayanything
about the total maximum.If the level Ó is high we can, due to the Poissonapproximationof
theBinomial distribution andneglectingthedependenceof nearbyvalues,assumeå to have an
approximatePoissondistribution.

Now thereis a nicerelationshipbetweentheGeneralizedParetodistribution andtheGeneral-
izedExtremeValuedistributionin thisrespect:themaximumof a Poissondistributednumberof in-
dependentGPDvariableshasa GEVdistribution. This followsby simplesummationof probabili-
ties:if å is aPoissondistributedrandomvariablewith mean½ , and æ�çMg¨è�éê�-]EÔ��tc2Ôë��c�������c2Ôëç f
is themaximumof å independentGPDvariablesthen,Õ ]¥æ�ç�¹�_-f#gíìî�Uïhð Õ ]�å�g�ñòf©ó Õ ]EÔ��ô¹�_ac2Ôë��¹4_ac�������c2Ô���¹�_-f
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g ìî�Uïhð l n¢õ ½ �ñ\ö óaÞ¢i k4]OiNkM­ _¯ f � s¥³ ß �g&�t���	¾~k	]�i kM­-]C_�k�bhf�«o��f � s¥³ À c
which is theGeneralizedExtremeValuedistributionwith � g4¯ò«o½ ³ and bëg4¯6]Oi k¬½ n�³ f�«�­ .

Thismeansthatwecanestimatethedistributionof themaximumsignificantwaveheightduring
a winter (December– February)monthfrom our dataset ÷�ø by fitting a GPDto theexceedances
oversomelevel Ó , estimating½ by thenumberof exceedanceså dividedby thenumberof months
( ä�ùÃÏ ùµÑ§g�úÁÑ ) andusetheaboverelationto fit aGEV distribution:

gpd7=wgpdfit(Hs(Hs>7)-7,’pwm’,0);
khat=gpd7(1);
sigmahat=gpd7(2);
muhat=length(Hs(Hs>7))/(7*3*2);
bhat=sigmahat/muhatˆkhat;
ahat=7-(bhat-sigmahat)/khat;
x=linspace(5,15,200);
plot(x,wgevcdf(x,khat,bhat,ahat))

We havehereusedthethresholdÓûgüä sincetheexceedancesover this level seemsto fit well to a
GPDdistributionin Figures5.3(b)and5.5.A largervaluewill improvethePoissonapproximation
to thenumberof exceedancesbut giveuslessdatato estimatetheparameters.

Sincewehavedatato computethemonthlymaximammover42monthswecanalsotry to fit a
GEV distributiondirectly:

for i=1:41 % Last month is not complete
mm(i)=max(Hs(((i-1)*14+1):i*14)); % Approx. 14 values each month

end
gev=wgevfit(mm);
hold on
plot(x,wgevcdf(x,gev(1),gev(2),gev(3 )),’-- ’)
empdistr(mm)
hold off

Theresultsof thetwo methodsagreevery well in this caseascanbeseenin Figure5.6where
theestimateddistributionsareplottedtogetherwith theempiricaldistributionof mm.

In practice,onedoesnot always find a Poissondistribution for the numberof exceedances.
Sinceextremevaluessometimeshavea tendency to cluster, somedeclusteringalgorithmcouldbe
appliedto identify thelargestvaluein eachof theclusters,andthenusea Poissondistribution for
thenumberof clusters.
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Figure5.6: Estimateddistribution functionsof monthlymaximawith the POT method(solid),
fitting a GEV(dashed)andtheempiricaldistribution.
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5.4 Summary of extremevalueprocedures

help wstats

WAFO Toolbox /wstats
Version 1.0.2 20-June-2000

Parameter estimation
wgevfit - Parameter estimates for GEV data
wgevlike - Is an internal routine for wgevfit
wgpdfit - Parameter estimates for GPD data
wgumbfit - Parameter estimates and confidence intervals for Gumbel data
wgumblike - Is an internal routine for wgumbfit
wraylfit - Parameter estimates and confidence intervals for Rayleigh data
wweibfit - Parameter estimates for Weibull data
wweibcfit - Is an internal routine for wweibfit
wkurtosis - Computes sample kurtosis
wskewness - Computes sample skewness

Probability density functions (pdf)
wchi2pdf - Chi squared probability density function
wgampdf - Gammaprobability density function
wgevpdf - Generalized Extreme Value probability density function
wgpdpdf - Generalized Pareto probability density function
wgumbpdf - Gumbel probability density function
wnormpdf - Normal probability density function
wraylpdf - Rayleigh probability density function
wweibpdf - Weibull probability density function

Cumulative distribution functions (cdf)
wchi2cdf - Chi squared cumulative distribution function
wgamcdf - Gammacumulative distribution function
wgevcdf - Generalized Extreme Value cumulative distribution function
wgpdcdf - Generalized Pareto cumulative distribution function
wgumbcdf - Gumbel cumulative distribution function
wnormcdf - Normal cumulative distribution function
wraylcdf - Rayleigh cumulative distribution function
wweibcdf - Weibull cumulative distribution function

Inverse cumulative distribution functions
wchi2inv - Inverse of the Chi squared distribution function
wgaminv - Inverse of the Gammadistribution function
wgevinv - Inverse of the Generalized Extreme Value distribution function
wgpdinv - Inverse of the Generalized Pareto distribution function
wgumbinv - Inverse of the Gumbell cumulative distribution function
wnorminv - Inverse of the Normal distribution function
wraylinv - Inverse of the Rayleigh distribution function
wweibinv - Inverse of the Weibull distribution function

Random number generators
walpharnd - Random matrices from a symmetric alpha-stable distribution
wchi2rnd - Random matrices from a Chi squared distribution
wgamrnd - Random matrices from a Gammadistribution
wgevrnd - Random matrices from a Generalized Extreme-Value distribution
wgpdrnd - Random matrices from a Generalized Pareto Distribution
wgumbrnd - Random matrices from the Gumbel distribution.
wmnormrnd - Random vectors from the multivariate Normal distribution
wnormrnd - Random matrices from the Normal distribution
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wraylrnd - Random matrices from a Rayleigh distribution
wweibrnd - Random matrices from the Weibull distribution

Statistical plotting
wgumbplot - Plots data on a Gumbel distribution paper
wnormplot - Plots data on a normal distribution paper
wqqplot - Plots empirical quantile vs empirical quantile
wraylplot - Plots data on a Rayleigh distribution paper
wweibplot - Plots data on a Weibull distribution paper
whisto - Plots a histogram
empdistr - Computes and plots the empirical CDF
cempdistr - Computes and plots the conditional empirical CDF

Statistics
wchi2stat - Mean and variance for the Chi squared distribution
wgamstat - Mean and variance for the Gammadistribution
wgevstat - Mean and variance for the GEV distribution
wgpdstat - Mean and variance for the Generalized Pareto distribution
wgumbstat - Mean and variance for the Gumbel distribution
wnormstat - Mean and variance for the Normal distribution
wraylstat - Mean and variance for the Rayleigh
wweibstat - Mean and variance for the Weibull distribution

Hypothesis Tests
wgumbtest - Tests whether the shape parameter in a GEV is equal to zero
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Brest,pp.1 - 163.

[2] Adler, R. J. (1981).TheGeometryof RandomFields. J.Wiley & Sons.

[3] R. Ambartzumian,A. Der Kiureghian, V. Ohanianand H. Sukiasian(1998) Multinormal
probabilitiesby sequentialconditionedimportancesampling:theoryandapplicationProb-
abilistic EngineeringMechanics, 13, No 4. pp299-308

[4] Borg, S.(1992):XS - astatisticalprogrampackagein Splusfor extreme-valueanalysis.Dept.
of MathematicalStatistics,LundUniversity, 1992:E2.

[5] Brodtkorb, P.A. (2000):Numericalevaluationof singularmultivariatenormalexpectations.
(In preparation)

[6] Brodtkorb, P.A. (2000):The probability of occurrenceof dangerouswave situationsat sea.
PhDthesisin preparation.

[7] Brodtkorb, P.A., MyrhaugD., Rue,H. (1999).JointDistribution of Wave Height andWave
CrestVelocity from ReconstructedData.Proceedingsof the9th ISOPEConference, Vol III,
pp.66-73.

[8] Brodtkorb,P.A., vanIshegem,S.,Olagnon,M., Provosto,M., andRychlik, I. (2000).In prepa-
ration.

[9] Buows,E.,Gunther, H., Rosenthal,W. andVincent,C.L. (1985)’Similarity of thewind wave
spectrumin finite depthwater:1 spectralform.’ J. Geophys.Res., 90, No. C1,pp975-986.
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[12] Falk, M., Hüsler, J. andReiss,R.-D. (1994): Laws of Small Numbers: Extremesand rare
events.Birkhäuser, Basel.
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